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Abstract

Integral quadratic constraints (IQC) arise in many optimal and/or robust control problems. The IQC approach can be viewed as a
generalization of the classical multiplier approach in the absolute stability theory. In this paper, we study the relationship between the two
approaches for robust stability analysis. Using a slightly modified multiplier approach, we show that the existence of an IQC is equivalent
to the existence of a multiplier in most known cases. It is hoped that this result provides some new insight into both approaches and
makes them more useful in robust control applications.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction functions. Strong connections between multipliers and the
network realization theory are well established. Further, a
Integral quadratic constraints (IQCs) often arise in robust- Lyapunov function is associated with each multiplier. See,
ness analysis of linear and nonlinear dynamical systems.e.g., Brockett and Willems (1965)Narendra and Taylor
They are used as a convenient tool for describing parametric(1973) Desoer and Vidyasagar (1975$afonov (198Q)
uncertainties, time delays, unmodeled dynamics and nonlin-Willems (1971)andVidyasagar (1992jor details. Many of
earity of the system, as well as design objectives such asthe classical papers on absolute stability can be found in an
LQG costs orH, performances. edited book byAggarwal and Vidyasagar (197.7Jhe mul-
The terminology of IQC was formally introduced by tiplier approach also finds useful applications in searching
Yakubovich (1967, 197 ifpr robust stability analysis of sys-  for parameter-dependent Lyapunov functions for analysis
tems subject to complicated perturbations. The underlying and synthesis of uncertain systems; see, égsgupta,
idea, however, had been around since the seminal work byChockalingam, Anderson, and Fu (1994)
Popov (1962)on absolute stability. Popov’s idea of using Generalized from the multiplier approach, the 1QC
a quadratic constraint to “overbound” sectorial nonlinearity approach is able to treat a larger class of uncertainty
led to a frequency domain condition for absolute stability and nonlinearity. Many IQCs are collected in a paper
in terms of amultiplier function. The absolute stability by Megretski and Rantzer (1997¥he examples where
theory developed in the 1960-1970s offers a rich class of IQCs apply include real and complex uncertainties, fast
multipliers for robustness analysis with various nonlinear and slow time-varying parameters, time delays, nonlin-
earity, Hy, oOptimization constraints, etc. The so-called
* This paper was not presented at any IFAC meeting. This paper was Kalman-Yakubovich—Popov (KYP) Lemma (séaderson,
recpmmended for p_ubligation in _revised form by Associate Editor S. 1967 Willems, 197) plays a vital role in the analysis of
Weiland under the direction of Editor R. Tempo. IQCs. Recent development in the IQC approach incorpo-

* Corresponding author. Fax: +61249216993. . . . .
E-mail addresseemf@ee.newcastle.edu.d. Fu). rates the theory of linear matrix inequality (LMI) to derive
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more advanced robust stability and robust control re-
sults; see, e.gBoyd, El Ghaoui, Feron, and Balakrishnan
(1994) Feron, Apkarian, and Gahinet (199%jaddad and
Bernstein (1991)How and Hall (1995)Fu, Barabanov, and

Li (1995) andFu and Barabanov (1997)he IQC approach

has also been used to study parameter-dependent Lyapunov

functions; se&ahinet, Apkarian, Chilali, and Feron (1995)
and Fu and Dasgupta (2000The advantage of the LMI

approach is that much more complicated uncertainties can
be handled using convex optimization, and hence, it differs

sharply from the traditional absolute stability theory where
the main goal was to obtain simple graphical tests.
The purpose of this paper is to study the following con-

verse problem: To what extent does the IQC approach gen-

eralize the multiplier approach? In other words, we would
like to know under what conditions the existence of an IQC
implies the existence of a multiplier. This problem is moti-

vated by the fact that the multiplier approach is simpler and
more intuitive. So we want to know when we can apply the
simpler approach.

To this end, we modify the classical multiplier approach
slightly by allowing a somewhat more general class of mul-
tipliers. More specifically, the classical multiplier approach
uses multipliers of the following form:

M(s) = M1 (s)Ma(s),

where bothM1(s) and M»(s) are stable square matrix func-
tions with stable inverses. Our modification simply allows
multipliers which have “tall’M1(s) andM>(s). Such a mod-
ification does not alter the validity of the multiplier approach.

With this modification of the multipliers, we prove a sur-
prising result: The existence of an IQC is equivalent to the
existence of a multiplier under a technical condition called
convexity conditionTo explain this condition, we note that
an 1QC describes the relationship between the irgpand
the outputw of an uncertainty blockl as a quadratic func-
tional inequality:

I'(z, w)<O0.

