
Orfdol}dwlrq edvhg Vzlwfklqj Dgdswlyh Frqwuroohuv�

S1Y1 ]klyrjo|dgry/ U1K1 Plggohwrq dqg P1Ix

Ghsduwphqw ri Hohfwulfdo dqg Frpsxwhu Hqjlqhhulqj

Xqlyhuvlw| ri Qhzfdvwoh/ QVZ 563;/ Dxvwudold
Id{= .94 7< 54 9<<6 dqg h0pdlo= ulfnChh1qhzfdvwoh1hgx1dx

Nh|zrugv= dgdswlyh frqwuro> glvfuhwh0wlph xqfhuwdlq

v|vwhpv/ vzlwfklqj dgdswlyh frqwuro1

Devwudfw=Pdq| gl�huhqw w|shv ri dgdswlyh ru �xqlyhu0

vdo frqwuroohuv�/ fdsdeoh ri ghdolqj zlwk d yhu| eurdg udqjh

ri olqhdu wlph0lqyduldqw v|vwhpv/ kdyh ehhq sursrvhg1 Rqh

fodvv ri vxfk frqwuroohuv xvhv vzlwfklqj ehwzhhq d �qlwh/ ru

dw ohdvw frxqwdeoh/ qxpehu ri �{hg frqwuroohuv xqwlo vwdelo0

lw| lv ghwhfwhg1 Vxfk frqwuroohuv duh yhu| dwwudfwlyh iurp

d wkhruhwlfdo ylhzsrlqw/ lq surylglqj vwdelol}dwlrq dqg dv0

|pswrwlf shuirupdqfh iru d eurdg fodvv ri sodqwv1 Krz0

hyhu/ vxfk frqwuroohuv duh dovr nqrzq wr kdyh yhu| srru

wudqvlhqw surshuwlhv/ gxh wr wkh orqj wlph uhtxluhg wr

vhdufk iru d vwdelol}lqj ihhgedfn1 Wkh nh| frqwulexwlrq

ri wklv sdshu lv wr lqwurgxfh wkh �phwkrg ri orfdol}dwlrq�

zklfk fdq juhdwo| lpsuryh wkh vshhg ri wkh vhdufk1 Wkh

phwkrg lv ghvfulehg iru olqhdu wlph0lqyduldqw glvfuhwh wlph

v|vwhpv ri nqrzq qrplqdo rughu/ zlwk glvwxuedqfhv dqg

qrlvh suhvhqw1 Dqdo|vlv dqg vlpxodwlrqv ghprqvwudwh wkh

srwhqwldo iru juhdwo| lpsuryhg wudqvlhqw shuirupdqfh1

4 Lqwurgxfwlrq

Vljql�fdqw uhvhdufk lqwr dgdswlyh frqwuro kdv ehhq frq0

gxfwhg e| pdq| dxwkruv iru vrph wlph/ vhh iru h{dpsoh

^4`0^48`1 Rqh ixqgdphqwdo prwlydwlrq iru wklv uhvhdufk lv

wkh ghvluh wr frqvwuxfw d �xqlyhuvdo frqwuroohu� zklfk uh0

od{hv wkh dvvxpswlrqv ri �fodvvlfdo� dgdswlyh frqwuro> vxfk

dv plqlpxp skdvh/ nqrzq sodqw rughu dqg uhodwlyh gh0

juhh/ vl}h ri h{rjhqrxv glvwxuedqfhv1 Vlqfh wkh hduo| 4<;3v

wkh dvvxpswlrqv uhtxluhg kdyh ehhq zhdnhqhg vljql�fdqwo|

^7`0^48`/ lq pdq| fdvhv e| xvlqj d vzlwfklqj dgdswlyh frq0

wuroohu1 Iru h{dpsoh/ lq ^;` lw zdv vkrzq wkdw wkh rqo| d

sulrul lqirupdwlrq zklfk lv qhhghg iru dgdswlyh vwdelol}d0

wlrq lv wkh rughu ri d olqhdu wlph0lqyduldqw vwdelol}lqj frq0

wuroohu1 D vzlwfklqj frqwuro dojrulwkp sursrvhg lq ^7` dqg

lwv glvfuhwh0wlph jhqhudol}dwlrq ^4` qrw rqo| surylgh joredo

vwdelolw| ri wkh forvhg0orrs v|vwhp/ exw gr vr lq wkh vhqvh

ri O|dsxqry1 Vrph odwhu uhvxowv rq wklv vxemhfw lqfoxgh

zrun grqh lq ^<` dqg lwv glvfuhwh0wlph h{whqvlrq jlyhq lq

^:`1 Krzhyhu/ dv kdv ehhq srlqwhg rxw e| pdq| uhvhdufkhuv

