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to the constant-gain filter under appropriate assumptions.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In networked systems, data travels through different networks.
It may suffer a time delay or may be lost completely due to some
reasons such as data collisions, transmission errors and network
congestion (Zhang & Yu, 2008). These phenomena will deteriorate
the performance of the controllers and filters if they are not con-
sidered in the design procedure. Many researchers have studied
the filter design for systems with packet losses. Recently, Kalman
filtering for systems with intermittent observations was studied in
Sinopoli et al. (2004). The stability of the Kalman filter in relation
to the data arrival rate was investigated. It was shown that there
existed a critical data arrival rate for an unstable system so that
the mean filtering error covariance would be bounded for any ini-
tial condition. Further, less restrictive conditions were presented in
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Kar, Sinopoli, and Moura (2012). In You, Fu, and Xie (2011), the sta-
bility of Kalman filtering with Markovian packet losses was stud-
ied. The stability criteria were expressed by simple inequalities in
terms of the largest eigenvalue of the open loop matrix and transi-
tion probabilities of the Markov process. In Sun, Xie, Xiao, and Chai
Soh (2008), a multiple packet dropout modeling method has been
presented, and an optimal linear estimator was computed recur-
sively in terms of a Riccati difference equation.

For the state estimation of systems with independent random
sensor delays, several results have been developed in Shi, Xie,
and Murray (2009), Shen, Wang, Shu, and Wei (2009) and Wang,
Ho, and Liu (2004) under different criteria, where the random
delays were described as a set of distributed Bernoulli variables.
Further, the relevant estimation results for systems with corre-
lated transmission delays can be found in Han and Zhang (2009)
where the process was modeled as a two-state Markov chain. In a
very recent study, optimal filtering problems Sahebsara, Chen, and
Shah (2007), Schenato (2008) and the Robust H, filtering prob-
lem (Dong, Wang, & Gao, 2010) associated respectively with pos-
sible delay, uncertain observations and multiple packet dropouts
were studied under a unified framework, respectively. It should
be pointed out that there exist few results on multiple Markovian
delayed systems, and few results considered the convergence and
stability issues. This motivates us to study this interesting and chal-
lenging problem.

This paper studies the optimal filtering problems for networked
systems with random observation delays. The delay process is
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modeled as a multi-state Markov chain which incorporates the
packet losses naturally. A new delay-free observation sequence is
first defined to denote the received observations, and thus the fil-
tering problems can be converted into ones of a delay-free system
with jumping parameters. An optimal linear mean square filter is
presented based on the innovation analysis method, in which the
filter gains are time-varying and sample path dependent. However,
the convergence analysis to this filter is difficult. Alternatively, an
optimal Markov jump linear filter is presented, in which the fil-
ter gains are just dependent on the present value of the Markov
chains, but not the entire mode history. And at each time, just r
filter gains are derived (where 7 is the maximum delay step). As
a low-complexity solution, we further design a stationary Markov
jump linear filter. The existence conditions for the stabilizing solu-
tions to the filter are presented, and by a product, we show that the
optimal Markov jump linear filter converges to the stationary filter.

Notations: Throughout this paper, R" denotes the n-dimensional
Euclidean space, B(R", R™) denotes the norm bounded linear
space of all m x n matrices with B(R") = B(R",R"). For L €
B(R"), L’ stands for the transpose of L. As usual, L > 0(L > 0)
will mean that the symmetric matrix L € B(R") is positive semi-
definite (positive definite), respectively. We set BR™)™ = {L €
B(R");L = L' > 0}. In addition, we denote #™" = {V =
Vo, ..., V511), Vi € B(R", R™)}, and define #" = ™", #" =
V=W,...,Viy1) € ¥ Vi e BR")",i=0,...,7 + 1}. For
any Banach space X, we denote B(X) as the Banach space of all
bounded linear operators of X into X, and set r, (7°) the spectral
radius of 7 € B(X). Moreover, 1, stands for the Dirac measure.

2. Problem formulations and preliminaries

2.1. Problem formulations

Consider the following discrete-time systems
x(k+ 1) = Ax(k) + Cw(k), x(0) = xo, (1)
z(k) = Hx(k) + Gv(k), (2)

where x(k) € R" is the state sequence, z(k) € R™ is the out-
put sequence, w(k) € RP is the system noise, and v(k) € R?is
the output noise. The initial state xq, w(k) and v(k) are null mean
second-order independent wide sense stationary sequences with
covariance matrices V, I, and I, respectively. xo, w (k) and v (k) are
mutually independent, and GG’ > 0.

