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1. Introduction

The well-known Razumikhin technique provides us an approach to overcome the difficulties brought about by time de-
lays so as to establish stability theorems or criteria for functional differential equations. This technique was initially pro-
posed by Razumikhin [1,2] to study the stability of deterministic functional differential equations. Later, this technique was
further investigated by Hale [3], Hou and Qian [4,5], Hou and Gao [6], Teel [7], Sun et al. [23] and extended to some other
models, such as stochastic neutral models [8], switching models [9], models driven by Levy noise [16] and impulsive mod-
els [22,31,34]. Especially in applications, several generalized problems have been considered, such as Hy, control [25] and
adaptive feedback control [32], stabilization [27,30,33]. The Razumikhin technique has become very popular in recent years
since it is extensively applied in the fields of applied mathematics and control engineering. The corresponding results are
generally referred to as stability theorems of the Razumikhin type.

For the functional differential equation

x(t) = f(t,x), t > to, 1)
X, (0) = ¢o(0), 0 el =[-7,0],

where f(t,¢) € C(R* x C(I;; R"); R") is a completely continuous functional with f(t,0) =0 € R" for all t > tg. Assume that
for every initial condition ¢g € C(Iz; R"), there exists a unique global solution to the Eq. (1), which is denoted by x(t) =
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x(t; tg, ¢o). So, under the assumption f(t,0) =0 for all t > ty, the Eq. (1) has the solution x(t) = 0 corresponding to the
initial condition ¢¢(6) = 0, 8 € I;. This solution is called the trivial solution.

For the above Eq. (1), recall the Razumikhin theorem in [3] which states that if there exist a continuous Lyapunov func-
tion V(t, x), three K..-functions u, v, w and a continuous nondecreasing function q(s) > s for s > 0, such that the following
two conditions are satisfied for all t € [tg, co):

(D u(llxll) =V (€, x) <v(||x]]), forall (t,x) e R" x R™;
) V(& x(t) = —w(llxO)]). if V(E+6,x(t+6)) = q(V(t.x(1))), ¥ elr,

then the trivial solution of the Eq. (1) is globally uniformly asymptotically stable.

By the above Razumikhin theorem, in order to guarantee asymptotic stability of the Eq. (1), we need to find a
positive-definite function V(t, x) whose time-derivative V(t,x(t)) along the solution of the Eq. (1) is negative-definite
under a Razumikhin-type condition. It is shown that the asymptotic behavior or stability properties of the solution of
the Eq. (1) can be guaranteed by certain negative-definite conditions of the derivative of Lyapunov functions such as
V(t,x(t)) < —w(]|x(t)]]), under some Razumikhin-type conditions such as V(t + 8, x(t +0)) < q(V (t,x(t))), for all 8 € I;.
In other words, function w( - ) is used to give qualitative properties of the solutions of functional differential equations; see
[10,17,18]. Actually, the principle of the Razumikhin technique is to determine qualitative properties using the condition (2)
above. The above condition (2) will be stated formally as a Razumikhin-type functional differential inequality in the sequel.

On the other hand, one may feel intuitively that different w(||x(t)||) in the condition (2) above implies different decay
rate for the solution of the Eq. (1). The larger w(||x(t)||) is, the larger the decay rate for the solution of the Eq. (1) should
be. That is, an inequality as V(t, x(t)) < —w(||x(t)||) under some Razumikhin-type conditions may imply some quantitative
information for the solution x(t). This means that the so-called Razumikhin-type functional differential inequality stated in
this paper can provide both quantitative description and qualitative description for the solutions of functional differential
equations.

In general, what kinds of quantitative properties can be obtained depends on the form of the Razumikhin-type functional
differential inequality. There usually exist three common forms of the negative-definite conditions of V (¢, x(t)) along the
solution x(t) of the Eq. (1) in the corresponding Razumikhin-type functional differential inequality. One form is V (¢, x(t)) <
—w([|Ix(t)|]); see [3], another one is the form of V(t,x(t)) < —w(V(t,x(t))); see [19,20]. Actually, w(||x(t)||) and w(V) are
equivalent in essence under some simple conditions, which will be proved in Theorem 2 of this paper. So we only refer
to w(V) in the following text. The last form involves two variables and is denoted by a function w(t,V), ie., V(t,x(t)) <
—w(t,V(t,x(t))); see [4-6,10,13,17,18].

For the special case with w(V) =V, for o > 0, the exponential stability of stochastic functional differential equations
was easily obtained; see [19,20]. Later, [12,21,26] established the Razumikhin-type theorems to a time-varying case and
extended the exponential stability to the general decay stability of stochastic functional differential equations. Ning et al.
[13] proposed an improved Razumikhin-type stability theorems for input-to-state stability of nonlinear time-delay systems.
Li et al. [24] focused on the finite-time stability of time-varying time-delay systems by the Razumikhin technique and weak-
ened the negative-definite condition for V.

