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Abstract: In this paper, we present a new distributed protocol to achieve the synchronization of time variations and ini-
tial times simultaneously. The protocol combines the design methods of controller and estimator to obtain more precise
synchronization with higher robustness against noisy inputs mainly generated by crystal oscillators of clocks. Further-
more, the control input is ensured bounded while achieving the clock synchronization, which makes our protocol more
applicable in practice. The implementation of the protocol allows sampling in the receiving end to be event-triggered
with a specifically designed communication scheme. Numerical simulations are shown to illustrate the performance of

the protocol.
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1 INTRODUCTION

Clock drifting due to low-cost oscillators in sensor nodes
has posed a serious problem in time critical applications.
How to achieve good clock synchronization among sensors
with low overhead in communication and computation is
an important and interesting research problem.

There are two kinds of clock synchronization approach-
es [1]: master-to-slave and peer-to-peer synchronization.
A master-to-slave protocol assigns one node as the master
and other nodes as slaves. Reference Broadcast Synchro-
nization (RBS) reduces the non-deterministic time-delay
by dividing the net into multiple clusters with a master n-
ode in each one. And energy is conserved via post-facto
communication scheme [2]. Time-Diffusion Protocol (TD-
P) [3] achieves a balanced time based on an election and re-
election cycle, in which nodes become masters or diffused-
leaders on their own decision. And then a radial tree struc-
ture can be formed to execute the iterative, weighted av-
eraging process. Timing-sync Protocol for Sensor Net-
works (TPSN) [4] achieves pair-wise synchronization a-
long the branches of a spanning tree built in the preparation
phase of the protocol. Master-node failure and packet loss-
es which influence the performance of wireless sensor net-
works (WSNs), are common problems with which above
methods are confronted. Flooding Time Synchronization
Protocol (FTSP) [5] can achieve robustness to the root fail-
ure and variations of dynamic topology to some extent.

In contrast, a peer-to-peer protocol requires no center n-
odes, i.e., it is a distributed protocol. Average Time Sync
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(ATS) [6] uses a cascade of two consensus algorithms to
make all the clocks converge to a virtual reference one by
tuning compensation parameters for each node. Distributed
Time Sync [7] realizes clock synchronization by solving a
gradient-descent optimization problem. Any node can ac-
t as a reference node without adjusting its own physical
clock during the process and neighboring nodes exchange
one-to-one time-stamp packets. The peer-to-peer methods
can roughly be classified into internal synchronization and
external synchronization. In most researches mentioned
above, this pattern is not explained explicitly in the mod-
eling part. Since the latter method seeks to achieve syn-
chronization without resetting or correcting each sensor’s
physical clock, external or virtual clocks should be mod-
eled at first. FLOPSYNC-2 [8] and CCTS [9] present rela-
tively specific relationships between the actual and virtual
clocks. And our paper focuses on the peer-to-peer external
synchronization for the reason that in most application en-
vironment of WSNs, the local clocks of sensors cannot be
adjusted physically.

Our research has been aiming to develop a new distributed
protocol for clock synchronization. This is motivated by
the fact that most existing peer-to-peer protocols achieve
the consensus of clock rates and that of initial offsets sep-
arately to complete the clock synchronization. This sepa-
ration makes the problem conceptually easier but conver-
gence slower, resulting in a high communication and com-
putation overhead. In a previous paper, we combined these
two tasks and solved them jointly. However, it is a theoreti-
cal method which actually relies on the knowledge of glob-
al physical time with the communication scheme proposed
previously. Also, it is implicitly assumed that the clock
rates are constant. In this paper, our protocol is modified to
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combine the advantages of the controller-design method as
in [8] with those of the estimator-based one as in [6] to gain
better robustness against clock rate drifts and noisy mea-
surements. And previous communication scheme is cor-
rected to be a specifically designed one to enable the proto-
col to be independent on the global time, which ensures its
practical application. Furthermore, the control inputs used
to adjust the local time are proved to be bounded. Follow-
ing the implementation ideas in [6], we have also addressed
the problem with asynchronous communication in the ac-
tual implementation of the protocol. This also enhances the
robustness to the node failure and packet losses.