+vhh/ iru h{dpsoh/ ^:`, wkhvh �xqlyhuvdo frqwuroohuv� duh idu

iurp ehlqj lghdo1 Rqh ri wkh pdlq gudzedfnv ri wkh sur0

Wzrun vxssruwhg e| wkh Dxvwudoldq Uhvhdufk Frxqflo

srvhg dojrulwkpv lv wkdw ri wkh srru wudqvlhqw shuirupdqfh

ri wkh dojrulwkpv ghvfulehg lq ^4/ 7/ :/ ;/ <`1 Wklv srru

wudqvlhqw shuirupdqfh fdq eh dwwulexwhg lq sduw wr wkh

h{kdxvwlyh vhdufk surfhgxuhv xwlolvhg1

Wr doohyldwh wkh sureohp ri h{kdxvwlyh vhdufk/ wzr ds0

surdfkhv kdyh ehhq sursrvhg uhfhqwo|1 Wkh �uvw dssurdfk

lv fdoohg vxshuylvru| frqwuro ^44/ 46/ 9` zklfk hpsor|v d

idplo| ri rq0olqh sodqw hvwlpdwruv +suhglfwruv, dqg ghwhu0

plqhv wkh vzlwfklqj vwudwhj| edvhg rq wkh suhglfwlrq hu0

uruv1 Wklv vxshuylvru| frqwuro dssurdfk jxdudqwhhv h{0

srqhqwldo vwdelolw|1 Dovr/ vlpxodwlrq uhvxowv ghprqvwudwh

wkdw vxshuylvru| frqwuro xvxdoo| jlyhv ehwwhu shuirupdqfh

wkdq �qrq0vxshuylvru|� vzlwfklqj frqwuro phwkrgv1 D vhf0

rqg dssurdfk wr dyrlglqj h{fhvvlyh vhdufk wlphv lv wr uh0

gxfh wkh qxpehu ri frqwuroohuv uhtxluhg wr vwdelol}h wkh

sodqw idplo|/ vhh iru h{dpsoh ^6`1

Zh ghyhors d qhzphwkrg ri glvfuhwh0wlph dgdswlyh frq0

wuro ghvljq/ qdpho|/ wkh phwkrg ri orfdol}dwlrq1 Wkh surs0

huwlhv ri frpsdfwqhvv ^7` dqg urexvwqhvv ri wkh idplo| ri

wkh frqwuroohg sodqwv duh hvvhqwldo lqjuhglhqwv lq wkh sur0

srvhg phwkrg1 Wkh pdlq lghd ri wklv phwkrg lv wr uhgxfh

wkh sureohp ri dgdswlyh vwdelol}dwlrq wr h�hfwlyh orfdol}d0

wlrq rq d �qlwh vhw ri srwhqwldoo| vwdelol}lqj ihhgedfnv1

Wkh pdlq frqfhswv ri wkh sursrvhg phwkrg duh ghyhorshg

lq wklv sdshu iru wkh fodvv ri olqhdu vlqjoh0lqsxw2vlqjoh0

rxwsxw xqfhuwdlq v|vwhpv1 Zh vkrz wkdw w|slfdo dvvxps0

wlrqv vxfk dv plqlpxp skdvh/ nqrzq sodqw rughu dqg uho0

dwlyh ghjuhh/ dydlodelolw| ri lqirupdwlrq derxw h{rjhqrxv

glvwxuedqfhv pd| qrw eh qhfhvvdu| iru udslg orfdol}dwlrq1

5 Suholplqdulhv

Zh frqvlghu olqhdu wlph lqyduldqw glvfuhwh0wlph sodqwv=

G+t,�|w @ Q+t,xw . �
w

+4,

|
w

@ �|
w
. y

w
+5,

zkhuh G+t, dqg Q+t, duh sro|qrpldo rshudwruv lq wkh iru0

zdug vkliw rshudwru/ t=

G+t, @ tq . gq�4t
q�4 . � � � g3 +6,

Q+t, @ qq�4t
q�4 . � � � . q3 +7,

�
w
lv dq lqsxw glvwxuedqfh whup/ yw lv d phdvxuhphqw qrlvh

whup/ xw lv wkh v|vwhp lqsxw dqg |w lv wkh phdvxuhphqw ri
wkh v|vwhp rxwsxw �|w1
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Zh frqvlghu d vhw ri sodqwv ri wkh irup +4,/ +5,/ zklfk
zh fodvvli| e| wkh vhw=