The time-varying case with w(t,V) = a(t)8(V) (where S(V) > 0 for all V > 0 and «(t) > 0 for all t > 0) and its transfor-
mation were extended, and the decay estimate for applications of Razumikhin-type theorems and criteria for quantitative
stability for a class of Razumikhin-type retarded functional differential equation were obtained; see [4-6G]. Li and Song [14],
Cheng et al. [28], Liu and Yang [29] relaxed the non-negative condition for «(t) to a more general case, and proposed new
extensions of Razumikhin-type stability theorems and applied them to impulsive models. Teel [7] established the connec-
tions between Razumikhin-type theorems and the ISS nonlinear small gain theorem. Later, Ning et al. [13] proposed an im-
proved Razumikhin-type stability theorems for input-to-state stability of nonlinear time-delay systems and also weakened
the negative-definite condition of V. Zhou and Egorov [11] generalized the results of [13] to a weaker one and obtained
Razumikhin stability of time-varying time-delay systems.

In this aspect, we can see that the negative-definite condition of V in the existing literature admits a general case that
time t and the Lyapunov function V are separated with each other. And the generalization of the negative-definite condition
for V has been received much more attention; see [11,13,14,24,34]. However, little work has been done for the case that
time ¢ and the Lyapunov function V are inseparable in the negative-definite condition of V. Recently, [10,17,18] considered
the function w(t, V) with the case that time t and the Lyapunov function V are inseparable and obtained some novel asymp-
totical stability theorems for (hybrid) stochastic retarded systems by the Razumikhin technique. To the best of the authors’
knowledge, the general result on quantitative properties of the Razumikhin-type functional differential inequalities has been
barely systematically studied.

Motivated by the above analysis, we would like to investigate quantitative properties of the Razumikhin-type functional
differential inequalities under a more relaxed condition. In this paper, general and uniform bounds for general Razumikhin-
type functional differential inequalities are established. We will further show how to bound the solutions of the Razumikhin-
type functional differential inequalities under the general case that time t and the Lyapunov function V are inseparable.
Based on these bounds, we will present another approach to deduce some basic Razumikhin-type stability results, which
are more direct than those reported so far in the related literature.

The structure of the paper is as follows: The next section introduces some preliminaries. A lemma for bounding
Razumikhin-type functional differential inequalities is also presented. In Section 3, some quantitative bounds of the basic
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Razumikhin-type functional differential inequalities are established. In Section 4, a Razumikhin-type stability theorem for
deterministic functional differential equations is provided. In Section 5, Razumikhin-type stability theorems for stochastic
functional differential equations are studied in detail. Finally, we illustrate our method using two examples in Section 6 and
give a conclusion in Section 7.

2. Preliminaries
2.1. Notations

Throughout the paper, (2, #, {Zt}ts,. P) is a complete probability space with a filtration {%#}¢-, satisfying the usual
conditions, i.e. it is right continuous and F¢, contains all P-null sets. || - || is the vector norm. t is a positive constant which
stands for the upper bound for the bounded time-delay involved possibly in the inequalities or equations. Let ty € RT =
[0, +00), R~ = (—o00, 0], and T be a positive constant with T > tg > 0, or infinity. I = [ty — T, T) is the existing interval for the
solutions of inequalities or equations involved. I; = [-7, 0]. C = C(I;; R") denotes the family of continuous functions ¢ from
Iy to R™ with norm |¢| = supy, ¢ (0)]l. As usual, for a given function x(t) € C(I; R"), the associated function x; € C(Iz; R")
is defined by x;(0) =x(t +6),0 e I;. For a non-negative and non-decreasing function u( - ), we define u=1(s) = sup{l
R*|u(l) =s},s > 0. sgn( - ) refers to the sign function.

2.2. Razumikhin-type functional differential inequality

Here, we introduce the notion of Razumikhin-type functional differential inequality.

Definition 1. A functional differential inequality is said to be a Razumikhin-type functional differential inequality, if there
exist a non-negative function V(t) € C(I; R™), a non-positive function F(t,V) e C(I x R*; R™), and a continuous function
q(t) = 1 with t > tg such that

V() <F(@t,V(©)), if vt+60) <q®)V(t), YO el;, andt > ty, (2)

where Vy, € C(I;; R) is the initial condition for the functional differential inequality (2), then the functional differential
inequality (2) is said to be a Razumikhin-type functional differential inequality. Moreover, V(t + 6) < q(t)V(t), for all 0 € I,
is said to be a Razumikhin condition for the Razumikhin-type functional differential inequality (2).

This means that if only a functional differential inequality is satisfied under certain Razumikhin-type condition, then the
functional differential inequality is a Razumikhin-type functional differential inequality. By the notion of the Razumikhin-
type functional differential inequality, we can see that the condition (2) in the Razumikhin-type stability theorem in
[3] stated in the Introduction section is a kind of Razumikhin-type functional differential inequality. Of course, all the in-
equalities to guarantee the negative-definite conditions in the existing Razumikhin-type stability theorems can be unified
under the form of the Razumikhin-type functional differential inequality (2).

Remark 1. For the Razumikhin-type functional differential inequality (2), once the Razumikhin-type condition V(t +6) <
q(V(t), for all @ e I; is satisfied at time t* > tg, i.e., V(t* +0) < q(t*)V(t*), for all § € I;, then V(t*) < F(t*, V(t*)).

Remark 2. An arbitrary function inequality, without any Razumikhin-type condition, implied by a Razumikhin-type func-
tional differential inequality is considered to be an estimate for the solution of the inequality. The bounds in the estimations
for the solutions may be either explicit or implicit. More specifically, the bounds for the solutions of the Razumikhin-type
functional differential inequalities can be obtained without requirement on any specific functional differential equation. It
implies that the quantitative properties of the solutions of the Razumikhin-type functional differential inequalities can be
studied separately. Based on these bounds, we can obtain stable or asymptotic properties of the solutions of the Razumikhin-
type functional differential inequalities, which are the essential foreshadowing to deduce the basic Razumikhin-type stability
theorems. So we propose the notion of the Razumikhin-type functional differential inequality formally.