The convexity condition requires the mapping 4fto be
L5[0, 00) — L>[0, o) and the functional to be convex in
w. The convexity condition is a natural description of most
uncertainties in applications. In words, the condition simply
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Fig. 1. Interconnected feedback system.

approach to a large extent. We hope that this new connection
between the IQC approach and the multiplier approach may
make both approaches more useful in many applications.

This paper is organized as follows: Section 2 introduces
the 1IQC approach. Section 3 reviews the classical multiplier
approach. Section 4 contains the main result of the paper.
Section 5 gives a discussion on the main result. Section 6
concludes the paper.

2. The IQC approach

Consider the interconnected systenfrig. 1which is also
described by the following equations:

X = Ax + Bu,

y=Cx + Du,

z=Yy+v,

u=r—+uw,

w = A(z), 1)

where4(-) € Awhich is a set of linear or nonlinear dynamic
operators to be specified later. Denote

G(s)=C(sI —A)B+D 2)

means that a suitably transformed output of the uncertainty and assumé to be asymptotically stable in the sequel.

block is bounded by a suitably transformed input in some

The feedback blocki(-) is assumed to satisfy an 1QC

sense. A simple example of such an uncertainty block is a Which is constructed via fiter given by

passive nonlinearity which is described by

/oo(wz(t) —22(1)) dr <0
0

which is obviously convex inv. If the convexity condition

Gi(s) = Ci(sI — A;) 1Bt + Dy, 3)

whereAs is asymptotically stable. It is also assumed that
is a connected set containing the zero operator.
The 1QC used in this paper is then described by the fol-

is violated, then the output can be “large” in some sense for lowing inequality:

a “small” input.

It is natural that the convexity condition is satisfied for
almost all known 1QCs. We thus conclude that the IQC ap-
proach can be viewed as a reformulation of the multiplier

+00 ;
[ () w* ()] D (o) [ ;%‘;’})} dw >0,
VA € A, 4)
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where z(jw), w(jw) are Fourier transforms of(¢), w(t),
respectively, and
d(s) = Gf (5) DG (s5) (5)
with some constant symmetric matrix

We now introduce a notion of stability, absolute total sta-
bility, for robust stability analysis with IQC. This stability

notion is stronger than asymptotic stability ahd BIBO
stability.

Definition 1. System (1) is calledotally stable(or simply
called stable) if there exists some constarguch that for
all r,v € L2[0, co) and the initial state:(0), the response
signalsw(z) andx(¢) (and hence all other signals) are well-
defined at alk >0, and the following holds:

/O '(Ox @) +w' Ow(t)) dt

<p <X’(0)X(0) +/0 ' (tyr (0 + v'(t)v(t))dt)- (6)

Further, a family of systems of the form (1) is callat-
solutely totally stabl€or simply called absolutely stable) if
there exists a commop > 0 such that (6) holds for every
member system.

The following result serves the foundation of the 1QC
approach (se#legretski & Rantzer, 1997

Theorem 1(The IQC Theorein Given a set of operators
for the feedback block of systéft), the system is absolutely
stable if there exists sond(s) of the form(5) and a constant
&> 0 such that both(4) and the following condition are
satisfied

G(jw)

! (7)

[G*(jw) INP(jw) |: ] +¢el <0, V]w|<oo.

3. The multiplier approach

Let us briefly review the classical multiplier approach
to absolute stability analysis. The following result can be
found in Desoer and Vidyasagar (1978jdyasagar (1992)
and Zames and Falb (1968WWe useU to denote the set
of all asymptotically stable square transfer matrices with an
asymptotically stable inverse.

Lemma 1. Consider the system in Fid.with A being a set
of Lo[0, 00) — L»[0, co) operators. Suppose there exist a
multiplier M (s) of the following form

M(s) = M1(s)Ma(s), Ma(s), Ma(s) € U 8)
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Fig. 3. Transformed feedback system.

and a constant > 0 such that the following two passivity
conditions are satisfied

/OO Rez*(jw)M (jo)w(jw)] dw >0,

V;e L3[0,00), 4d€A (9)
M*(jo)G(jo) + G*(jo)M (jo) < — &l
Yo € (—o0, 00). (10)

Then the system in Figl is absolutely stable

Remark 1. The physical interpretation of the lemma above
is clearly given inFig. 2 It is obvious to see thdigs. 1and

2 are identical, provided thgt= M1y, 7 = M1z, v = M1v,
7= Mor, it = Mou andw = Mw are taken. The conditions
in (9) and (10) simply mean that the lower blockFify. 2

is passive and the negated upper block is strictly passive.