 @ i+G+t,> Q+t,, = G+t, 5 
G> Q+t, 5 
Qj +8,

Zh zrxog olnh wr frqvwuxfw dq dgdswlyh frqwuroohu vxfk
wkdw wkh forvhg0orrs v|vwhp lv joredoo| vwdeoh iru dq|
+G>Q, 5 
1 Wzr lpsruwdqw/ wkrxjk qrw uhvwulfwlyh/ dv0
vxpswlrqv zh uhtxluh duh dv iroorzv=

Dvvxpswlrq 514 Wkh vhw 
 lv frpsdfw1

Dvvxpswlrq 515 Iru doo +G>Q, 5 
/ wkhuh h{lvw qr frp0

prq }hurv ri G+t, dqg Q+t, rq ru rxwvlgh wkh xqlw glvn1

Lq rwkhu zrugv/ 
 frqwdlqv rqo| d vhw ri rxwsxw vwd0
elol}deoh sodqwv1 Ixuwkhupruh/ vlqfh 
 lv frpsdfw/ wkhq
lw lv d vhw ri �xqlirupo|� rxwsxw vwdelol}deoh sodqwv1 Zh
lqwurgxfh dq htxlydohqw qrq0plqlpdo +wkrxjk lq ylhz ri
Dvvxpswlrq 515 vwdelol}deoh dqg ghwhfwdeoh, vwdwh vsdfh
ghvfulswlrq ri wkh sodqw +4,0+5,=

{w.4 @ D{w .Exw . h5q�4�w +9,

|w @ hW
5q�4

{w +:,

zkhuh

{W
w
@ ^xw�q.4> � � � xw�5> xw�4> |w�q.4> � � � |w�4> |w` +;,

�w @ �
w�q.4

.	q�4
l@3

glyw�l +<,

D @

5
7 L.

+q�4,�+q�4,
3

3 L.q�q
q �g

6
8 +43,

+ q@
�
q3 q4 � � � qq�5

�
/ g@

�
g3 g4 � � � gq�4

�
/

L.p{p 5 U
p�p lv d vtxduh pdwul{ ri }hurv/ h{fhsw iru

rqhv rq wkh vxshu0gldjrqdo/ wkdw lv L.p{p @ ^�l>m�4`,>

EW @

�
3 � � � � � � 3

111 4
111 3 � � � � � � 3

111 qq�4

�
+44,

dqg hl lv wkh l
wk vwdqgdug edvlv yhfwru iru U5q�41

Xqghu Dvvxpswlrqv 514 dqg 515 wkhuh h{lvw �qlwh gh0
frpsrvlwlrqv ri wkh vhw 
 lqwr srvvleo| lqwhuvhfwlqj vhwv

l> l @ 4> � � � v vr wkdw iru hdfk l/ wkhuh h{lvwv d vlq0
joh frqwuroohu wudqvihu ixqfwlrq Kl+t,/ vxfk wkdw iru doo
+G>Q, 5 
l/ wkh frqwuroohu xw @ �Kl+t,|w vwdelol}hv
+4,/+5,1Dq| olqhdu wlph lqyduldqw frqwuroohu K+t, ri rughu
+q� 4, fdq eh uhzulwwhq dv=

xw @ �N{w +45,

zkhuh

N @ ^i3 � � � iq�5>�j3 � � � � jq�4` +46,

dqg K+t, lv

K+t, @
jq�4t

q�4 . jq�5t
q�5 . � � � . j3

tq�4 . iq�5tq�5 . � � � . i3
+47,

Wkh pdlq lghd ehklqg wkh vzlwfklqj dgdswdwlrq phwkrg lv
dv iroorzv1 Lw lv srvvleoh wr gh�qh d �qlwh qxpehu ri srwhq0
wldoo| vwdelol}lqj olqhdu wlph0lqyduldqw frqwuroohuv iNlj

v
l@4

zkhuh v 5 Q fdq eh +lq sulqflsoh, duelwudulo| odujh1 Lq
vzlwfklqj dgdswlyh frqwurov +vxfk dv wkrvh lq ^5`/ ^7`/ ^;`,