The measurement z(k) is time-stamped, and transmitted
through a communication network. Let r (k) denote the transmis-
sion delay of the measurement z(k), where r (k) is of a Markov pro-
cess, and takes values in a finite state space {0, 1, ..., T, oo}. When
r(ky=i(i=0,...,r), it means that z(k) will be received within r
time steps. If the measurement is transmitted to the receiver with
a delay larger than r, it will be considered as one lost completely.
And for this case, the random delay is set to be oo. For the conve-
nience of discussions, we introduce an index 7 to denote the delay
steps, and define n; = ifori = 0,1,...,7 and nr;; = oo. De-
note the transition probability matrix of r (k) as A = [(A;)], where
Ajj £ Prob(r(k + 1) = njlr(k) = n;) (i,j =0,...,7, 7+ 1),and
set w(k) = [mo(k)...mr(k), wryq(k)] with m;(k) £ Prob(r(k) =
n) (i=0,...,r,7r+ 1), then 7 (k) and A satisfy the Kolmogorov
difference equation 7 (k + 1) = A’w (k). We assume that r(k) is
independent of xp, w(k) and v (k).

Given the above statement, we know that the possible received
observations at time k are

r,0z(k — 0) = ¢y oHx(k — 0) + ¢y ov(k — 0), (3)
drazk — 1) = ¢y 1Hx(k — 1) + P 1v(k — 1), (4)
Priz(k — 1) = ¢y HX(k —T) + Pprv(k — 1), (5)

where

b 2 1, ifz(k —1i) isreceived at the time k; 6)
ki= 10, if z(k — i) is not received at the time k,

fori=0,1,...,r.Actually, ¢x4i; (i =0, 1, ..., 1) is the indicator

function of r(k), and ¢ ; = 1 represents the fact that the output
z(k) will be observed at the time k + i subject to random delay i.
As is well known, in a real-time control system, the output z(k) can

only be observed at most one time, and thus ¢ ; i =0, 1,...,T)
must satisfy the following relation

Dvii Prjj =0, 1F#]. (7
Let

y(k) = col{gy0z(k — 0), ..., ¢y 5z(k — )}, (8)
¢ = col{gro ... i} 9

then the filtering problems considered in this paper can be stated
as:

Problem 1 (Optimal Kalman Filter). Given the observations
{y(s)|o<s<k} and the information {¢s|o<s<k}, find an optimal linear
minimum mean square error (LMMSE) filter X,(k|k) of the state
x(k), such that

E{lIx(k) — X (kIR [[1y(0), ..., y(K); ¢o, - . ., i} (10)

is minimized, while the filter gain is stochastic.

Problem 2 (Optimal Markov Jump Filter). Given the observations
{y($)|o<s<k} and the present-time value of ¢, find an optimal
recursive Markov jump linear (MJL) filter X, (k|k) of the state x(k),
such that

E{llx(k) — X (kll)[[1y(0), . ... y(k); ¢} (11)

is minimized, while the filter gain is deterministic.

Problem 3 (Stationary Markov Jump Filter). Given the observations
{y(s)|o<s<k} and the present-time value of ¢, find a stationary MJL
filter X(k|k) of the state x(k), such that

E{llx(k) — X(kl)1l1y(0), . .., y(k); ¢ic} (12)

is minimized, while the filter gain is constant.

Remark 1. As for the three problems, the filter developed in Prob-
lem 1 has the smallest linear minimum mean square error com-
pared to the latter two filters, but the filter gain to this filter is
stochastic, and thus the performance analysis for this filter is dif-
ficult. The filter developed in Problem 3 is with constant gains,
and thus less on-line computation is required. Compared to the
proceeding two filters, this filter has the largest estimation error
covariance. The filter developed in Problem 2 is in between. The
precise definitions to the three problems will be given below.

2.2. Preliminaries

Now we rearrange the observations received up to time k, and
define a new sequence

y(s,7) £ col{gsr0,02(5), ..., Psirrz(s)}, 0<s<k-—r7, (13)

y(s, k —s) 2 col{hs10.02(5), - . ., Prr—sz(s), 0, ..., 0},
k—1<s<k (14)

It can be shown that {{y(s, F)}L‘;g; {y(s, k — 5)}§:k_;+1} is a delay-

free sequence, and contains the same information as that of
{y(s)}*_,} (Han & Zhang, 2009).
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For0 < s < k — r, define

0(s, ) £ col{hs10.0, - - - » Psi i} (15)

We know from (7) that only one element of ¢4 ;(i =0,1,...,7)
is equal to 1 at most, so 6 (s, ) will take values in the finite set

S(r) = {eo™), ..., ei(r), ..., ex(r), er11(1)},

where e;(r) i = 0, 1,...,7)isan (r + 1) x 1-vector with all its
components null except for the (i + 1)th which is equal to one,
and ez, 1 (7) isan (r 4+ 1) x 1-vector with all elements being zeros.
It can be seen that 6(s,r) = e;(r) represents the fact that the
output z(s) transmitted through the communication network with
random delay r(s) = n;. That means 6(s, r) is a Markov chain and
has the same probability distribution and transition probability
matrix as r (s).
Fork —r < s < k, define

0(s, k—s) = col{eys10.05 - - - » Pkk—s, 0, ..., 0}. (16)

Similarly, at most one element of ¢s1;; i = 0, 1, ..., k—s) isequal
to 1,s0 0(s, k — s) will take values in the finite set

Stk —s)={eg(k—5),...,ex—s(k—5),...,er41(k —59)},

wheree;(k—s) (i=0,1,...,k—s)isan (r + 1) x 1-vector with
all its components null except for the (i + 1)th which is equal to
one,andej(k—s) i=k—s+1,...,r+1)isan (r + 1) x 1-vector
with all elements being zeros. Obviously, (s, k — s) = e;j(k — s)
represents the fact that the output z(s) transmitted through the
communication network withrandom delay r(s) = n;,s06(s, k—s)
has the same probability distribution and transition probability
matrix as r(s).