2.3. Assumptions

In this paper, the following assumptions for the function F(t, V) in the Razumikhin-type functional differential inequality
(2) will be applied respectively:
Assumption 1. F(t,V) is a non-positive continuous function and is non-increasing in v, and F(t, V) < 0 for all V > 0.

Assumption 2. F(t,V) < —¢ (t)w(V), where {(t) is a non-negative continuous function, w( - ) is a non-negative and non-
decreasing continuous function.
For certain special cases, we will also use the following assumptions:

Assumption 3. F(t,V) < —¢{w(V), where ¢ > 0 is a constant, w( - ) is a non-negative and non-decreasing continuous func-
tion.

Assumption 4. F(t,V) < —{(t)V, where £(t) is a non-negative continuous function.
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Assumption 5. F(t,V) < —¢{V, where { > 0 is a constant.

Remark 3. Assumption 1 admits the general case that t and V can not be separated from each other in the function
F(t,V), and also admits strong nonlinearity used to study the stability of the nonlinear functional differential equations.
Assumptions 3-5 are special cases of Assumption 2, which can be applied to deduce varying degrees of bounds for
Razumikhin-type functional differential inequalities.

Under Assumption 4, [11,13,24,34] extended the non-negative condition for {(t) to a more general case and obtained
Razumikhin stability of time-delay systems. To the best of the authors’ knowledge, little work has been done under
Assumption 1. In this paper, the general and uniform results on quantitative properties of the Razumikhin-type functional
differential inequalities are systematically studied.

2.4. Lemmas

We propose a direct approach to obtain bounds for the solutions of Razumikhin-type functional differential inequalities.

Lemma 1. Under Assumption 1, we have the following bound for the solution V(t) of Razumikhin-type functional differential
inequality (2):
V() <V, Ytel,
where Vo = supge, Vi, (0) = supge, V(tg+6) > 0.
Proof. Let ¢ be an arbitrary positive constant, define an auxiliary function
p(t tg,e)=V({t)—Vo—¢, Vtel

Firstly, we have p(ty +60,t5.&) =V({tg+60) —Vy—e <0—¢ <0, for all & € I;. By the continuity of V(t) and p(t, tg, €)
on I, we know that there exists a sufficiently small t; > tp such that p(¢, ty, €) < 0 for all t € [ty — 7, t7).

We assert that p(t, to, €) < 0 holds for all t € I. Assume that the assertion were false. In this case, we define t* = inf{t ¢
I| p(t, tg, €) = 0}, then we have t* > t; > to. By this definition, we have p(t*, tg, &) =0, i.e, V(t*) =Vy+¢€ >0, and p(t,
to, €) < 0 for all t € [ty — T, t*). Using this fact and noticing that ty — 7 < t* +6 < t* for all 8 € I, we have p(t* ty, ) > 0,
and

Vt*+0) - Vy—e<V({t*) —Vy—¢, VO el,.
It follows that
V(I +0) <V(t*) <qt)V(t*), VO el

due to g(t*) > 1. Namely, the Razumikhin condition is satisfied at t*. By the Razumikhin-type functional differential inequal-
ity (2), we obtain V(t*) < F(t*, V(t*)) and then p(t*, ty, &) = V(t*) < F(t*, V(t*)) < 0 due to V(t*) > 0. This is a contradic-
tion! It shows that p(t, tg, €) < 0 holds for all t € I, namely V(t) <Vy +¢, forall t e .

Letting € — 0T, we get V(t) <), for all t € L. The proof is complete. O

Lemma 2 [15] [Barbalat Lemma]. If a function x : R™ — R is uniformly continuous, and the limit tlim féK(s)ds exists and is
—00
finite, then tlim k(t)=0.
—00

3. Bounds for Razumikhin-type functional differential inequalities

Based on the above bound, we derive the quantitative bounds for Razumikhin-type functional differential inequalities,
which are described by some integral inequalities, without any Razumikhin condition. Based on quantitative bounds, we
can obtain stable or asymptotic properties of the solutions of Razumikhin-type functional differential inequalities. These
bounds are the essential foreshadowing for us to deduce the basic Razumikhin-type stability theorems in the next section.

Theorem 1. Under Assumption 1, and assuming that the function q(t) in the Razumikhin condition satisfies q(t) >
exp{ftir m(s)ds} for all t > ty, where m(t) = —k(Vp)FE(t, V) is a non-negative continuous function with k(Vy) = 1/Vy, we have
a bound for the solution V(t) of the Razumikhin-type functional differential inequality (2):

tm(s)ds), Vel 3)

to

V(t) < Vyexp ( -

where m(t) = —k(Vy)F (t, V) is also a non-negative continuous function.

Proof. By Lemma 1, we first have V(t) <V, for all t € I. Let ¢ be an arbitrary positive constant, define auxiliary functions

t
Bi(t, to, &) = Voexp < - m(s)ds) + &,

to
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V(t)

t,tp,e) = ———1, tel

Pt 8) = B )

Firstly, since m(t) > 0, then for all 6 ¢ I,
V(to+6)

p1(to+6.ty, €) -1

Vo exp ( - tf"’*g m(s)ds) +e
Supg;, V(to +6)
Vo exp (fr?w m(s)ds) +&

Vo
" Vo+€

-1

1<0.