2 Notation and graph theory

An undirected graph G = (V, £) is composed of a node set
V ={1,2,---,N} and an edge set £ C V x V where an
edge of G is a pair of un-ordered nodes. N; denotes the
in-neighbor set of node i, i.e., N; = {j: (j,i) € £}. An
undirected graph is called connected if any two nodes in V
can be connected by a path of edges in £. Each edge (7, 1)
is associated with a weight &;; = £;; # 0. Then we can
introduce a Laplacian matrix L: Its ¢jth entry is given by

o=
ij =]
JEN; ’

It is well known that zero is an eigenvalue of L with 1 as its
corresponding right eigenvector, and all nonzero eigenval-
ues have positive real parts. For an undirected graph, zero
is a simple eigenvalue if and only if the graph is connected.
An extended neighbour graph, denoted as D(t) =
(V,E()), is a digraph with at most one arc between each
ordered pair of nodes and with exactly one self-loop at each
vertex at event time ¢. If all the extended neighbor graphs
in a time interval make up G = f(l) {D(t)}, then vertex
j € N; in G as long as this establishes in D(t) at least once
in the interval mentioned above.

3 Clock Models and Proposed Synchronization
Protocol

Above all, the model of each local clock’s physical time is
given as follows:

where «;(t) > 0 denotes the physical clock skew of n-
ode 7. It is worth pointing out that in previous literature o;
was always simplified as a constant value to make the mod-
el more convenient for analysis. However, here o (t) is
time-varying, which is more practical. ¢ denotes the physi-
cal time in the global timescale and 7;(¢) denotes the local
physical time of node 7 corresponding with the global time
instant t. o; is the initial time error between 7;(t) and ¢
when t = 0, i.e., 0; = 7;(0).

According to the model, 7;(¢) is a monotonically increasing
function of ¢ and there is a one-to-many mapping relation-
ship between ¢ and 7;(t),7 = 1,2, --- , N. Said differently,
the local physical time of all nodes may be different from

each other on the same global time instant ¢ without clock
synchronization. Therefore, the purpose of the clock syn-
chronization is to adjust all the local time to gain the same
one-to-one mapping relationship with ¢ eventually. Then,
after having achieved the synchronization, the local time
value of all nodes should equate with each other on the
same physical instant in the global timescale.

However, continuous clock synchronization poses a high
demand for power supply, which is not practical for wire-
less sensor networks. So we give out a sampling model of
each local clock in a discrete-time expression. The time
of each local clock, instead of local clock skew and initial
time error, is modeled directly as follows.

mi(k+1) = (k) + Ai(k, T}, 2)

where we assume that all the nodes have the same sam-
pling period 7} in the global timescale to have the form
of expression established. 7;(k + 1) denotes node i’s lo-
cal time after one sampling period from the global sam-
pling instant ¢;. And A,(k,Ty) > 0 corresponding with
the sampling period 7}, denotes the time variation of lo-
cal clock 7 between two neighbouring sampling instants.
Again, T}, has a one-to-many mapping relationship with
A;(k,Ty),t = 1,2,--- | N for the fact that time of differ-
ent local clocks varies at a distinct speed. Said differently,
corresponding with the same sampling period in the global
timescale, usually A;(k, Ty,) # Aj(k, 1)), when i # j.

Remark 1 [t is of much significance in pointing out that
the assumption that all nodes have the same sampling pe-
riod from the global view is realizable in practical applica-
tion. This can be explained from two aspects. On one hand,
if the application is under the condition of synchronous
communication which means all nodes have the same pack-
et transmission period in the global timescale, then just let
the sampling period equate with the transmission one.

