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with control ranges) = [-1, 1]. Again, we write (z1, z2) =
(s1, 82)/+/5? + s2. According to our open-loop analysis, we know
that a constant control function(t) = w € [—1, 1] can only

asymptotically provide a zero Lyapunov exponent for the slow

motion s, which follows from the fact thag; (¢)w = « sin (t + 3)w ] )

with positive constantsy, 3 > 0 and that accordingly the aver- Convergence Results of the Analytic Center Estimator
aged slow subsystem is just an undamped linear oscillator. Thus,
the orbits are circles. When the control function is allowed to

change with respect to time the picture becomes different: the
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becomes squares and Chebyshev estimates. In this paper, we show the asymptotic
performance of this approach and prove that the analytic center converges
oM — {( 0 1) v € [-2/n 9/ﬁ]} to the true parameter under mild conditions.
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For constant averaged control functions, the orbits of the averaged sf{Rvergence analysis, membership set identification.
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wherey; € R is the system output); € R™ is the measurable re- Property 1.1: Consider the system (1.1), the noise bound (1.2), and
gressorf € R™ is the unknown parameter vector to be identified, anthe membership set (1.3). Then, the analytic center is the solution to
v; € R isthe noise. In the bounded error parameter estimation settitige following optimization problem:

it is assumed that the noise is bounded by > 0, i.e., .
A\ 2
fa = arg max [T <F2 - (?/i - @Tﬁ) )
1

lvi] < e (1.2) e

- o defi =2 S = (g - 0ld) 1.6

fori = 1, 2, ---, n. Then, the membership set is defined by e ;Ielgx Z nle —{yi-9 : (1.6)
=1

n

, - ‘ A The main result of the present paper is to show the convergence of
no__ m, s — T i . o

0= O {9 ER™: —e<yi—0if< E} ) (1.3) the analytic center to the true parameter under various conditions. A

= preliminary version was published in the conference [5].

The membership set includes the parameter estimates consistent with

(1.1), the input—output data, and the noise bound (1.2). The goal is Il. CONVERGENCEANALYSIS

to compute a specific estimate in the membership set enjoying Somég ayoid some unnecessary complications, we modify the noise
optimality properties. A large body of research exists (see, for examplgyund and assume that

[7]1and [9]) in this area. The most popular estimate along this direction

is the Chebyshev centér [10] of the set2™ lv;] <e—E<e (2.2)

§. = arg min max ||§ — 7]| fo_r_ some arbitrarily small constagt> 0. Further, we define two con-
deqn neQn ditions, as follows.

Condition 1: no > 0 andj3; > B2 > 0 exist such that for all
where|| - || is anyl, norm. If p = oo, this is the best worst case esti-, > n,
mate of the true but unknown system parameter vector in the sense that i
it minimizes the maximum “distance” betweén and the unknown s>t Z ¢i6; > fol. (2.2)
parameter vector that generated the data. However, it is well known n ‘=
that the Chebyshev center is sensitive to outliers, and moreover, online ) L )
sequential implementation of the Chebyshev center does not seem {B4he literature, this condition is referred to as the weak persistent ex-
sible. To overcome these difficulties, an analytic center estifateas citation condition [6]. Condition 1 and (2.1) guarantee that theXet

proposed in [2][4]. In particular, it was shown in [2] that the analytiéS Pounded and has a nonempty interior.

centerf, minimizes the logarithmic average output error and can be Condition 2:
implemented in a sequential form. The complexity of this sequential 18 v;
algorithm for computing a sequence of analytic centers up to observa- Jim Z a_ 2% =0 (2.3)
tion timen is linear in terms of the number of Newton iterations. =1 '
To be more specific, let us rewrite the membership set Condition 2 is satisfied if; and¢; are independent random vari-