In view of (15) and (16), the observation equations for (13) and
(14) can be written as

y(s, 1) = H(6(s, ))x(s) + G(O(s, 1) v(s),

y(s,k—s) = H@O(, k—s))x(s)
+ GO (s, k—s)v(s),

0<s<k-r, (17)

k—r<s<k, (18)
where

H(9(s, 1)) =60(s,T) ®H,

G (s, 1) =6(s,7) G,

H@(s,k—5s)) =6(s,k—s)®H,

GO, k—5) =0(s,k—5)QG.

For the convenience of discussions, we set ¢ = min{r, k — s}.
Note that H(0(s, t)) and G(O(s, t)) are block matrices partitioned

according to the elements of 6(s, t) respectively, and will take
values in the following set

H(Q(S’ L)) € {HO(L)ﬂ Hl (L)5 LN} HF+1(£)}5
G(O(s, 1) € {Go(1), G1(V), - - -, Grr1(D},

where H;(¢) (or G;(1),i =0, 1, ..., t)is a block matrix with dimen-
sionm(r+1) xn(orm(r+1) x q) and all entries being zeros except
for the (i + 1)th block-row being H (or G), i.e.

™ i blocks ¢

——~—
0,...,0,H,0...,0]|,

L 7+1 blocks

Hi() =

[ i blocks
——
0,...,0,G,0...,0]| ,
L 741 blocks
and H;(¢) (or Gi(¢),i =t + 1,...,7 + 1) is with the dimension of
m(r + 1) x n(or m(r + 1) x q) and has all entries being zeros.

In view of (17) and (18), we know that the estimation problems

for random delayed systems can be converted into ones of M]JL
systems without delays.

Gi() =

3. Optimal Kalman filter

In this section, we will design an optimal LMMSE filter X, (k|k)
of the state x(k) via the projection formula, where

Xo(klk) £ E{x(K)|y(0,7), ..., y(k,0); 6(0,7), ..., 0(k 0)}.
According to Problem 1, we now present the following definition.

Definition 2. Consider the given time k. For 0 < s < k — 1, the
LMMSE estimator of x(s) is defined as

Xo(s, ) £ E{x(s)|y(0,7),...,y(s—1,7);
00,r),...,0(s—1,1)},

while its error covariance matrix P(s, ) is defined as

P(s,T) £ E{(X(s) — Ro(s, 1)) (X(5) — R, (s, 7))’
ly(©,7)...,y(s—1,7);0(0,7),...,0(s—1,1)}.
For k —r < s < k, the LMMSE estimator of x(s) is defined as

Xo(s, k—s+1) 2 E{x(s)|y(0,7),...,y(s — 1, k—s+1);
6(0,'_’),...,9(5— 1,k—5+])}’

while its error covariance matrix P(s, k — s + 1) is defined as
P(s,k —s+ 1) 2 E{(x(s) — X(s, k — s+ 1))(x(s)
— X, k—s+ 1)) |y0,7),...,y(s— 1,k
—s+1);60(0,7),...,0(s—1,k—s+ 1)}.
Then the LMMSE estimation can be derived as:

Theorem 3. Consider the system (1), (17) and (18), the LMMSE
estimation X, (k|k) is given by

Xo(klk) = %o (k, 1) + ¢y oK (k) (z(k) — HX, (k, 1)), (19)
where K (k) is the solution to the following equation
K(k) = P(k, DH'(HP(k, )H' + GG, (20)

and X,(k, 1) is computed by the following steps.
o Step 1For 0 < s < k — T, calculate X, (s, 7)

Ro(s+1,7) = ARo(s, F) + Y $54iiK(9)(2(5)
i=0

—HX,(s, 7)), %,(0,7) =0, (21)
where

K(s) = AP(s, 7)H' (HP(s, ))H' + GG)7!, (22)

;
P(s+1,7) = AP(s, A’ = Y _ ¢t iK ()HP(s, A’ + CC',

i=0
PO,7) = V. (23)
o Step2 For k — T < s < k, calculate Xo(s + 1, k — s)
k—s
Ro(s+1,k—5) = ARo(s. k— s+ 1) + Y dosiiK(s)
i=0
X (2(s) — HX (s, k — s+ 1)), (24)
where
K(s) = AP(s,k —s+ 1)H' (HP(s, k —s + DH + GG)~!, (25)
k—s
P(s+1,k—5) = AP(s,k—s+ DA = > ¢riiK(s)
i=0
x HP(s, k —s + 1A’ + CC'. (26)

e Step 3 Set s + 1 = kin (24), then X,(k, 1) is obtained.
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Proof. From Definition 2, we know that the LMMSE filter subject to
Problem 1 is indeed a Kalman filter. Based on the standard Kalman
filter theory and the observations in (17), (18), we will obtain the
results. W

4. Optimal Markov jump linear filter

We consider in this section the optimal MJL filter in the recur-
sive form for systems (1), (17) and (18). First, we present the fol-
lowing definition.