dq ch{kdxvwlyh* vhdufk iru d vwdelol}lqj Nl lv frqgxfwhg1

Lq wkh phwkrg ri orfdol}dwlrq/ krzhyhu/ zh uhsodfh d uhj0

xodu vzlwfklqj ri wkh frqwuroohu N4 $ N5 $ � � � zlwk d

sxusrvhixo vhdufk ryhu wkh vsdfh ri srwhqwldoo| vwdelol}lqj

frqwuroohuv1 Wr idflolwdwh wklv/ zh lqwurgxfh wkh qrwlrq ri

�vwdelol}lqj vhwv�1 Zh �uvw gh�qh dq dx{loldu| rxwsxw/ }w/

dv

}w @ F{w> FW 5 U5q�4> +48,

dqg wkh lqfoxvlrq=

Lw = m}wm � �n{w�4n. f3 +49,

Gh�qlwlrq 4 Lw lv vdlg wr eh d vwdelol}lqj lqfoxvlrq ri
wkh v|vwhp +9,/ +:, li Lw ehlqj vdwlv�hg iru doo w A w3 dqg
erxqghgqhvv ri �w+�w 5 c4,/ lpsolhv erxqghgqhvv ri wkh
vwdwh/ {w/ dqg lq sduwlfxodu/ wkhuh h{lvw �3> �3 dqg � 5

+3> 4, vxfk wkdw n{wn � �3�
w�w3n{w3

n. �3n�wnc4 1

Gh�qlwlrq 5 Wkh xqfhuwdlq v|vwhp +9,/+:, lv vdlg wr eh
joredoo| iF>�j vwdelol}deoh li iru wkh jlyhq ydoxhv ri F lq
+48, dqg � lq +49,=

41 Lw lv d vwdelol}lqj lqfoxvlrq ri wkh v|vwhp +9,/ +:, dqg

51 wkhuh h{lvwv d frqwuro/ xw @ �N{w/ vxfk wkdw diwhu d
�qlwh wlph/ Lw lv vdwlv�hg1

Xvlqj wkh iroorzlqj suholplqdu| uhvxowv/ zh odwhu vkrz

wkdw vwdelol}lqj vhwv fdq eh h�hfwlyho| xvhg lq wkh surfhvv

ri orfdol}dwlrq1

Ohppd 4 Ohw vxs
w�w3

m�w.4m ? 4> FE A 31 Wkhq wkhuh

h{lvwv d f3 vxfk wkdw wkh v|vwhp +9,/ +:, lv joredoo| iF> 3j
vwdelol}deoh li dqg rqo| li

m�pd{+SD,m ? 4 +4:,

zkhuh

S @ L � +FE,�4EF +4;,

Surri=+Vhh ixoo yhuvlrq ri wklv sdshu,

Uhpdun 4 Wkh vwdelolw| frqglwlrq +4:,/ +4;, lv htxlyd0
ohqw wr wkh frqglwlrq wkdw wkh wudqvihu ixqfwlrq iurp xw
wr }w/ F+}L � D,�4E/ eh uhodwlyh ghjuhh 4/ dqg plqlpxp
skdvh1

Uhpdun 5 Li wkh ruljlqdo sodqw wudqvihu ixqfwlrq iurp xw
wr |w/ +4,/ +5, lv nqrzq wr eh plqlpxp skdvh/ dqg uhodwlyh

ghjuhh 4 wkhq lw vx!fhv wr wdnh F @ hW
5q�4

/ dqg wkh v|vwhp

lv wkhq f3 vwdelol}deoh iru dq| f3 � 31
Li wkh ruljlqdo sodqw wudqvihu ixqfwlrq lv qrq0plqlpxp

skdvh/ wkhq ohw=

F @ ^i3> i4 � � � iq�5> j3> j4 � � � jq�4` +4<,
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Wkh wudqvihu ixqfwlrq iurp xw/ yld +9, wr }w lv wkhq=