ables withE(#;) = 0 or v, is symmetric; i.e., the probability density

A m, T functiong(v;) = ¢(—v;), which impliesE(v;/(e* — v?)) = 0. The
= iOl {9 ERT: —esyi—dif< F} above condition also holds when is a deterministic time function and
- m o amsT A n v; is a symmetric independent random variable or wheis a deter-
={f€R™: (A7)0 <"} (1.4) ministic)t/ime function, pbut/)i is an independent random variable with
E(¢;) = 0.
where Three results are presented below. The first one answers the ques-
tion when the analytic center gives a correct estimatepi.es 6. The
A" = (ay, a2, -+, a2,) second theorem, which is the main result in this section, studies the
= (b1, =01, P2y — P2y s s —bn) € R convergence properties of the analytic center. The third result is a con-
sequence of the second theorem, which shows the convergefige of
and to the unknowr# with probability one ifv; is a random variable with
zero mean.
c1 €+ Lemma 2.1: Under Condition 14, = ¢ if and only if
C2 €— Y Lo
n . . . on Ui
"= : = : €R”". ;Z€2_“?¢i:0. (2.49)
Con—1 €+ Yn =t
Con €— Yn Proof: Condition 1 guarantees the existence and uniqueness of

the analytic centef, for n > ng. Furtherg, is the solution of
Suppose the sél™ is bounded and has a nonempty interior. Then, the

analytic cente, of Q" is an interior point of2" maximizing the dd:(é) -0
(dual) potential function 46
;2 - where the potential functiom(é) is defined in (1.5), which is equiva-
f. = arg max u(é) = arg max —— Z In (c, — (Li[ é) . (1.5) lentto
bean pean 2n ,
1 i (yi — 8! ba)

. L . . — ————5 =0. (2.5)
The following theorem was given in [2] concerning the analytic center. no= 2 — (y; — 9T a)
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If 8, = 6, then this equation reduces to (2.4). Conversely, if (2.4) holds, The geometric interpretation of the result is that the Hessian of the

thend, = 4 is a solution to the above. By the uniqueness.ofinder
Condition 1, this is the only solution. Heneg, = ¢ if and only if (2.4)
holds.

logarithmic barrier at the analytic center of a polyhedron defines two
ellipsoids inscribing and outscribing the polyhedron [1], [2].
Corollary 2.1: Consider the system (1.1). Suppose that the naise

Theorem 2.1: The parameter estimation error given by the analytiis a sequence of independently (not necessarily identically) distributed

center has the following bound far > nq:

N =1
n LT
1 0iP;
n = 2 —y?
=1 ¢

In particular,f, — 6 asn — = if Conditions 1 and 2 hold.
Proof: Define the parameter estimation ereor= 6 — 6, and
prediction errop; = y; — 6 8,. Then

n

1
" &

1=

2v;

— 2
g

6. — ]| < 6. (2.6)

€2

T
pi = U, + @; €.

Subsequently, (2.5) gives the unique solutiofit@nd is equivalent to

n , n T
_ Z vidi Z bid; @.7)
o 2 T 2 _ 42" "
= € i = € P
Define
Vi Vi,

5 - - -
e —p; e—vf

ni =
Then, it is straightforward to check that

pio]

2
U; F vipi
2 27 22 &
€& =i

2 2
€ Uk

N =
Adding >, »; to both sides of (2.7), we obtain

~ o) 1 v} + vipi
> + g
=1

S AN
2,
€+ vipi E

T
5 Qi Q;

E: 2 2y (2 2y PiPs
= (2 —v7) (e = p?)
n
Z di T

—— 0:0; e

EZ_UZZ yalt 2 7

=1
24,
€+ vip;

2 2"
€& =

)e
>€

where
d; =

Noting that|v;| < € and|p;| < ¢, we get

(1525.
Thus
n —L /o
(§ ) (£ 20) on
and
1<~ 607 Y 1 &~ 20
6 — 8. < (5265_09 I ame

Moreover, from Condition 1 and the fact that
0<&2e—8 <€ —vf <

the first term is always bounded. Then, the convergende td ¢ fol-
lows from Condition 2. This completes the proof.

random variables of zero mean with the bound given by (2.1). Further,
assume that the regressar satisfies Condition 1 and is independent
of v;. Then, the analytic centér, converges to the true but unknown
# with probability one ag — oo.

Proof: The hypothesisimplies that the random variablgge” —
v?) are independent with zero mean and finite convariance. Then, by
the law of large numbers [8], Condition 2 is satisfied with probability
one ast — oo. Therefore, the conclusion follows.