Definition 4. Consider the given time k, the optimal M]L filter

Xe(k|k) of x(k) is defined as

Xe(klk) £ E{x(k)|y(0,T), ..., y(k, 0); O(k, 0)}, (27)

and for 0 < s < k — T, the optimal MJL filter X.(s|s — 1) of x(s) is

defined as

Xe(s,T) 2 E{x(9)|y(0,7),...,y(s = 1,7); 6(s — 1,1}, (28)

while for k — 7 < s < k, the optimal M]L filter X, (s|s — 1) is defined

as

Xe(s,k—s+1) 2 E{x(s)|y(0,7),...,ys—1,k—s+1);
0(s—1,k—s+ 1)}. (29)

Denote
Xe(K|k) = x(k) — Xe(k|k),
Xe(s,7) = x(s) — Xe(s,7), 0<s<k-—r,
Xe(S, k—s+1) =x(s) — Xe(s, k—s+ 1),
Yi(klk) = E{f{e(k|k))~<e(k|k)/lg(k,o):ei(o)}, i=0,1,...,r+1,
Yj(S, 1_’) = E{;(e(S, 1_’);66(5, F),IQ(S,F):ei(f)}v i= 0, 1, ey r —+ 1,
Yi(s,k—s+1) = E{X.(s,k —s+ DXe(s,k —s+ 1)

X ]G(S,k—s):e,-(k—s)}a i= 0, 1, ey r + 1,

k—r1r <s <k,

then the filter X, (k|k) is obtained in the following result.

Lemma 5. Consider the system (1), (17) and (18) and given the time
k > r, the minimum mean square error solution to the MJL filter
Xe(k|k) is given by

Xe(k|k) = Xe(k, 1) — F(k, 0(k, 0))(y(k) — H(O (k, 0))Xe(k, 1)), (30)

where the filter gain F (k, 6 (k, 0)) is denoted as F;(k, 0) for 6 (k, 0) =
ei(0) i=0,1,...,7 4+ 1), which is determined by

Fi(k, 0)(H;(0)Y;(k, DH;(0)" + m;(k)Gi(0)Gi(0)")
= —Y;(k, DH;(0), (31)
and x.(k, 1) and Y;(k, 1) are computed as follows:
e Step 1 Calculate X.(s, 7) and Y;(s,7) for0 <s < k—7r
Xe(s+1,7) = ARe(s, T) — F(s,0(s, 1)) (y(s, T)
—H(@O(s,7))Xe(s, 7)), X(0,7) =0, (32)
where the filter gain F (s, (s, 1)) denoted by Fi(s, 1) for 6(s, 1) =
ei(r) (i=0,1,...,7 4 1) is calculated by
Fi(s, P)(Hi(P)Yi(s, DHi(F)' + mi(s)Gi(F)Gi(F)")
= —AY;(s, DH;(T), (33)
and Yi(s,7) (i = 0, 1,...,7 + 1) satisfies the following coupled
Riccati difference equation
F+1
Yi(s+1,7) = Y A{AYi(s, DA + mi(s)CC’
i=0
+ Fi(s, DHi(M)Yi(s, A}, (34)
with the initial value Y;(0, T) = m;(0)V.

e Step 2 Calculating X.(s + 1,k — s) and Y;(s + 1,k — s) for
k—r<s<k
Xe(s+ 1,k —5s) = ARo(s, k —s+ 1)
—F(s,0(s,k —s)y(s, k—5s)
—H(O(s, k — $)Xe(s, k —s+ 1)), (35)
where the filter gain F (s, 6 (s, k — s)) is denoted as Fi(s, k — s) for
0(s,k—s)=ei(k—s)(i=0,1,...,7r+ 1), which is calculated
by
Fi(s, k — s)(H;(k — s)Yi(s, k — s + DH;(k — s)’
+ 7i(5)Gi(k — $)Gi(k — 5)")
= —AY;(s, k — s+ DH;(k — s), (36)

and Yi(s,k —s+ 1) (i=0,1,...,7 + 1) satisfies the following
coupled Riccati difference equation

T+1
Yi(s+ 1.k —s5) =Y 2{AYi(s, k — s + DA + mi(s5)CC’
i=0
+Fi(s, k — $)Hi(k — 9)Yi(s, k — s + 1)A'}. (37)

e Step 3 Set s + 1 = k in Step 2, then X.(k, 1) and Y;(k, 1) (i =
0,1,...,7 4 1) are obtained.