Now let us consider a modified version of Lemma 1. This
modification is obtained by convertingig. 1 into Fig. 3,
wheret € [0, 1) is an arbitrary parameter. It can be easily
verified that the signals iRig. 3 are related by

AoG -t +0)+7F=u=(1-1)3.

Simplifying the above gives

(I—-40G)+0)=7r+1A—-1)0. (11)
Operating the both sides Wy gives
I-=GoMH(GCH»H+GOW)=GCH+G((1-1v). (12)
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In comparison, the signals irig. 1 are related by

(I—A40G))=r+ A(v), (13)

(I=GoM(y)=G@)+GoAQ). (14)

For anyr, v € L[0, 00), if we take

R R 1

F=r, v=——A4(), (15)
1-1

thenr, v € L»[0, co) and

u=y+19, y=G@) +G@). (16)

Hence, the absolute stability fg. 3implies that ofFig. 1
Applying Lemma 1 toFig. 3, we obtain the following
result.

Lemma 2. Consider the system in Fid@.with A being a set
of L[0, co) — L2[0, co) operators. Suppose there exists a
multiplier M (s) of the form(8) and a constant > 0 such
that the following conditions are satisfied

M(jw) + M*(jo) < — el, a7)
| Retw* Grmiorwio) - ugon)
—eu*(jo)u(jw)) dw >0,
Vu € L[0,00), AeA, w=40Gu). (18)

Then the system in Figl is absolutely stable

Proof. Suppose (17) and (18) hold. With=z and O<t < 1
and

W= (400G —1I)(2),

we can rewrite (18) as

[ Retz oMo do g

forall z € Lo[0, 00), 4 € A, where

7= [ " Retz Gora - oMo +o2ondo

It is obvious that/ >0 when< is sufficiently close to 1.
Also, (17) implies

. 1 1 . e
M (Jw)(l_rl)+(l_T1)M(Jw)g—El.

Applying Lemma 1 to the system Fig. 3, we conclude that

1
this system is absolutely stable. Hence, so is the system inCf(s) = |:M1(s)

Fig. L O

Remark 2. Note that (17) is implied by (18) becauge
contains the zero operator. But we state it to make it explicit.
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4. 1QC vs. multiplier

We are now ready to establish a relationship between IQCs
and multipliers. To this end, we consider a more general
class of multipliers than (8). More specifically, the class of
multipliers, we allow, has the following form:

M(s) = My (s)M2(s), (19)

where M1(s) and M»(s) arer x m stable transfer matrices
with » >m. That is, we allowM1(s) and M2(s) to be “tall”
to take the advantage of larger dimensions. Note Miéaf)

is square.
Also, let us express
_| Q) F(s)

The key technical condition we require is thenvexity
condition discussed in the Introduction. When the uncer-
tainty block is described by an IQC as expressed in (4), (5)
and (20), we claim that the convexity condition is the same
as requiringR (jw) <0 for all w. This is formalized below.

Lemma 3. An IQC in (4), (5) and (20) is convex in w if
R(jw)<0, Yo.

Proof. Recall from (5),®(jw) is Hermitian. In particular,
R(jw) is Hermitian. Using (20),we can rewrite (4) as

/ (2(10) 0 ()2() + Relz* (o) F (jo)w(jw)]
+ w*(jo)R(jo)w(jw)} dw>0.

Note that the integrand is a quadratic functiomirit follows
that the inequality above is convexwif R(jw) <0 for all
w. O

We emphasize that most IQCs experienced in applications
satisfy the convexity condition; see Section 5 for a discus-
sion.

The main result of this paper is given below.