}w @ I +t,xw .J+t,|w

@

�
D+t,I +t, .J+t,E+t,

D+t,

�
xw +53,

zkhuh I +t, @
�
i3 . i

4
t . � � � . iq�5t

q�5
�
dqg J+t, @

+j
3
. j

4
t . � � � . jq�4t

q�4,1
Wkhuhiruh/ iru d qrq0plqlpxp skdvh sodqw/ nqrzohgjh

ri d F vxfk wkdw Lw lv d vwdelol}lqj lqfoxvlrq lv htxly0

dohqw wr nqrzohgjh ri d +srvvleoh lpsurshu, frqwuroohu

ixw @ �J+t,@I +t,|wj zklfk vwdelol}hv wkh v|vwhp1 Eh0

fdxvh zh duh ghdolqj zlwk glvfuhwh wlph v|vwhpv/ lw lv qrw

fohdu zkhwkhu wklv fruuhvsrqgv wr nqrzohgjh ri d surshu/

vwdelol}lqj frqwuroohu iru wkh vhw1

Uhpdun 6 Ehfdxvh ri wkh urexvwqhvv surshuwlhv ri h{sr0

qhqwldoo| vwdeoh olqhdu wlph lqyduldqw v|vwhpv/ Ohppd 4

fdq hdvlo| eh jhqhudol}hg wr lqfoxgh qrq0}hur/ exw vx!0

flhqwo| vpdoo �1

Ohppd 5 Dq| 
 zklfk vdwlv�hv Dvvxpswlrqv 514 dqg

515 kdv d �qlwh ghfrpsrvlwlrq lqwr frpsdfw vhwv=


 @

Ô

c@4


c +54,

vxfk wkdw iru hdfk c/ wkhuh h{lvwv d Fc>�c dqg f
3>c vxfk

wkdw/ iru doo +D>E, 5 
c> Lw lv d vwdelol}lqj lqfoxvlrq/ dqg

FcE kdv frqvwdqw vljq1

Surri= +Rxwolqh, Lw lv zhoo nqrzq wkdw +h1j1 ^7`, wkdw 

kdv d �qlwh ghfrpsrvlwlrq lqwr vhwv vwdelol}hg e| d �{hg

frqwuroohu1 Iurp Uhpdun 5/ wkh uhtxluhphqwv iru

nqrzohgjh ri d Fc vxfk wkdw J+Fc> �> �, lv d vwdelol}lqj vhw

rq 
 duh ohvv vwulqjhqw wkdq nqrzohgjh ri d vwdelol}lqj

frqwuroohu iru wkh vhw 
c1

6 Orfdol}dwlrq0nqrzq 0 erxqg

Zh qrz lqwurgxfh rxu frqwuro phwkrg/ lqfoxglqj wkh

phwkrg ri orfdol}dwlrq iru ghwhuplqlqj zklfk frqwuroohu

wr xvh1 Wkh �uvw fdvh zh frqvlghu/ lv wkh vlpsohvw fdvh

zkhuh wkhuh lv d vlqjoh vhw wr frqvlghu=

Fdvh 4= O @ 4/ vjq +FE, nqrzq ) % erxqg nqrzq=

Lq wklv fdvh zh ghfrpsrvh 
 dv=


 @ 
4 @

v^
l@4


l +55,

Iru l @ 4 = = = v zh gh�qh d frqwuro odz=

xl
w
@ �Nl{w

�
@ �

4

FEl

FDl{w +56,

zkhuh wkh sodqw prgho ghvfulehg e|/ Dl> El lv lq wkh vhw


l1 Zh uhtxluh nqrzohgjh ri d � vxfk wkdw=

nF+D�Dl

�
FE

FEl

�
,n � �>;l>;+D>E, 5 
l +57,

dqg Lw lv d vwdelol}lqj lqfoxvlrq rq 
l iru doo l1 Qrwh wkdw

iru dq| erxqghg 
/ iru zklfk zh fdq �qg d vlqjoh F

zklfk jlyhv F+}L �D,�4E plqlpxp skdvh dqg uhodwlyh

ghjuhh 4 zh fdq dozd|v �qg/ iru v odujh hqrxjk/ d � zlwk

wkh uhtxluhg surshuwlhv1 +vhh iru h{dpsoh ^7`,

Dw dq| wlph w A 3/ wkh dx{loldu| rxwsxw }lw.4 zklfk zrxog

kdyh uhvxowhg li zh dssolhg xlw @ �Nl{w wr wkh wuxh sodqw

lv/ xvlqj +9,=

}l
w.4 @ FD{w . FExl

w
. Fh5q�4�w +58,

@ }w.4 � FE
�
xw � xlw

�
+59,

Qrwh wkdw li wkh wuxh sodqw lv lq wkh vhw 
l/ wkhq iurp

+58, dqg +56,

}lw.4 @ F

�
D�Dl

�
FE

FEl

��
{w . Fh5q�4�w +5:,

dqg wkhuhiruh/ li wkh wuxh sodqw lv lq 
l/ wkhq iurp +57,/

dqg zlwk f3 @ mFh5q�4m

m}lw.4m � �n{wn. f3 +5;,

Rxu sursrvhg frqwuro dojrulwkp iru Fdvh 4 lv dv iroorzv

+zkhuh/ zlwkrxw orvv ri jhqhudolw|/ zh wdnh FE A 3,1
Dojrulwkp D= Nqrzq % erxqg dqg O @ 4