On the other hand, a particular communication scheme
can be designed. Before introducing it, certain symbol-
s have to be defined as follows. Let {t;;;}}>5 be the set
of transmitting instants of node i in the global timescale.
{Z;k},rig stands for the set of node j’s receiving as well
as sampling instants in the global timescale when it re-
ceives messages from node i. Since sampling of all nodes
can not be executed at the same global time which is u-
navailable to them during the synchronization process, it
is event-triggered in practice. Said differently, it is when
node j receives the packet containing the time-stamp infor-
mation of node 1 that it samples the packet’s arrival time in
its local timescale. Therefore usually t;;, does not equate
with f} w When i # j in normal ways. However, the tech-
niques of MAC-layer time-stamping help to safely assume
that broadcasting of the packet by the transmitting node
and receiving of the same packet by the transmitting node’s
neighbours happen almost simultaneously. In this way, the
two symbols can stand for the same instant. Then, the com-
munication scheme is designed as follows. First, one of
the nodes wakes up from the sleeping mode (or low-power
state) after having listened to the signal for clock synchro-
nization. Without losing generality, we take node 1 as this
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node. Then it broadcasts its packets containing concerned
information to its neighbours periodically according to its
own transmission period A1 in its local timescale. And the
execution of all other nodes’ packets transmitting and re-
ceiving is event-triggered. Specifically, when receiving the
packet from node 1, node 1’s neighbours sample their local
time and simultaneously broadcast the packets containing
their local-time information to their own neighbours. And
all nodes sample and broadcast their packets only one time
around the same instant. In this way, all the nodes can have
the same sampling instants and period Ty, as well as the
same pseudo transmitting-period in the global timescale
which also has a one-to-one mapping relationship with A;.
Actually, here we have an assumption that sampling for the
in-packet and broadcasting of the out-packet of the same
node are triggered at almost the same time, i.e., the time
delay between them can be ignored compared to the peri-
od’s timescale. However, when this time delay cannot be
ignored for certain kinds of sensors or the delay accumu-
lates strictly in a very large and sparse net, it will be an
issue of applying our method with asynchronous communi-
cation, which will be discussed later in the implementation
part. Additionally, since o (t) is time-varying, the same
local transmission period Ay of node 1 may lead to dif-
Serent intervals between different sampling instants in the
global timescale with global physical time changing at the
same pace, i.e., usually Ty, # Ty1. And that’s why we take
A, (k,Ty) to denote the local time variations of all nodes.
From the above statements, it is reasonable to assume that
the values of A;(k, T},) are uniformly bounded.

Since we cannot actually adjust the physical clock rate,
a virtual local clock model is established for each node,
whose time we can tune directly through a control input
u; (k). Then only the synchronization of all virtual clock-
s is needed to generate the virtual common time that time
critical events all refer to. With the control input, this vir-
tual local time can be modeled as

Fi(k+1) =7 (k) + [ri(k + 1) — 7:(k)] + ui (k)

where 7;(k) denotes the virtual time of local clock 4 cor-
responding with the global instant ¢;, and we let 7;(0) =
7;(0). Then the communication scheme still works with
the packets containing virtual time-stamps. Therefore, the
problem of clock synchronization can be converted to de-
signing a protocol for wu;(k) to assist all virtual local time
in achieving the same value corresponding with the same
global instant.

Remark 2 Here k is just an auxiliary symbol for expres-
sion without requiring for its value information. Though
the value of the global instant t;, is unavailable to all n-
odes, the difference T (k) — T, (k) can be obtained without
the necessity in knowing the exact value of ti, as long as
7;(k) and 7;(k) correspond with the same global instant.
Therefore, that difference is the input controlled-variable
in the following protocol.

Then, the protocol which enables u; (k) to help all the vir-
tual time achieve the synchronization of time variations and

initial time errors simultaneously is proposed as follows.

wi(k +1) = Y dij(7;(k) — 7i(k))

JEN;
wi(k+1) =Y dij(Fi(k) = 75(k)) + us(k) + wi(k + 1)
JEN;
+oe Yy dij(Falk —1) = 75(k — 1))
JEN;

where w;(0) = 0 and d;; is the edge (j,7)’s weight. Pa-
rameters ¢ and « are to be specified in the next section to
guarantee the stability of the whole system. A vector form
can be obtained from the above equations as
w(k+1)=—eD7(k) @
u(k+1) =D7(k) + u(k) + w(k + 1) — aw(k)

where D is a Laplacian matrix consisting of d;;. Here, we
have to assume that the underlying graph of the whole net-
work’s message-channel topology is connected undirected.
Then d;; = d;; establishes and D is symmetric with zero
as its simple eigenvalue.