Proof. First, for0 <s < k—r, we have from (1), (32) and note the
definition of X.(s, ) that
Xe(s+1,7) = (A+F(s,0(s, P)H(O(S, )X (S, T)
+ Cw(s) + F(s, 0(s, 7))G(O (s, T))v(s). (38)
In view of (38), we get
F+1
Yj(S +1,1r) = Z )\.U{AYI‘(S, F)A, + ﬂi(S)CC/ + AY;(s, F)H,(f)/
i=0
X Fi(s, )" + Fi(s, DHi(F)Yi(s, A" + Fi(s, ) (H; ()
x Yi(s, H; (1) + mi(s)Gi(F) G (F))Fi(s, )'}. (39)

BYi(s.F)
AF;(5.7)

It follows from = 0 that

Fi(s, ) (Hi(P)Yi(s, DH; ()" + 7i($)Gi(P)Gi(F)) = —AYi(s, T)H; (7).
The minimum mean square jump filter gain (33) is obtained, and
thus (39) becomes like (34).

Next, following a procedure similar to the determination of

Fi(s,r) and Yi(s,r) for 0 < s < k — r, we will obtain (36), (37)
and (31) immediately. =

We can show that the filter presented in Lemma 5 is the optimal re-
alization of the general recursive MJL filters (Han & Zhang, 2009).
However, it is somewhat complicated for the filter implementa-
tion. Note that 6(s,t) = (1) (0 <s <k, i=0,1,...,t) repre-
sents the same fact that ¢syi; = 1 (0 <s <k, i =0,1,...,0),
and 0(s,t) = ej(t) O <s<k,i=t+4+1,...,7r + 1) is equivalent
t0@stii =00 <s<k,i=¢+1,...,7+ 1). Then the filter gain
F(s,0(s,1)) for0(s,1) =e(1) (0 <s<k,i=t+1,...,7r+1)does
not need to be determined, since there is no observation received
for this case. Further, most entries of H(O (s, ¢)), G(6(s, 1)) (0 < s <
k,i=0,1,...,t) arezeros, thus the result of Lemma 5 can be sim-
plified.

Theorem 6. The minimum mean square error solution to the MJL
filter X.(k|k) can be rewritten as

Xe(klk) = Xe(k, 1) — Fo(k, 0)[¢x.0z(k) — ¢r oHRe(k, 1)], (40)
where the filter gain Fy(k, 0) is determined by

Fo(k,0) = =Yo(k, DH'(HYo(k, DH' + 7(k)GG) ™", (41)
and X.(k, 1) and Yo (k, 1) are computed by the following steps:
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e Step 1 When 0 < s < k — 1, calculate X.(s, T) and Y;(s, T)
Xe(s+1,T) = ARe(S, T) — Fi(s, D[ Ps+1,i2(S) — @i iHXe (5, T)],
i=0,1,...,1,
X.(0,7) =0,
where the filter gain Fi(s,7) i=10,1, ...,

(42)
1) is calculated by

Fi(s,7) = —AY;(s, HH (HYi(s, P)H' + m;(s)GG) ™", (43)

and Yi(s,7) (i = 0,1,...,7 + 1) satisfies the coupled Riccati
difference equation

Yi(s+1,7)

:
= Z Lif{AYi(s, 1A' + mi(s)CC’ + Fi(s, P)HY;(s, A’}
i=0
+ A1 A1 (s, DA + 744 (5)CC',
with Y;(0, 1) = m;(0)V.
o Step 2 When k — 1 < s < k, calculate X.(s + 1,k — s) and
Yis+ 1,k —5)
Xe(s+1,k—3) = AXe(s,k —s+ 1) —F(s, k —s)
X [@s+1,i2(8) — @stiiHRe (s, k — s + D],
i=0,...,k—s, (45)
where the filter gain Fi(s, k—s) (i=0, 1, ..., k—s) is calculated
by
Fi(s,k —s) = —AY;(s, k — s+ DH'(HY;(s, k —
x H' + mi(s)GG) ™",
and Yi(s,k —s+ 1) (i =0,1,...
Riccati difference equation
k—s

(44)

s+ 1)
(46)
, T + 1) satisfies the coupled

Yi(s+ 1,k —s) =Y 2{AYi(s, k — s + DA + mi(s)CC’
i=0
+Fi(s, k — s)HY;(s, k —s + DA’}
F+1
+ ) AlAYi(s, k— s+ DA + mi(s)CC'). (47)
i=k—s+1

e Step 3 Set s + 1 = k in Step 2, then X.(k, 1) and Yo(k, 1) are
obtained from (45) and (47), respectively.

Remark 7. In Theorem 6, we still use the notation F;(s, ¢) to denote
the filter gain, which is different from that of Lemma 5. In addition,
the Riccati equations (44) and (47) differ from the standard coupled
Riccati equation developed in Costa, Fragoso, and Marques (2005),
which involve additional terms that depend on the transition
probability of the packet dropouts, and the extra terms would be
zero for the case without packet losses.