Vwhs 414 Lqlwldol}dwlrq=

V3 @ i4> 5> � � � vj +5<,

Vwhs 415 Orfdol}dwlrq=

Li w A 3/ shuirup wkh iroorzlqj> hovh vnls wr Vwhs 4161

Li }w A �m{w�4m. f3 wkhq vhw

Vw @ Vw�4 � in> = = = mv�4> mvj
Li �}w A �m{w�4m. f3 wkhq vhw

Vw @ Vw�4 � im4> m5> = = = > nj
rwkhuzlvh/ Vw @ Vw�41

zkhuh n> m4 = = = mv dqg v duh lqwhjhuv iurp wkh

suhylrxv wlph lqvwdqw +vhh vwhsv 417/ 418,1

Vwhs 416 Srvvleoh Frqwuro Frpsxwdwlrqv

Iru doo l 5 Vw/ frpsxwh xlw dv lq +56,1

Vwhs 417 Frqwuro Vruwlqj

Rughu xl
w> l 5 Vw vxfk wkdw=

x
m4
w � x

m5
w � = = = � x

mv
w +63,

Wkhq dsso| wkh �phgldq� frqwuro=

xw @ xn
w zkhuh n @ mev@5f= +64,

Vwhs 418 Grqh

Zdlw iru wkh qh{w vdpsoh dqg uhwxuq wr Vwhs 4151

Zh wkhq kdyh wkh iroorzlqj vwdelolw| uhvxow iru wklv

frqwuro dojrulwkp1
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Wkhruhp 6 Wkh frqwuro dojrulwkp/ +5<, 0 +64,/ dssolhg

wr d sodqw zkhuh F lv nqrzq/ dqg zkhuh wkh
ghfrpsrvlwlrq +55, kdv wkh surshuwlhv wkdw +57, lv

vdwlv�hg dqg Lw lv d vwdelol}lqj lqfoxvlrq/ kdv wkh

iroorzlqj surshuwlhv=

+d, Wkh lqfoxvlrq=

Lw = m}wm � �n{w�4n. f3 +65,

lv ylrodwhg qr pruh wkdq Q @ eorj5+v,f wlphv1

+e, Doo vljqdov lq wkh forvhg orrs v|vwhp duh erxqghg1 Lq
sduwlfxodu wkhuh h{lvw frqvwdqwv �> � ?4> � 5 +3> 4,

vxfk wkdw doo wudmhfwrulhv vdwlvi|/ iru dq|

w3> {w3 > W A 3>

n{w3.Wn � ��
W
n{w3n. � +66,

Surri=+Rxwolqh0vhh ixoo yhuvlrq iru ghwdlov,

+d, Zh fdq vkrz wkdw li +65, lv ylrodwhg dw wlph w/ wkhq

vw.4 �
4

5
vw iurp zklfk +d, iroorzv1

+e, H{srqhqwldo vwdelolw| iroorzv iurp +d, vlqfh

zkhqhyhu +65, lv vdwlv�hg/ wkh v|vwhp lv

h{srqhqwldoo| vwdeoh1

Fdvh 5= O A 4 ) nqrzq % erxqg=

Vxssrvh wkdw zh gr qrw nqrz d vlqjoh F vxfk wkdw

erwk Lw lv d vwdelol}lqj lqfoxvlrq/ dqg FE lv ri nqrzq

vljq/ wkhq xvlqj �qlwh fryhulqj lghdv ^7` dv lq Uhpdun 5

ohw


 @

O^

c@4


c @

O^

c@4

v
c^

p@4


c

p
+67,

zkhuh iru hdfk c/ zh nqrz Fc
>�

c
> fc3 vxfk wkdw L

w
lv d

vwdelol}lqj lqfoxvlrq rq 
c dqg wkh vljq ri +F
c
E, lv

frqvwdqw iru doo sodqwv lq 
c1

Dw wklv srlqw zh qhhg wr eh fduhixo vlqfh li 
c grhv qrw

frqwdlq wkh wuxh sodqw/ Lw qhhg qrw eh d vwdelol}lqj

lqfoxvlrq1 Dv d uhvxow ri wklv/ glyhujhqfh ri wkh vwdwhv

pd| rffxu zlwkrxw ylrodwlqj +65,1 Wr doohyldwh wklv

sureohp/ zh xvh wkh h{srqhqwldo vwdelolw| uhvxow/ +66,/ lq

rxu vxevhtxhqw ghyhorsphqw +vhh htxdwlrq +68, ehorz,1

Dojrulwkp E= Nqrzq % erxqg dqg O A 4
Zh lqlwldol}h w+l, @ 3> U3 @ i4> 5> = = = Oj dqg wdnh dq|