Remark 3 Another form derived from protocol (4) can
be expressed as u(k + 1) = u(k) + (1 — e)D7(k) +
aeDT(k — 1). Then u(k + 1) can be regarded as the
update of an estimator. Said differently, errors from the
input 7j(k) — 7;(k) would not directly affect u;(k + 1).
Hence the protocol provides a better filtering effect for
noisy inputs (mainly from A;(k,T}), such as short-term
Jjitter of clock crystals, measurement and quantization er-
rors), which is an advantage over purely controller-based
protocols. On the other hand, if we let {(k) denote the er-
ror between the input and output of the protocol, we can get
u(k + 1) = alu(k) + agu(k — 1) + a3C(k) + QQC(k' — 1)
where a1 = 2 —¢e,a2 = 1 — £, a3 = ac represent the coef-
ficients of the linear combination. This also shows that this
protocol can eliminate the static errors.

Remark 4 It can be seen from following statements that
the value of u(k) is bounded so as to ensure the appli-
cability of the protocol in practice. We, inspired by the
method of transfer function, take DT (k) as the input and
u(k) as the output of the protocol. Then, the scheme of
the protocol can be obtained as Figure 1, where Q(z) =

-1,G(2) = % and H(z) = z — 1. In this
way, designing the protocol can also be treated as solv-
ing a feedback control problem whose control system is lin-
ear, time-invariant and free of model error and uncertainty.
Then, the closed-loop transfer function of the feedback sys-
tem is Gos(z) = (1;(?755% which shows the stability of
the control system. In other words, as long as the message
exchanges are regular enough, the system output u(k) is

bounded.

4 Stability and Consensus Analysis

First, we analyze the stability of the whole system af-
ter adding the protocol. With D being symmetric, a u-
nitary matrix U can be found so that U DU = A =
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Table 1: Chart of Jury stability criterion

Figure 1: The scheme of protocol for the control input

diag{A1, -+ ,An}, where U denotes Hermitian trans-
pose of U and \; represents one of the eigenvalues of the
Laplacian matrix D. Owing to the connected undirected
graph, all the eigenvalues of D can be labeled in such an
order that 0 = Ay < A2 < --- < An. According to the
model (3) and protocol in the vector form (4), the whole
dynamic system can be expressed in the following way:

T(k+1) I I o 7 (k)
ulk+1) | =(Q—-e)D I —al] | u(k)
w(k+1) —-D 0 0 wk)) O

+(AKT)T 0 0).

Then to make the system decoupled, the unitary transfor-
mation can be utilized by letting

a(k) = U u(k)
Ak, Tp) = U AT

(6)
Applying U = diag{U, U, U} to (5) yields that
T(k+1) I I 0 7(k)
T (wk+1) | =T [(1-e)D I —aI |TT" | uk)
w(k+1) —eD 0 o0 w(k)

+TU" (Ak,T)" 0 0)7

In this way, system (5) is decoupled with D being replaced
by A. Then, the component-wise form of the system after
transformation is

Filk +1) 1 1 0 (k)
Qi (k+1) —eX; 0 0 k)] (D

+(Ailk, 1) 0 0)"

As well known, with the values of A;(k, T},) being bound-
ed, the system can achieve input-to-state stability if the sys-
tem matrix is schur-stable. This condition provides certain
extra constraints for choosing the parameters in the system
matrix. Then let the eigenvalue expression

6—1 -1 0
fO) =le—DN 6-1 a

=6% — 262 + 1+ (e — )N\]6 — ae);

equate with zero and 41, d2, 03 denote the three roots of the
equation, as well as the eigenvalues of the system matrix.
Then the schur-stability of the system matrix is ensured as
long as the constraints |;| < 1, fori € (1,2, 3) establish.
Here Jury stability criterion is utilized to calculate these

Linage 5° ot 5? 5’
1 —ag); | 1+ (e—1)\ —2 1
2 1 -2 1+ (8 — 1))\1 —QEN;
3 bo b1 ba

value ranges of the parameters under the constraints. Then
we can obtain the test chart shown as Table 1, where

b — —015)\2‘ 1 by — —045)\2' —2

0= 1 —ag\;|’ | 14+ (=1’
b — | 0N 1+ (e—=1)\

| -2 '

Also we can get the following constraints due to the crite-

o {f(l) >0,f(~1) <0

|—CM€)\,‘| < 1, |b0‘ > |b2‘ '

Thus, the solutions to the inequations can be figured out as
l<e<1+ )\% and0<a<1-— é With the assumption
that the maximum value of all eigenvalues can be obtained,
we can get the two exact ranges by replacing \; with p(D),
where p(D) is D’s spectral radius.