Remark 8. For the case in which A, C, H, G and A;; in (1) and (2)
are time invariant and {r(k)} satisfies the ergodic assumption, so
that m;(k) converges to ; > 0 as k goes to infinity, the filtering
coupled difference Riccati equations (CDREs) (44) and (47) lead to
the following coupled algebraic Riccati equations (CAREs)

;
Yi(F) £ ) 2{AYi(DA + miCC — AYi(P)H’
i=0
x (HY;(HH' + miGG) 'HY:(P)A'},

+ Aiy1,j{AYr 1 (DA + 1741 CC'Y, (48)
Yi() £ Xl:xij{Ayi(l + DA + m;CC’' — AY;(I+ DH’

f (EHY,-(I + DH' + ;GG HY; (I + DA’}

+ f: AifAYi(l+ DA + mCC'}, 1=F—1,...,0.(49)

i=l+1

In the next section we present a sufficient condition for the exis-
tence of a unique set of solutions Y(I) = (Yo(D), ..., Yrr1(])) for
(48) and (49), and the convergence of Y (s, ) to Y(I), so that a sta-
tionary filter would be obtained.

5. Stationary Markov jump linear filter

In this section, we consider all matrices in (1) and (2) time in-
variant, and we will develop a stationary MJL filter for system (1)
and (2). Assume that the random delay {r(k)} is ergodic, so that
there exist limit probabilities 7; > 0;i = 0,1,...,7 + 1, with

Zﬂ; m; = 1, such that w;(k) — 7, is exponentially fast, as

k — oo.The filter considered in this section is

X(klk) £ x(k, 1) — Fo(0)[¢r0z(k) — ¢r.oHX(K, 1], (50)

X(s41,7) £ AX(s, T) — Fi()[¢s1i,i2(S) — @syi,iHX(S, )],
x(0,1)=0,0<s<k-r,i=0,...,T, (51)

X(s+1,D) £ AX(s, [+ 1) = Fi(D[s4i.iz(S) — bsriiHX(s, |+ 1)],
l=F—1,....,00k—I<s<k—I+1,i=0,...,1 (52)

The goal is to find the filter gains F;()(I = r, ..., 0), such that
the proposed filter is mean square stable and minimizes its cor-
responding estimation error. The solution of the filtering problem
developed above is closely related to the stabilizing solutions for
the CAREs (48) and (49). It is noted that if there exists a stabiliz-
able solution to (48), the future finite iterations (49) will be stable
as well. Thus we just need to show the stability condition of (48).

ForY = (YQ,...,YF+]) € J(’”,I" = (F(),...,I_';Jr]) e H", we
define the linear operator 7 (Y) = (7o(Y), ..., T741(Y)) as
F+1
Ti(Y) £ > ALVl (53)
i=0
Further, for ease of notation, we denote A; = A(i = 0,...,7 +
1),G=Ci=0,....,T+ 1), HH=H@{=0,...,7),Hry; = 0,
G=G({i=0,...,T),Gry1 = 0,and define A = (Ag, ..., Ar+1) €
‘_7{”7 C = (C07 ceey CI_’+1) € }(p’na H = (H07 ey Hl_’+1) € ﬂn'm?
G = (Go,...,Grpq) € HP™. Two structural concepts turn out

to be essential: mean square stabilizability and mean square de-
tectability.

Definition 9 (Costa & Fragoso, 1995). For A € #",C € HP".
We say that (A, C, A) is mean square stabilizable if there is L =

(Lo, L1, ..., Li+1) € #H™Psuchthatr, () < 1when I7 = A; 4+ GL;
in(53)fori = 0,1,...,7 + 1. In this case, L is said to stabilize
(A, C, A).

Definition 10 (Costa & Fragoso, 1995). ForA € #"H ¢ H,
We say that (A, H, A) is mean square detectable if there is [ =

(Lo, L1, ..., Li+1) € H™" suchthatr, (7) < 1when I = Aj+LiH;
in (53) for i = 0,1,...,7 + 1. In this case, L is said to stabilize
(A, H, A).

In addition, for Y(r) =
linear operators

FOX @), m) 2

Yo(©), ..., Yiq1(r)) € H", define the

(Y, DY), )

as
: i+1
PO, ) 2 al A+ LY (), 1)H)Yi(F)
i=0
x (A + Li(Y (F), )H))’
+ (G + LY (P), DGGLY (), 1))}, (54)
where
-%KwHWX®W+mG®
LY@), ) = i=0,. (55)

0, 1—r—|—l.
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Let f7(Y(P), 7) = [P (Y@, L(Y(F), 7) = L(Y(F)), the CARE
(48) can be expressed as

v(®) =7 @), j=0,....F+1 (56)

Several results are presented in Appendices A and B in connection
to the following definition related to (56).