By the continuity of V(t) and pq(t, to, €) on I, we know that there exists a sufficiently small t; > ty such that p4(t, to,
g)<O0foralltelty—r7t,t1).

We assert that pq(t, tg, €) < 0 holds for all t € I. Assume that the assertion were false. In this case, we define t* =
inf{t e I| p;(t,ty,e) > 0}, then we have t* > t; > t5. By this definition, we have p;(t*, tg, &) =0, then we have V(t*) =
Bi(t*, tg,€) >0, and pq(t, tg, €) < O for all t e [ty — 7,t*). By this fact, noticing that to — 7 <t*+60 <t* for all 0 ¢ I,
we have pq(t*,ty,€) >0, and for all 0 € I, p1(t* +6,tg, &) <0 = py(t* ty, &), then we have V(t* +0)/B1(t* +6,ty,¢€) <
V(t*)/B1(t*, tg, €), and then

Bi(t*+0.1t9,¢)

V0 = g e e

V(t*),Yoel,.

Denote
Bi(t*+6.t,€)
Bi(t*, to, &)

By a simple computation, we obtain

Qi(t*,0)=q(t*,0)+1= ,0el;.
Vo exp ( - t:*e m(s)ds) +e
Vo exp ( —Ju m(s)ds) +e

exp (frt»«le m(s)ds) -1

1+ £ exp (f[f, m(s)ds)

< exp (/:0 m(s)ds) -1

o
exp (/ m(s)ds) -1,V0el,
t

*—T

-1

q1(t*,0)

A

IA

thus we have Q (t*,0) < exp ([fif m(s)ds) forall 6 e I;.
Based on Assumption 1, we can obtain m(t) <m(t) and then V(t*+0) <exp (ftﬂir m(s)ds)v(t*) <

exp (ftﬂir ﬁz(s)ds)v(t*) < q(t*)V(t*), for all e I;. Namely, the Razumikhin condition is satisfied at t*. By the Razumikhin-

type functional differential inequality (2), we obtain V(t*) < F(t*, V(t*)) and then p;(t*, ty, &) = p; (t*, to, 8)/ﬁ12 (t*, tg, €),
where

Pr(t, to, &) = V(E) B (L, to, €) — V(E*) B1 (%, to, €)

< —Vom(t")B1(t*, to. £) — V(t*) B (t*. to. €)
o
— Vem(E) Bt to, ) + V(E*)Vo exp ( - m(s)ds)m(t*)
to
= —Vom(t*)<Vo exp ( - /t* m(s)ds) + 8) +V(t*)Vo exp ( - /t m(s)ds)m(t*)

—Vom(t*)<V0 exp ( - /tt* m(s)ds) + 8) +V3m(t*) exp ( - /t[* m(s)ds)
—&eVom(t*) <0, 0 0
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due to 0 < V(t*) <)y, and m(t*) > 0. By this we have p; (t*,ty, €) < 0. This is a contradiction! It shows that p(¢, tp, €) < 0
for all t € I, namely, V(t) < B (t. to, &) = Voexp (- f[; m(s)ds) + ¢ forall t e I.

Letting € — 0T, we get V(t) < Vyexp ( - frg m(s)ds) for all t € I. The proof is complete. O

Remark 4. Theorem 1 admits the general case that t and V can not be separated from each other in the function F(t, V).
From the result of Theorem 1, we notice that the bound for the solution V(t) of the Razumikhin-type functional differential
inequality (2) has limitations, because of the presence of V(t) in m(t), and this is due to that t and V can not be separated
from each other in the function F(t, V). Even so, we can still obtain the bound or asymptotic properties of the solution V(t).
To the best of the authors’ knowledge, the result of Theorem 1 has never been shown in the existing literature.

Based on further analysis for the properties of the exponential function in the above bound, we can obtain the final
properties of the solution V(t). This bound is the essential foreshadowing for us to deduce the basic Razumikhin-type
stability theorem in the next section.

Corollary 1. Under Assumption 2, and assuming that the function q(t) in the Razumikhin condition satisfies q(t) >
exp{ft[_I £ (s)ds}, for all t > ty, we have the following bound for the solution V(t) of the Razumikhin-type functional differential
inequality (2):

v =ven (- [ $(dr). Yuer. (4)
where m(t) = k(Vy)¢ (t)w(V(t)) is a non-negative continuous function, and k(Vy) = min{vlo, #Vo)}'

Remark 5. We note that Assumption 2 is a generalization of the assumptions used in [4-6,11], which can be applied to
obtain asymptotic and stable properties of Razumikhin-type functional differential inequalities directly. Assumption 2 in this
paper admits strong nonlinearity can be used to study the stability of the nonlinear functional differential equations, which
will be shown below.

Based on Corollary 1 and special cases of Assumption 2, we have the following corollaries.