Remark 5 Certain researches like [10], show that meth-
ods are available to utilize only attributes of the underlying
graph to decide the upper bound value X of all eigenval-
ues. Then by choosing an ¢ > 1 so that 0 < X < Eil,
the computation for parameters €, « can be an off-line pro-
cess without requesting for any global information of the
Laplacian matrix.

However, there is a tradeoff between the simplicity of
designing parameters and stability performance. If one
prefers attaching more emphasis on this index, the proto-
col can be modified as follows:

w(k+1)=—TDt(k)

u(k+1) =D7(k) + u(k) + w(k+ 1) — aw(k)
where T = diag{e1, -+ ,en} and « =
diag{a1, -+ ,an}. In this way, we have to design
more parameters satisfying 1 < ¢; < 1 + )\% and
0<a; <1— EL to get better performance of stability.

Next we show the asymptotic consensus attribute brought

by the protocol of all virtual local time. Let e;(k) =
7i(k) — Zjvzl 7;(k), then we have
1
e(k)=(U- NllT)?(k). ®)

From the expression of e(k), we can see that the asymp-
totical consensus problem of (k) can be solved if e(k)
converges to zero. And it is easy to figure out that [ —
%llT is also a symmetric Laplacian matrix with a spe-
cial form. Then it also satisfies that U7 (I — 117U =
diag{0, Iy_1}. Similarly, let é(k) = U¥e(k), then (8)
can be transformed as

1
Ule(k)=U"(1 - NllT)UUH?(k),
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which implies é(k) = diag{0, Iy_1}7(k). From this ex-
pression, we can see that

eik) =0, éi(k) =i(k),i>2. ©)

Expression (7) also establishes when £ tends to infinity,
therefore we have

C:),L(k + ].) = — €Az7ﬁl(k), k— o0

From the equations, we can figure out that (ae + 1 —
e)\iTi(k) = 0,k — oco. Then the facts that 0 = A\; <
Ao < - < Ay and ae +1 — ¢ < 0 help to assert
that 7;(k) = 0,k — oo when ¢ > 2. Combining this
inference with (9) yields that é(k) = 0,k — oo. Since
the fact that zero does not belong to the spectrum of U¥,
e(k) = 0,k — oo can be concluded due to the relationship
é(k) = Ufe(k). Then till now, it has been proved that
asymptotic consensus of all virtual time can be achieved
under protocol (4).

To show the virtual common time in an explicit form, sub-
stituting 7 = 1 and A\; = 0 into (7) yields that

#(k + 1) =71 (k) + ur (k) + Ay (k, Tk
Uy (k4 1) =ty (k) — o (k)
wi(k+1)=w1(k)=0
From the above expressions, the recursion expression of
71(k) can be obtained as

k—

ZA1]

Jj=0

H

+7’1(O) +I€U1( )

It can be seen that @4 (0) is only a constant factor of k& in
the last term. We can remove the uncertainty by letting
u(0) = 0 when the protocol is initiated. Then a more com-
pact expression can be shown as follows.

E
[

F(k) =Y A1(j, Ty) + 71(0).

Il
=)

J
All above statements enable us to get the following process
of inference.

lim 7(k) = lim U#(k)

k—o0 k—o00
= lim U (71 (k) v (k))

O)T

k—1
= U{diag{1,0n 1 }U"[>  A(4,T;) +7(0)]}
7=0

—U<Z Ay (. T)) + #1(0) 0

k—1
= U{(I — diag{0, In 1 DU D " A(j, T5) + 7(0)]}

1. .. k—1 .FO B
=[-U-51 )H; A5, T;) +7(0)]
k—1
—11TZA 1)+ 7(0)].
7=0

— aw;(k),k — oo

Then the virtual common clock time can be denoted as

>
—

N
SO S)BNIE

Remark 6 It can be seen from the virtual common time
that the tlme variations converge to a common val-
ue + Zl 1 Zk YN(j, Ty).  Simultaneously, the ini-
tial time errors have also achieved the consensus val-
e+ Zf\il 7;(0). Synchronization of time variations en-
sures the virtual time of all nodes to change at the same
pace, which implies that local clocks do not need re-
synchronizing in a relative long period of global time. This
reduces the workloads and energy consumption caused by
data’s transmission and computation.
Additionally, no matter whether the local clock skews are
time-invariant or time-varying, the virtual common time
can have this synchronization form, which means wider ap-
plication in practice. When the local clock skew «; is con-
stant, the form of virtual common time can be simplified
to