Definition 11 (Costa & Fragoso, 1995). Y(I) = (Yo(7),...,
Y;1(F)) € #™ is the stabilizing solution for (56), if Y (7) satisfies
(56), and L(Y (1)) £ (Lo(Y (7)), ..., Ly (Y(T)), L1 (Y (T))) stabilize
(A,A,H),where Li(Y(r)) (i=0,...,7 + 1)isasin(55).

The next result will show the sufficient condition for the existence
of mean square stabilizing solution.

Lemma 12. If (A, C, A) is mean square stabilizable and (H, A, A) is
mean square detectable, then there exists a unique solution )?(F) =
(}70(?), f’;H (r)) € #" for the CARE (56), which will coincide
with the mean square stabilizing solution.

Proof. See AppendixA. B

In the following, we will show that the CDREs (44) and (47)
converge to the CAREs (48) and (49), respectively.

Lemma 13. If (A, C, A) is mean square stabilizable and (A, H, A)
is mean square detectable. Then Y(s,7)(0 < s < k — r) and
Y(s,k—s+1)(k—7+1 < s < k) defined in (44) and (47) converge
to a unique set of f/(l), I =r1,...,0as k goes to infinity whenever
Y(0,7) € #"". Furthermore, f/(l),l =T,...,0 are the stabilizing
solutions to the CAREs (48) and (49), respectively.

Proof. See AppendixB. ®

Now we will present the main result of this section.

Theorem 14. If (A, C, A) is mean square stabilizable and (H, A, A)
is mean square detectable, then an optimal solution for the stationary
filter posed in (50)-(52) is given by

F(F) = —AY,(F)H (HY;(F)H + mGG)~™', i=0,...,F, (57)
F(l) = —AYi(Il+ DH'(HY;(I+ DH + 7:GG) ™!,
i=0,...,1=7—1,...,0, (58)

where Y() = (Yo(D), ..., Yeie1(l) € #"",1 = F,...,0 are the
mean square stabilizing solutions of (48) and (49), respectively.

Proof. From Lemma 13 and Theorem 5.8 in Costa et al. (2005), we
can show that the optimal solutions for the stable filters are as in
(57)and (58). m

6. Numerical examples

In this section, we present a numerical example to illustrate the
previous theoretical results. Consider a second-order dynamic sys-
tem described in (1)-(2) with the following specifications:

2 1.1 1
A= [—1.7 —0.8]’ €= H
H=[4 2], G=1,

where {w(k)} and {v(k)} are mutually independent zero-mean
noises with covariance matrices Q,, = 1and Q, = 1, respectively.
(k) is the random jump delay which is modeled as a discrete-state
Markov chain taking values in a finite set S = {0, 1, 2, 3} with

— LMMSE filter
7 — — —optimal MJL filter |4
stationary MJL filter

RMS estimation error of x,

20 40 60 80 100
Time horizon

Fig. 1. The root mean square estimation errors of the first state component x; (k).

15

—— LMMSE filter
— — — optimal MJL filter
stationary MJL filter

2

RMS estimation error of x

Time horizon

Fig. 2. The root mean square estimation errors of the second state component
x5 (k).

transition probability matrix

09 01 O 0
A= 0.1 0.7 0.1 0.1
~— 101 01 07 0.1
0.1 0.1 0.1 0.7

The initial distribution of r(k) is 7(0) = [0.7 0.1 0.1 0.17, the
initial state x(0) is a random variable with E(x(0)) = 0 and
E(x(0)x(0)') = I,. In the actual system we use x(0) = [30 30]
for the simulation.

In this example, the time horizon is set to N = 100. Without
loss of generality, we run 50 Monte Carlo simulations from k = 0
to 100. The simulation results are subject to the same parameters
and noise sequences {w(k)}, {v(k)}. The LMMSE filter, the M]L fil-
ter, and the stationary M]L filter are designed via Theorems 3, 6 and
14, respectively, and the performance of the proposed three filters
are compared. In Figs. 1 and 2, RMS errors in state estimation are
compared for the three cases. It can be seen from the simulation
results that the obtained linear estimators for systems with ran-
dom delays track well and the estimation scheme proposed in this
paper produces a good performance.

7. Conclusion

Three kinds of optimal filters have been developed in this paper.
The first one is the optimal Kalman filtering, which requires high
computation and does not converge to a steady state in general.
The second one is an alternative Markov jump linear filter which
just depends on the present value of the Markov chain, and thus
requires less pre-computed gains. Under natural assumptions, this
filter is convergent to a constant-gain filter which is viewed as
the third designed filter. The existence condition on stabilizing
solutions to the constant-gain filter is discussed.

Acknowledgments
The authors gratefully acknowledge the Associate Editor and

the anonymous reviewers for their comments which have helped
to improve the paper greatly.