Corollary 2. Under Assumption 3, and assuming that the function q(t) = q > 1 is a constant function in the Razumikhin condi-
tion, we have the following bound for the solution V(t) of the Razumikhin-type functional differential inequality (2):

v = viexp (= 21010200, YueT,

where k(Vy) = min{V%, nlvrzgo) }

Corollary 3. Under Assumption 4, and assuming that the function q(t) in the Razumikhin condition satisfies q(t) >
exp{ fti, £ (s)ds}, for all t > to, then we have the following bound for the solution V(t) of the Razumikhin-type functional differ-
ential inequality (2):

V(t) gvoexp<—/tt§(s)ds), Vtel

Corollary 4. Under Assumption 5, and assuming that the function q(t) = q > 1 is a constant function in the Razumikhin condi-
tion, we have the following bound for the solution V(t) of the following Razumikhin-type functional differential inequality (2):

V() <Voexp(—=A(t—1ty)), Vtel,
where A = min{¢, lan}-

For the special cases of our results, Corollary 3 and Corollary 4 have been obtained in the existing literature; see [4-6,20].
In this section, we consider a more general Razumikhin-type functional differential inequality and obtain both quantitative
and qualitative properties of the solutions of Razumikhin-type functional differential inequalities, which are applied to get
the asymptotic stability or exponential stability of the corresponding equations directly.

4. Application to stability of deterministic functional differential equations

In this section, we will demonstrate the application of the above obtained bounds to a classical Razumikhin-type stability
theorem for deterministic functional differential equations. This will be compared with the methods employed to establish
Razumikhin-type stability theorems in the existing literature; see [3,19]. The method of using our bounds turns out to be
more direct and distinctly different from those used in the existing literature.

Consider the deterministic functional differential equation

X(t) = f(t,X[), t > th (5)
X, (0) = ¢o(0), 0 €I,

where f(t, ) e C(RT x C(I;; R"); R") is a completely continuous functional with f(t,0) = 0 e R" for all t > tg. ¢g € C(I;; R")
is the initial condition. The functional f(t, ¢) is supposed to satisfy enough additional smoothness conditions to ensure a
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local continuous solution x(t) = x(t; ty, ¢g) to the Eq. (5) for each initial condition ¢g € C(I;; R"), such as the local Lipschitz
condition. From now on, we assume that [ = [ty — T, +00).

Under the assumption f(t,0) = 0 for all t > tg, the Eq. (5) has the solution x(t) = 0 corresponding to the initial condition
¢o(0) = 0,0 € I;. This solution is called the trivial solution.

Definition 2. The trivial solution of the Eq. (5) is said to be:
(1) stable if for every &€ > 0, there exists a § = 6(¢&, ty) > 0 such that
llx(t: to, @) || < €. for all t > to,

provided |¢g| < §;
(2) uniformly stable if for every ¢ > 0, there exists a § = (&) > 0 such that

|x(t; to, po) || < €, for all t > to,

provided |¢g| < §;
(3) uniformly asymptotically stable if it is uniformly stable, and

lim X(t; to, ¢0) =0.
t——+oo

Lemma 3 (Uniform continuity). Assume that the functional f in the Eq. (5) satisfies the local Lipschitz condition. If the solution
x(t) = x(t, tg, o) of the Eq. (5) is such that x(t) is bounded for t € I, then x(t) is uniformly continuous.

Proof. Assume that there exists a positive constant M such that ||x(t)|| < M, then ||x(t)|| < [M]v 1 = M, where [ - ] denotes
the ceiling function. By the local Lipschitz condition and f(t,0) =0, for the positive integer M > 1, there is a positive
constant Ly, such that for all t > ¢y and all x e R" with [[x|| <M,

I£E X1 = 1F(E.%) = f(E Ol < Ly lIxll < LM,

That is, the functional f also satisfies the linear growth condition. Thus, for any positive increment h, based on the Eq. (5),
we have

t+h t+h N
Ix(e ) =x(O) = | [ fuxodul = [ 15w x)lidu < Ltih
t t
this implies the uniform continuity of x(t). The proof is complete. O

Based on Lemma 3, we need only to impose the local Lipschitz condition on the functional f to coordinate the application
of the Barbalat Lemma.

Theorem 2. Assume u(-), v(-), w(-), w(-) : R* — R are continuous, non-decreasing functions with u(s), v(s), w(s), w(s) being
positive for s > 0 and u(0) = v(0) = w(0) = w(0) = 0. Also assume q > 1. If there is a continuous Lyapunov function V : R x
R" — R* such that

(D) u(llx|l) = V(t, x) = v(lIx]), for all (t,x) e R* x R";
(2) V(t,¢(0)) < —w(||¢(0)), orV(t,¢(0)) < -w(V(t,$(0))), if V(t+6,$(0)) <qV(t,$(0)), YO € I, then the solution
x(t) = x(t; ty, ¢o) exists globally and the trivial solution x = 0 of the Eq. (5) is uniformly asymptotically stable.

Proof. Firstly, for the first case of the condition (2), we also have V (t, $(0)) < —w(V(t, ¢(0))), where w(:) = w(v~1()). So
we need only to prove the conclusion for the second case, i.e., V(t, $(0)) < —w(V (t, $(0))).