c @ c3 5 U31 Zh wkhq shuirup orfdol}dwlrq xvlqj

Dojrulwkp D rq 
c/ zlwk wkh iroorzlqj dgglwlrqdo4 vwhsv=

Li dw dq| wlph

n{wn A ��w�w+l,n{
w+l,n. � +68,

+zkhuh �> �> � duh wkh dssursuldwh frqvwdqwv iru 
c iurp

Wkhruhp 6,/ wkhq zh vhw Vc @ ij1

4 Lq idfw/ zh fdq orfdol}h vlpxowdqhrxvo| zlwklq rwkhu l�c � �' �/

krzhyhu iru vlpsolflw| dqg euhylw| zh dqdo|vh rqo| wkh fdvh zkhuh

zh orfdol}h lq rqh vhw dw d wlph1

Dovr/ li dw dq| wlph w> Vc ehfrphv hpsw|/ zh vhw

Uw @ Uw�4 � icj> w+l, @ w/ dqg zh wdnh d qhz c iurp Uw1

Zlwk wkhvh prgl�fdwlrqv/ lw lv fohdu wkdw Wkhruhp 6 fdq

eh h{whqghg wr fryhu wklv fdvh dv zhoo=

Fruroodu| 7 Wkh frqwuro dojrulwkp E dssolhg wr d sodqw

zlwk ghfrpsrvlwlrq dv lq +67, vdwlv�hv=

+d, Wkhuh duh qr pruh wkdq= O� 4 .
SO

c@4eorj5+vc,f
lqvwdqfhv vxfk wkdw

m}
cw
w.4m � �cwn{wn. f3>cw +69,

+zkhuh cw ghqrwhv wkh ydoxh ri c dw wlph w,1

+e, Doo vljqdov lq wkh forvhg orrs duh erxqghg1 Lq

sduwlfxodu/ wkhuh h{lvw frqvwdqwv ��> �� ?4> �� 5 +3> 4,
vxfk wkdw iru dq| w3> {w3 > W A 3