Ill. SOME REMARKS

It is interesting to compare the convergence conditions for the ana-
lytic center approach with the recursive least squares (RLS) given by

—1
1 , 1
O = (n ; @m?) " ; PiYi
T
:0+<;;@iéf> ;;élm

For the convergence of the RLS estimate, Condition 1 remains the
same while Condition 2 is replaced with a slightly simpler condition

(3.1)

n

. 1
lim — E 'Lviq/)iT =0.
n—oo 1

=1

(3.2)

The main tradeoff is that RLS is much simpler, but does not guar-
antee that the solution lies in the membership set all of the time. On
the other hand, the analytic center requires more computation [2], in
particular, whemn: is large, but at the same time, it is guaranteed to
lie in the membership set. Therefore, it would be nice to start with the
analytic center and then switch to RLS wherbecomes large. This
mixed approach is to start with an analytic center estimator and then
switch to an RLS estimator when the estimate begins to converge. The
key point, however, is to determine the switching time. To further elab-
orate on this, we assume zero mean and independence of the noise (not
necessarily identical distributions). Then, the covariance of the RLS
estimate error becomes

n n

Cov(fis — 6) = R n% S5 66l Bnon R,

=1 k=1
where
T r' : 13 "
=1
Denote

€
2 2
" =max E (tv,j) = max
2 2

—€

22 qi(x) da

whereg; () is the probability density function af;. Then

a1 <
Cov(bs —0) < — | — 0id;
ov(fi )_n "Z’

whereg is defined in (2.2). Note that® < ¢* becauséuv;| < ¢ and

/.

1

(3.3)

Ban

@' giw)dz < F2/ gi(x)de < €.

—€
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Accordingly, Cov(8;, — 8) < (e*/82n)I and Additional Dynamics in Transformed Time-Delay Systems

me Kegin Gu and Silviu-lulian Niculescu

E(|61s — 8])°) = Trace{Cov(f;s — 8)} < T
Da2n

] ) o ] Abstract—in studying the stability of time delay systems, many pub-
Now, to determine an appropriate switching time, we use the welished results use a transformation to transform a system with single time

known Chebyshev inequality in the following lemma [8]. delay to a system with distributed delay. In this article, the inherent lim-

Lemma 3.1: Consider any random variable Then, for any con- itations of such approaches are studied. Specifically, it is shown that such
' a transformation incurs additional dynamics that can be characterized by
stantp > 0 appropriate additional eigenvalues. The critical delay values when such ad-
ditional eigenvalues cross the imaginary axis can be explicitly calculated. If
E(|z — E(2)|?) the smallest of such delays is less than the stability delay limit of the orig-
Prob{|lz — E(z)[| > p} < —_— inal system, then any stability criteria obtained using such transformation
P will be conservative. Some examples are also included.

Using the above lemma, we consider two arbitrary tolerance parame'ndex Terms—Razumikhin theorem, stability, time-delay systems.
tersp > 0.ands > 0. The former is used to characterize the “distance”
betweery andd,;, whereas the latter is for bounding the probability

Nan e I. INTRODUCTION
Prob{||8:is — 8|| > p}. We may choose the switching timedeter-
mined by The study of stability of time-delay systems has been active in recent
years. See, for example, [25], [14], [19], [21], [6], [7], [24], and [23]
me2 and the references therein. See also [16] for an overview.
2 55 (34)  For the stability of the system
By the Chebyshev inequality, we obtain @(t) = Azx(t) + Agx(t — 7) 1)

2 2 . .
Prob{||ér. — 8[| > p} < E(ll6:, —61°) o me (3.5) Wherex(t) € R"; A, A, € R"*", many published results use the

p* = p2Bam T fact
Clearly, no guarantee exists thatyif> me?/326p%, the RSL es- /‘U .
. L . = . . r(t—1r) = x(t) — r(t d
timate lies in the membership set. However, with a probability of at (t=r)=alt) Y He+r)dr
leastl — 4, the RLS estimaté;, is p-close to the trué, provided that -0
(3.4) is satisfied, and thus, for small enough> 0, 6., is likely to be = a(t) — / [Az(t + 7) + Agz(t + 7 —7)]dr

in the membership set. Therefore, we can “safely” switch the estimate
from the analytic center to least squares. The above idea is easily

plementable {8'ransform the above system to a distributed delay
.l‘(t) = (A + Ad).E(t)

0
— Ay / [Az(t + 1)+ Agz(t + 7 — 7)) dT. 2

—-r
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