Secondly, given the initial condition (tg, ¢¢) with |¢p| > 0. By Lemma 1, we have V(t, x(t)) < V, for all t e I, where
Vo = supge, V(to + 6, ¢o(0)). Then we get the bound

Xl = u™' (V(E,x(0)) <u" (Vo) = Xo =u"'(w(Ighol)), Ve el,

which means that it is impossible for the solution x(t) to explode due to the boundedness of x(t). In other words, the
solution x(t) = x(t; ty, ¢g) exists globally. At the same time, this bound also implies uniform stability.
Thirdly, by letting F(t,V) = —w(V) and applying Corollary 2, we have

V(t) <Voexp (- /tt k(Vo)w(V (s, x(s))ds), Vtel, (6)

where  k(Vp) = min{vlo, #“}0)}, and then |x(®)|| <u 1(B*(t.,ty)), for all t e I, where B*({t, ty))=
Vo exp(— ftf) k(Vo)w(V (s, x(s))ds).

If the integral f[f) k(Vo)w(V (s, x(s)))ds diverges, then by the above bound (6), we get V(t, x(t)) — 0 as t — +oo and
then x(t) — 0 as t — +oo. If the integral jtg k(Vo)w(V (s, x(s)))ds converges, then by the condition (2) of the theorem,

[t; k(Vo)w(u([|lx(s)|))ds < ft; k(Vo)w(V (s, x(s)))ds converges.
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Based on the boundness of x(t) and Lemma 3, we obtain the uniform continuity of x(t). With this one can eas-
ily show that ||x(t)|| and w(u(||x(t)||)) are also uniformly continuous. Therefore, by the Barbalat Lemma 2, the integrand
k(Vo)w(u(|lx()||)) — 0 as t — +oo, by the assumptions on w( - ), u( - ) and V( - ), this leads to x(t) — 0 as t — +oco. The
proof is complete. O

Remark 6. For only the uniform stability, the Razumikhin-type condition can be weakened to be V(t+6.¢(0)) <
V(t,¢(0), YO eI, ie, p=1.

5. Application to stability of stochastic functional differential equations

Consider the following It6 stochastic functional differential equation

{dx(t) = f(t, x)dt + g(t, x)dw(t), t > to, )
XCU(G) = ¢0(9)7 0 € I'L's

where x e R", f:R* xC(I;;R") - R" and g:R* x C(I;; R") — R™™M gare assumed to be measurable functionals with
f(t,0) =0eR", g(t,0) =0 e R™™ for all t > ty. w(t) is an m-dimensional standard Wiener process defined on the complete
probability space (2, %, {Zt}t>,. P). The initial condition for the Eq. (7) will given by (ty, @), where ¢ = {¢g(s) : s € I}
is an % -measurable C(I;; R")-valued random variable. The solution of the equation through (to, @) is denoted by x(t; to,
¢o). The functionals f and g are supposed to be completely continuous and satisfy the local Lipschitz condition to ensure a
local solution to the Eq. (7) for each initial condition ¢ € C(I;; R").

Under the assumptions f(t,0) =0, g(t,0) =0 for all t > tg, the Eq. (7) has the solution x(t) = 0 corresponding to the
initial condition ¢¢(6) = 0, 8 € I;. This solution is called the trivial solution.

Let V e C12(R* x R™; Rt) be a positive function which is differentiable in t and twice continuously differentiable in
x € R". Associated with the Eq. (7) define the differential operator .# by

2Vt xe) = Ve(t.%) + V(. ) f(E. %) + %Tr(gT(t,xr)Vxx(t,X)g(t,xf)),

vt av(t, av(t,
Vt(t’x) = ét X) ’ Vx(t’x> = ( 8(X1X) T a(an)>’

v (t,
Vi (t,X) = (ﬁ)nxrb
i0X;j

Definition 3. The trivial solution of the Eq. (7) is said to be:

(1) stable in pth moment with p > 2 if for every ¢ > 0, there exists a § = §(¢,tg) > 0 such that
E|lx(t; to, o) ||? < &, for all t > to,

provided E|¢g|? < §;
(2) uniformly stable in pth moment with p > 2 if for every ¢ > 0, there exists a § = §(¢) > 0 such that

E||x(t; to, po)||P < &, for all t > to,

provided E|¢g|P < &;
(3) uniformly asymptotically stable in pth moment with p > 2, if it is uniformly stable in pth moment, and

lim E[|x(t; to. ¢o)||” = 0.
t—-+o0
Similar to Lemma 3, we have the following uniform continuity lemma for the solution of Eq. (7).

Lemma 4 [35] [Uniform continuity]. Under the condition that the functionals f and g of the Eq. (7) satisfy the global Lipschitz
condition, if the solution x(t) = x(t, ty, ¢g) of the Eq. (7) is such that E||x(t)||P is bounded for t € I, then E||x(t)||P is uniformly
continuous, where p > 2.

To apply Lemma 4 and Lemma 2, we impose the Lipschitz condition for the functionals f and g in the following Theorems
3 and 4.