Te(k) = )+7(0)).  (10)

<.
Il
=

N
Z (hoiT +7:(0)), (11)

Let ., T, 0. denote the skew, transmission period and ini-
tial time of the virtual common clock respectively, then
it can be obtained that o, = %(al + -+ ay) and
0c = % (11(0) + - - - + 75(0)) according to model (1). So,
under this condition, the synchronization of local time vari-
ations equates with that of local clock skews.

S Implementation

In this section, we will explain certain details of the proto-
col in practical application. In a wireless sensor network,
if two neighbouring nodes both have enough power, then a
message channel can be established between them. So the
assumption that the channel graph is connected undirected
is reasonable. And if the channel is full duplex, the com-
munication graph is also connected undirected. However,
in some cases the channel has the attribute of half duplex,
which means that each node cannot receive and transmit
packets simultaneously. This makes the communication
graph exist as a unidirectional graph on one global instan-
t. In this case the following communication scheme and
explanations are proposed to make our protocol applicable.
A communication scheme modified from that in Remark 1
is applied as follows to make the protocol gain wider appli-
cation as well as raise up the robustness to node failure and
packet losses. Receiving nodes would be triggered by the
incoming time-stamp to record the local physical time of
its arrival and update their own virtual time-stamps imme-
diately. This implies that each node does not need to wait
for all its neighbours’ messages before updating its virtu-
al time. Then after a short period of delay-time from the
message reception, the nodes broadcast their own current
virtual local time to their neighbours. And the information
of k contained in the packets helps to ensure each node to
be triggered to broadcast their out-packet only one time in
the kth transmission. This communication scheme is also
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the reason for the generation of extended neighbour graphs
which generate non-symmetric stochastic matrices.

Now let T = [, {tu}{>5 = {To, Ti,+ -+, Ty, -+ - } denote
the set where we rearrange all the transmitting instants of
all nodes in such an order that 7, is a monotonically in-
creasing function of v. ¢, is the symbol mentioned in Re-
mark 1. Also let ¢; denote the time delay which the broad-
casting instant of node ¢ has relative to that of nodel, then
there should exist a maximum delay value ¥ in the kth
transmission. We define i = arg;cy max (. Then, the
component corresponding with ¢, in the ordered set T can
be found and denoted as 7, . Since the transmission peri-
od T} is determined by node 1 as mentioned in Remark 1
and generally the time scale of T}, is larger than that of time
delay, vy 41 — 1y, satisfies the constraint 751 — 7y, = N un-
der the above broadcasting scheme. Then, the transmitting
instant of each node is ensured to appear once in the time
interval (7y,, T, ], i.e., for Vi there always exits & and [
so that T; = t;(j41), Where v, <1 < Dpy1, k=0,1,---.
Taking the combination of Theorem 1 presented in [6] and
the statements above into consideration, the union of the
instant communication graphs can be treated as one con-
nected undirected graph in the time window (73, , 75, ]
when the protocol can be applied.

6 Numerical Simulations

In this section, we present a simulation result of one WSN
consisting of six sensors to demonstrate the performance
of the proposed protocol. According to the constraints of
choosing parameters, we let ¢ = 1.30 and o = 0.23. Fig-
ure 2 shows the change of all virtual local time according
to the global physical time. Figure 3 shows the synchro-
nization of time variations of all local clocks.

120

Virtual time of all nodes

0 5 10 15 20 25 30 a5 40 45
Physical Time

Figure 2: Change of virtual time of all local clocks

7 Conclusion and Future Work

This paper presents a new synchronization protocol which
can achieve the consensus of time variations and that of
initial times simultaneously. Its control input is bounded
with robustness against noisy inputs. Also this method is
robust against node failure and packet losses. Future work
may include optimization of the parameters in this protocol
to gain better performance of the system.
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Figure 3: Time variation of all local clocks
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