Theorem 2. Consider the system in Fi@.with the assump-
tion that A is a set ofL»[0, co) — L2[0, o) operators.
Suppose there exist some multipligi(s) of the form(19)
and some constaat> 0 such that(9) and (10) are satisfied.
Then (4) and (7) hold with the following®(s):

_& _ M(s)
d(s) = | 2GI% 21
=75 "] e
which can realized in the form ¢b) with
0
0 }
0 Moa(s)
&
- oz, O 0
o= 0 0 I|, (22)
0 I 0
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where||G||~ is the Hy, norm of G(s). Consequentlythe
system in Figl is absolutely stable

Converselysupposg4) and (7) hold for somes > 0 and
somed(s) of form(5) with R(jw) <O0forall w € (—o0, 00).
Then (17) and (18) hold for

M(s) = 2(G*(s)F(s) + R(s)) (23)

which can be realized in the form ¢f9) with

G(s)

M1(s) = 2G¢(s) [ /

} L Ma(s) = 8Gi (s) [?] @)
Remark 3. The result above shows that the existence of an
IQC is equivalent to an multiplier if the 1QC is restricted
to have negative semidefinite(jw). The advantage of the
multiplier is that it is much smaller in dimension and hence
in general easier to search for.

Proof of Theorem 2. Suppose there exisf (s) of the form
(19) and some constart> 0 such that (9) and (10) are
satisfied. Using the@(s) in (21), it is trivially verified that
(4) and (7) correspond to (9) and (10), respectively. Also, it
is easy to check that thiB(s) = G} (s) @G (s) for the @ and
Gi(s) defined in (22). In particulaiGs (s) is asymptotically
stable because both(s) and M>(s) are. The assertion
about absolute stability follows from the IQC Theorem.

Conversely, suppose (4) and (7) hold for sofr(@) in the
form of (5) with R(jw) <O for all w. Using (20), we rewrite
(4) and (7) as follows:

.

G*QG+G'F+F*'G+R< —¢l.

"0z + Z*Fw + w*F*z + w*Rw) dw >0, (25)

(26)
Take anyu € L2[0, co). It follows thatz=G (1) € L>[0, c0)
andw =40 G(u) € L»[0, c0). Then, (25) and (26) become

o0
/ W*'G*QGu + u*G*Fw + w*F*Gu
—00

+ w*Rw) dw >0,
o0
I.

The difference between the two integrals above yields

(27)

u*(G*QG + G*F + F*G + R + eDudw<0. (28)

/ W*G*F(w —u)+ (w —u)*F*Gu

—0o0
+ w*Rw — u*Ru — eu™u) dw

/OO W (G*F + R)(w —u) + (w — u)*R(w — u)

—0o0
+ (w—u)*(F*G 4+ R)u — eu™u) dw
>0.

SinceR <0, the above implies
o
/.

x (F*G + R)u — eu™u)dw >0,

W (G*F+R)(w —u) + (w —u)*

285

which is the same as (18) with (s) given by (23). It is a
trivial matter to verify thatM (s) = M3 (s)Ma(s) for M;(s)
in (24). O

Remark 4. Observe that the first part of Theorem 2, which
generalizes Lemma 1 to allow a multipligf (s) with “tall”
M;(s), is trivially proved using the 1QC Theorem, although
the use of such a multiplier seems to be difficult to justify
usingFig. 2 becauseV; (s) are not invertible.

Next, we introduce two corollaries. The first one gen-
eralizes Lemma 2 by allowing “tall” multipliers. This is
needed to ensure that the multiplier in (23) and (24) is ade-
guate for guaranteeing the absolute stability of the system in
Fig. L The second corollary specializes Theorem 2 to linear
A blocks.

Corollary 1. The resultin Lemma holds even whei (s)
and My(s) are “tall,” i.e, they are in the form of19).

Proof. Let M1(s) and M2(s) be in the form of (19) and
the conditions in (17) and (18) be satisfied. In view of our
earlier discussion about the relationship betwiigis. 1and

3, it is sufficient to show that the related systenfig. 3is
absolutely stable for somee (0, 1). To this end, we denote

1
1-1

which are the feedforward and feedback blockd=ig. 3
We can derive the following from (17) and (18):

G: Z‘:AOG—TI,

I’

M*(5)G(s) + G*(s)M(s) < — ﬁz,

/OO (Refu*(jo)M (jo)w(jw)] — I'(w)) dw=0

for all u € L[0, 00), w = A(u) and A € A, where
I'w) =R — Du*(jo)M (jo)u(jm)] + eu™ (jo)u(jom).

Whenr is sufficiently close to 1/ (w) >0 for all @ and we
have

o0
[ Reu*(jo)M (jo)w(jw)] dw >0
—0oQ
for all u € L»[0, 00), w = A(u) and4 € A. Now applying

the first part of Theorem 2, we conclude that the system in
Fig. 3is absolutely stable. [J

Corollary 2 (Fu & Barabanov, 199Y. Suppose is a set of
causal and asymptotically stable LTI operators containing
the zero operator. Therhe following two conditionsboth
guaranteeing the absolute stability of the system in Ejg.
have the implication thati) = (ii).