Theorem 3. Let p > 2. Suppose u(s), v(s), w(s), w(s) : Rt — R* are continuous increasing functions, and they are positive
for s > 0 with u(0) = v(0) =w(0) = w(0) =0, v( - ) is concave, u( - ), w( - ) and w(-) are convex. If there exists a continuous
Lyapunov function V : RT x R" — RT such that

(1) u(|lx]|P) < V(t, x) < v(||x||P) for all (t,x) e RT x R™;

(2) E2V(t,¢) < ~EW(||¢(0)||P), orELV (t, ) < ~Ew(V (£, $(0))), if EV(t+6,¢(0)) <qEV(t,¢(0)), V ek, g > 1,
then the solution x(t) = x(t; ty, ¢g) exists globally and the trivial solution x = 0 of the Eq. (7) is uniformly asymptotically
stable in pth moment.
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Proof. The proof is similar to that of Theorem 2. We prove the conclusion for the second case of the condition (2). Firstly,
let ¢y € C(I;; R™) be the initial condition with |¢g| > 0, define

EVo = Esupy, V(o + 0, ¢ (0)).
p(t . tg,€) =FEV(t,x(t)) —EVyg—¢,t el

By Lemma 1, we can show that EV < EV; for all t € I. With this and the inequality u(E|x(t)||P) < EV(t,x) < v(E|¢o|P)
or E[|x(t)||P <X = u=1((E|¢g|P)) and then E|x;|P < Xy, for t € I. By Chebyshev’s inequality, we can show that the solution
x(t) is not explosive, thus it exists globally. We also know that the trivial solution x = 0 of the Eq. (7) is uniformly stable in
pth moment.

Secondly, to complete the proof for the asymptotic stability, define

t
Ba(t, to, &) = EVyexp ( — /t wy (EV(s,x(s)))ds) +&,

EV(t, x(t))
ﬁz (t7 th 8)
where Wy (EV) = k(EVo)W(EV), k(EVp) = min { g, TW‘(‘;E‘IVO)}

Due to |¢g|P > 0, we have EV, > 0 and w(EV;) > 0 by the assumption on w( - ), then k(EVy) and wy(EV) are well
defined.

With these preliminaries, similarly to the proof of Theorem 1, we can show

02(t, to, &) = —1,tel,

BV (£, x(t)) < BV exp ( — /[ W1 (BV (5, x(5)))ds).
to

If the integral ft; w1 (EV (s, x(s)))ds diverges, i.e., ftg w1 (EV (s, x(s)))ds — +oo as t — +oo, then we get EV(t,x(t)) — 0
as t — +oo. According to the assumption u(||x(t)||P) < V(t, x(t)) < v(||x(t)||P), obviously E||x(t)||P — 0 as t — +oo; If the in-
tegral ftf) w1 (EV (s, x(s)))ds converges, then the integral ftg wq (u(E||x(s)||P))ds converges too, due to 0 < wq (u(E||x(t)||P)) <
Wy (BV (t, x(t)). By Lemmas 3-4 and E||x(t)||P < X, then we have the uniform continuity of E||x(t)||P, so is w; (u(E[|x(t)||P)).
Based on Barbalat Lemma 2, we know that the integrand wy (u(E||x(t)||P)) = k(Vo)w(u(E||x(t)||P)) — 0 as t — +oo, by the
assumptions on w( - ) and u( - ), this leads to E||x(t)||? — 0 as t — +oc. The proof is complete. O

For a special case, we have the following concrete result with decay rate for the solutions.

Theorem 4. Assume p > 2. Let {(t) be a non-negative continuous function and c(t), cy(t) be positive continuous functions on L
Assume that there exists a Lyapunov function V : R x R" — R* such that

(1) a1 (OIIx[IP < V(t, x) < (Ol for all (t,x) € R x R™;
(2) E2V(t.¢) < —L(DEV(t. $(0)). if EV(t+6.$(0)) < qOEV(t, $(0)). ¥V 6 €Iz, q(t) = exp(f;_, {(s)ds). V t > to, then
for all initial condition ¢y € C(I;; R") we have

t
E”X(t)”pEKE|¢0|peXP<—/t {(s)ds), Vitel,

SUPgep, 52(t0+9)} )

where K = sup;¢; { c1(0)

Proof. Denote V(t) = EV(t,x(t)), then by the result of Corollary 3 and with the inequality c;(t)||x]|P < W(t, x) < c(t)]x]|P,
we directly obtain the result of the theorem. The proof is complete. O

Using Theorem 4, we also have the following result.

Corollary 5 [20]. Let ¢,p,cq,Co all be positive numbers and p > 1. Assume that there exists a Lyapunov function V : Rt x R" —
R+ such that

(1) c1IxlIP < V(t, x) < co||x||P for all (t,x) € Rt x R";
(2) E2V(t, @) < —CEV(L, ¢(0)), if EV(E+0,¢(0)) < qEV(t,¢(0)), V 0 eI,
then for all initial condition ¢¢ € C(Iz; R™) we have

E[lx()[|” < KE|¢po|P exp(—=y (t —to)), Vt €l
where y = min{¢, 19} and K = &

Proof. By the given condition, if EV(t + 6, ¢(0)) < gEV(t, ¢ (0)) for all 6 € I, we also have ELV (t, ¢) < —YEV (t, ¢(0)). By
Theorem 4, we directly obtain the result of the corollary. The proof is complete.
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Fig. 1. Trajectory of x of the Eq. (8).

6. Illustrative examples

In this section, we consider two models described by a deterministic functional differential equation and a stochastic
functional differential equation to verify the effectiveness of our established theorems, respectively.