C. Han et al. / Automatica 49 (2013) 3097-3104 3103

Appendix A. Proof of Lemma 12

Proof. From the hypothesis (A, H, A) is detectable, we get from
Theorem A.10 in Costa et al. (2005) that there exists a maximal
solution Y () € HT subject to (56). Denote L;i(r) = Li(Y(F)) (i =
0.y ), Lia () = 0,A(F) = A+ L(OHiG = 0,...,F + 1),
and for any Y(F) e #H"' satisfying f(Y(F)) > Y(F), denote
L) = L(YT) (i=0,...,7), L+1(F) = 0, Ri(r) = HY;(HH] +
miGG; (i=0,...,T + 1). Then we can find § > 0 such that

P41
V() — Y;(F) — D AP Vi(F) — Yi(F)A(FY
i=0
) P41 ~
> 8 (Y(7) = V() + Y a(L(F) — L)
i=0
x (Li(F) — L)) (A1)

On the other hand, from the stabilizability of (A, C, A),we can find
K(r) = (Ko(r),...,Kir1(r)) such that r,(7) < 1, when I =

1
Ai + 7Ti2 CIKI(F), i= 0, ey r + 1.
Define

, T+ 1,

1 1 .
a-:[nizci ”izLi(F):I’ i=0,...

_ 1_ . =
Zi=lo mfLm] =0T

TT; Hl‘
Ki(F) = [K"((,r)], —F 1
Then
At ER(E) = B+ LOH) + 7, GKi(P). (A2)
A + EK(F) = A + Li(P)H; = Ai(F), (A3)
and
r+1 B B _
Y ai(E = E)E - B = (P (Y (7)) — ()
i=0
T+1 B B
+ 3 A — L) L) — LE) (A4)
i=0

for Y(F) = 0. It follows from (A.2) that (A, =, A) is stabilizable
when Y (7) = 0. In view of (A.1) and (A.4), we have that

r+1

8 Z)wj(:i - E)Ei - &Y
i=0

F+1
< (G() = V(M) — Y 1A+ EK())
i=0
x (Yi(F) — Yi(P) (A + EK(T))’ (A5)

for Y(F) = 0. Under the stabilizability of (4, &, A) and the con-
dition of (A.5), and following a similar derivation procedure as
Lemma 8 in Costa et al. (2005), we can conclude that A, E, A)
is stabilizable. Further, it follows from (A.3) that L(F) stabilizes
(A,H, A), so that Y(7) is the stabilizing solution to (56). From
Lemma A.14 in Costa et al. (2005), we know that Y(F) € #P
is the unique solution for the CARE (56). ®

Appendix B. Proof of Lemma 13

Proof. First, we know from Lemma 12 that there exists a unique

set of stabilizing solutions f/(l), I=r,...,0subject to the CAREs
(48) and (49), respectively.

Next, we will show the convergence of the CDREs (44) and (47).
It is noted that if the Riccati equation (44) for Y(s,r)(0 < s <
k — 1) converge, the future finite iterations (47) for Y(k — r +
1,r—1),...,Y(k, 1) are convergent as well. Thus we just need to
analyze the asymptotic convergence of the Riccati equation (44).
Based on the definitions of f (), and A;, G, H;, and G;, the CDRE
(44) can be rewritten as

Y+ 1.9 =76, 7). 0<s<k-T. (B.1)
Further, we define the upper bound function U(s, 7) 2 (Uy(s, 1),
ooy Upga(s, 1)) as

F+1

UiGs +1,7) = Y 2y{(Ai + Li(Y F)H)Ui(s, 7)

i=0

X (Ai + LY ()H) + mi(s) (G + LY (7))

X GGL(Y(@))), 0<s<k-T, (B2)
where U(0, F) = Y(0, 7), Li(Y (F)) is as in (55).

Andfori=0,1,...,7+ 1, aj(k) = infieg+{mi(k +s)} > 0, we

define the lower bound V (s, 1) £ (Vo(s,T), ..., Vizq(s, 7)) as
Vs +1,7) =fPWV(s, 1), as),
with V (0, 7) = 0. It can be shown by induction on s that
0<V(, 1) <V(s+1,r), 0<s<k-r, (B.4)
V(s,7) <Y(s,7) < UG, 1), 0<s<k-r. (B.5)
From Proposition 3.36_in_ Costa et al. (2005), and the fact that
L(Y(r)) stabilizes (A, H, A), we have that U(s, r) converges to a

U(r) € #™", whichis the unique solution of the matrical equations
inY(@@) = (Yo(P), ..., Yry1(F)) € #H""

0<s<T. (B.3)

F+1
Yi(F) = D Al (A + LY M)H)Yi(F) (A + Li(Y (F)Hy)
i=0

+ mi(GC + LY (F)GGL(Y ()} (B.6)

Since f/(F) also satisfies the above equation, we have from the
uniqueness of (B.6) that SA((F) =U().

From (B.4), (B.5), the sequence V(s,7)(0 < s < k — 1) is
monotine increasing, and bounded above by 9(?). Thus there exists
V(T = (Vo(P), ..., Vz(F)) € #" such that V(s, 7) converges to
V(7) and V(7) = f© (V(¥)). From the uniqueness of the solutions
of (48), it follows that V (r) = ?(F). This and (B.5) show that Y (s, )
converges to f/(f). |
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