(i) There exist®(s) of the form(5) and some > 0 such that
(4)and(7) hold and thatR (jow) <Ofor all w € (—o0, 00);
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(ii) There exists a multiplied (s) of the form(19) such that conservative in general. To overcome this difficulty, we let
MG — AG) GG — AGo)G ()] H (z) be any stable function with; norm less than or equal

to1,ie.,
x M*(jw) + ¢l <0. (29)
o
Remark 5. The problem studied in the corollary above is Y [h(n)| <1, (32)
commonly known as the structured singular value prob- o
lem when A is specially structured. It is knownF( & whereh(n) is the impulse response corresponding#t).

Barabanov, 1997Meinsma, Shrivastava, & Fu, 19p&at In addition, it is required that & H (z) is invertible. Then,
the multiplier approach gives a less conservative test for ro- i, IQC is given by

bustness analysis than the so-cale€G scaling method

given inFan, Tits, and Doyle (1991)n fact, theD—G scal- ) = [ 0 -1+ H) }

ing method amounts to a special multiplier; see details in -A+H*) —2+H+H") |’

Fu and Barabanov (199@nhdMeinsma et al. (1996)
Example 3 (Constant uncertain parametgrsConsider the

_ _ case
5 Discussion w = Az = block diadquli. - - .. 4k, )2,

As we see from Theorem 2, the technical condition for % €[=1.1l. i=1....p. (33)
the existence of a multiplier is th&(jw) <0. Indeed, most  whereg; are all constant uncertain parameters. Let us take
IQCs used in applications satisfy this condition. Examples any
include norm bounded uncertainties and passive operators, _ .
although many more can be found in the literature (see, e.g.,D(S) = block diad Da(s), ..., Dp(s)},

Megretski & Rantzer, 1997 To demonstrate the convexity ¥ (8) = block diadVi(s), ..., Vj(s)}, (34)
condition, we consider the examples below. whereD; (s) andV; (s) are square matrices of dimensian
and

Example 1 (Popov criterior). The well-known Popov cri- ) . ) .
terion (Popov, 1969 considers a single-input single-output 2U®) =D (w) >0, V(w) = -V (o),

system as irFig. 1 with G(s) = C(sI — A)"1B (without Yo € (—00, 00). (35)
the D term) andA being a set of nonlinear functions satis- e can build an IQC with the following(s):

fying 0<z(—4(z)) < ¢z? for some unknown constant> 0.

The Popov criterion asserts that such a system is absolutely(p(s) _ [ D(s)  V(s) ] (36)
stable if (1 + ks)G(s) is SPR for some constakt>0. The V*(s) —D(s)

function (1 + ks) is called a multiplier.

ided thatD dv h that the@ b
The Popov criterion can be verified by modifyirg(s) provide atb(s) and V(s) are suc a (s) above

can be expressed as in (5).

and4 to
- - d\*! We see in all the examples above, the teRfjw) (or
G =Gl)A+s), A=4o0 <1+ E) : R(€”) in Example 2) is all non-positive.
For the modified system, the functioh(s), renamed as
d(s), for the associated IQC is given by 6. Conclusions
_ r 0 _ ks *
D(s) = _ d4ks 155 :| : In this paper, we have studied the relationship between the
- s . ) IQC approach and the multiplier approach. The main result
See details irMegretski and Rantzer (1997Returning 10 s that these two approaches are equivalent under a fairly
the original system, the corresponditbgs) is given by mild convexity condition. It should be pointed out that the
T 0 —(L+ k) purpose of this paper is not to undermine the significange
D(s) = (1 + ks) 0 (30) of the IQC approach. Rather, we hope that the work of this

paper provides some new insight into these two approaches
Example 2 (Limit cycles of a digital quantizeie, Fu, and  and can motivate more research in this area.
Li, 1998. Consider a digital quantizer described by

1, z(n) < =1, References
w(n) = —salz(n)) = { —z(), |z()|<1, (31)
-1, z(n) > 1. Aggarwal, J. K., & Vidyasagar, M. (Eds.) (1997Nonlinear systems

. stability analysis Pennsylvania: Dowden, Hutchinson and Ross, Inc.
It follows thatz(n)w(n) <0 for all n. We may model this  anderson, B. D. O. (1967). A system theory criterion for positive real
as a simple passive device. However, this description is too0  matrices.SIAM Journal on Control and Optimizatip6(2), 171-192.
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