Example 1. Consider a two-dimensional deterministic differential equation with a time-varying delay

{X(t) —3mm = A(t)x(t) + B(t)x(t — T(t)), t > to, (8)
X (0)  —3mm=go(0). 0 el

where A € C(Rt; R2¥2), B e C(R*; R2*2) are continuous matrix satisfying

_ |4+2sint +2t a1 _ |sint+¢t 3
A(t)__[ R syasintr2e| BO=| 1 ing e

and t( - ) is a continuous function with 0 < 7(t) < T= constant.
Define Lyapunov function V (x) = (XTX)%, denote V(t) =V (x(t)), we have

V(t) %(xT(t)x(t))‘%2xT(t)[A(t)x(t) +B(OX(t —T(1))]
= (xT(t)x(t))*%xT(t)[A(t)x(t) +BOx(t —T(1))]

Based on the expressions of A(t) and B(t), we know that there exist two positive scalar continuous functions a(t), b(t)
satisfying a(t) =3 + 2sint + 2t, b(t) = 1 +sint +t such that A(t) < —a(t)hL,» and B(t) < b(t)l; , 5, where I, , , denotes a
two-dimensional identity matrix. With this one has
(xT(t)x(r))-%xT(t)[A(r)x(t) +B(OX(t —T(1))]

—a@®) x| + [b@O[x(E =)l
—a(O)V(t) + b()|Vl.

Let ¢ > 1, and V(t +6) < qV(t) for 6 € I, then we have |V;| < qV(t). Under this assumption, we have V(t) < —(a(t) —
gb(t))V(t). By Corollary 3, if a(t) — gb(t) > 0, then we have a bound for V(t)

v(t)

IA

t
V() = IX(0)]| < Voexp ( - / (a(s) - qb(s))ds), £> to,

provided that exp(ftf_t (a(s) —gb(s))ds) < q, where Vy = |¢pg|. For the parameters a(t) =3 +2sint +2t,b(t) =1+ sint +
t.to =0 as well as 7(t) = %|sin(¢)|.
Choose q = 2, we can verify that exp([tt_r (a(s) — gb(s))ds) = e* =1.9477 < 2 and then we have ||x(t)|| < |¢gle !, t > 0.
We give a simulation in Fig. 1, with the initial condition x(0) = [1 +sin® — cos@]T,8 € [-2/3,0], and the step-size h =
0.001, which verifies our theory.
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Fig. 2. Trajectory of x of the Eq. (9).

Example 2. Consider a two-dimensional nonlinear stochastic differential equation with a time-varying delay

dx(t) = (A+ Bx(t))x(t)dt + C(t)x(t — T (t))dw(t), t > to, 9)
X (0) = ¢o(0). O €l

where A € R2*2, matrix functions B € C(R2; R2%2), C e C(Rt; R2¥2) satisfy
-b 0 7

T
B(x)=[ﬁ" _;TX] c<t>=[ﬁ(§°“ ﬁ‘s’im]

and t(t) is a continuous function with 0 < t(t) < t= constant.
Define V (x) = xTx, and denote V(t) = V(x(t)), then we have
zV (t, Xt)
2cos?t 0

=2xT () (A + B(x(t))x(t) +x"(t — r(t))|: 0 9 sin? t:|x(t —1(1))

2cos?t 0
0 2sin®t
<=2bxT()x(t) + Amax(BT(X(t)) + B(X(t)))XT(t)X(t) +2xT(t — T (t))x(t — T(t))

=2xT(£)Ax(t) + 2xT(£)B(x (£))x(t) + x" (¢t — r(t))|: :|x(t —1(1))

<=2V2(t) = 2(b - g)V(t) +2V(t - T(1)).

Take g = b— 3, then we have g > 1, and then E£V (t,x;) < —2EV2(t) — 2(b— 3)EV (t) + 2gEV (t) whenever EV (t + ) <
gEV (t) for 6 € I, namely

(EV(6)) < —2((EBV(t))* + (b—q— S)Eva)) = —2(EV(t))%.

Denote V(t) = EV(t), we have w(V) = 212, which is increasing with V > 0. By Theorem 3 with p = 2, the trivial solution
x =0 of the Eq. (9) is mean square asymptotically stable.

The simulation result is shown in Fig. 2 with 7 =2, b =4, the initial condition x() = [sin® cosO|T, 6 € [-1,0], t; =0,
x(0) =1, and the step-size h = 0.001, which verifies our theory.

What is interesting is that, the stability criterion here is time delay independent. This is a feature of the stochastic
systems with delayed diffusive terms.

7. Conclusion

In this paper, we explicitly propose the notion of Razumikhin-type functional differential inequalities and establish the
fundamental results on the quantitative bounds for the Razumikhin-type functional differential inequalities. By these quan-
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titative bounds, Razumikhin-type stability results are deduced for both deterministic functional differential equations and
Itd stochastic functional differential equations. It should be pointed out that the quantitative bounds established in this
paper may not be the direct or the final bounds for the solutions of Razumikhin-type functional differential inequali-
ties, thus maybe they can not provide concrete quantitative information for solutions, but with these bounds, we can de-
duce the Razumikhin-type stability theorems. This means that we have given a new approach to deduce the Razumikhin-
type stability results and we show that this approach is more direct than the classical methods in the existing literature.
By a careful observation, one may find that the Razumikhin condition V(t +6,¢(0)) < qV(t,»(0)) can be replaced by
V(t+6,00)) <qV(t,¢(0)). Of course, it does not make difference for our investigation, so it is unnecessary. Finally we
also point out that, if the negative-definite conditions are given as V (t, x) < —w(x), with the method of this paper, we can
derive the Razumikhin version of the LaSalle’s invariance principle.
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