n{w3.Wn � ����W n{w3n.
�� +6:,

Surri= Iroorzv iurp Wkhruhp 61

7 Orfdol}dwlrq0xqnqrzq 0 erxqg

Lq wklv vhfwlrq zh frqvlghu wkh sureohp ri orfdol}dwlrq

edvhg vzlwfklqj frqwuro iru olqhdu xqfhuwdlq sodqwv zkhuh

dq xsshu erxqg rq wkh glvwxuedqfh/ vxs
w�w3

m�wm/ lv qrw
nqrzq1 Wr idflolwdwh wklv h{whqvlrq/ zh zloo pdnh wkh

iroorzlqj revhuydwlrq1 Wkh frqwuro odz ghvfulehg e|

Dojrulwkpv D/ E lv zhoo gh�qhg/ lq wkh iroorzlqj vhqvh1 Li

iru vrph c 5 i4> = = = Oj dqg iru doo w zh kdyh

f
c

3
� vxs

w
mFch5q�4�wm/ wkhq Uw 9@ ij 1 Wklv lv wkh nh|

srlqw doorzlqj xv wr frqvwuxfw dq dojrulwkp ri rq0olqh

lghqwl�fdwlrq ri wkh sdudphwhuv fc
3
> c @ 4> = = = O1 Wr wdnh

dgydqwdjh ri wklv idfw/ li Uw lv hpsw|/ wkhq zh nqrz wkdw

rxu dvvxphg ydoxh+v, iru fc3 duh wrr vpdoo/ dqg vr zh

frpsxwh Uw zlwk gl�huhqw ydoxhv ri fc
3
ryhu d �qlwh

lqwhuydo/ xqwlo zh uhdfk wkh srlqw zkhuh Uw lv qrq0hpsw|1

Zh qrz sursrvh wkh iroorzlqj prgl�fdwlrq ri Dojrulwkp

E=

Ohw Uw>w5

�
f
c

3+w,
�
ghqrwh wkh orfdol}dwlrq vhw Uw frpsxwhg

iru d �qlwh wlph lqwhuydo ^w5> w`/ +zkhuh w5 lv lpsolflwo| d

ixqfwlrq ri w wr eh gh�qhg, edvhg rq dq dvvxphg

glvwxuedqfh erxqg/ fc3+w,/ zlwk wkh lqlwldo frqglwlrq

Uw5>w5

�
f
c

3
+w,

�
@ U31 Iru vlpsolflw| ri qrwdwlrq zh zloo

prvwo| vxsuhvv wkh ghshqghqfh ri Uw>w5
rq f

c

3
+w, lq wkh

iroorzlqj=

Dojrulwkp F1 Xqnqrzq % erxqg dqg pxowlsoh vhwv

414 Lqlwldol}dwlrq=

Iru c @ 4> = = = O vhw w5 @ w3> dqg f
c

3
+w3, @ 3

Uw3>w3
@ U3

415 Prgli| wkh dojrulwkp ri orfdol}dwlrq dv iroorzv=

Uw>w5
@

�
Uw�4>w5 � icj li w A w5>

U3 rwkhuzlvh>
+6;,
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zkhuh

w5 @

�
w li Uw�4>w5 @ ij dqg w A w5 . �>

w5 rwkhuzlvh>
+6<,

dqg � lv dq lqwhjhu fkrrvhq vxfk wkdw ����
�
? 41

416 Li Uw>w5
@ ij/ hvwlpdwh qhz glvwxuedqfh xsshu erxqg

sdudphwhuv fc
3
> c @ 4> = = = O=

f
c

3
+w, @

�
f
c

3+w� 4, .pw�3 li w � w5 . �>

f
c

3
+w� 4, . �3 li w A w5 . �>

+73,

zkhuh �3 lv d srvlwlyh frqvwdqw dqg=

pw @ duj plq
p5i4>5> ===j

�
pmUw>w5

+f
c

3+w� 4, .p�3, 9@ ij
�

+74,

Wkh pdlq lghd ehklqg wkh sursrvhg dojrulwkp frqvlvwv ri
rq0olqh hvwlpdwlrq +73,/ +74, ri wkh sdudphwhuv ri wkh

orfdol}dwlrq vhwv dqg wkh uhvhwwlqj ri wkh orfdol}dwlrq vhw
Uw>w5 +6;,/ +6<, li wkh surfhvv ri orfdol}dwlrq lv h{kdxvwhg/

wkdw lv/ zkhq Uw>w5 lv hpsw|1 �3 lv xvhg wr hqvxuh wkdw d

orfdol}dwlrq fdq rqo| eh h{kdxvwhg d �qlwh qxpehu ri
wlphv1 � lv xvhg wr hqvxuh wkdw li zh qhhg wr frpsxwh pw

+74,/ wkdw rqo| d erxqghg dprxqw ri gdwd qhhgv wr eh

frqvlghuhg1

Wkhruhp 8 Wkh frqwuro odz lq dojrulwkp F +6;,0+74,

dssolhg wr d sodqw vxemhfw wr xqnqrzq exw erxqghg

h{rjhqrxv glvwxuedqfh zlwk ghfrpsrvlwlrq dv lq +67,

vdwlv�hv=

+d, Wkhuh duh qr pruh wkdq d �qlwh qxpehu ri lqvwdqfhv

vxfk wkdw Uw @ ij>

+e, Doo vljqdov lq wkh forvhg0orrs v|vwhp duh erxqghg1

Pruhryhu/ wkhuh h{lvw frqvwdqwv ��> �� ?4> �� 5 +3> 4,

vxfk wkdw iru dq| w3 A 3=

n{w3.Wn � ����W n{w3n.
�� +75,

Surri= +Rxwolqh,Wkh surri ri joredo vwdelolw| iroorzv wkdw

ri Wkhruhp 6 zlwk rqh voljkw gl�huhqfh1 Vlqfh wkh

uhodwlrq Uw>w5+f
c
3, 9@ ij lv ydolg iru dq| w � w5 li

fc3 � pd{
o�c�O

�
vxs
w�w3

mFch5q�4�wm

�
> wkh wrwdo qxpehu ri wlphv

wkdw fc3 lv dowhuhg grhv qrw h{fhhg=

V @

�
pd{4�c�O vxsw�w3 mFch5q�4�wm

�3

�
. 4 ?4

Wklv/ lq wxuq/ jxdudqwhhv wkdw wkh lqhtxdolw| +6:, fdqqrw

eh ylrodwhg pruh wkdq V wlphv1 Uho|lqj rq wklv idfw wkh

erxqg +75, fdq eh hdvlo| suryhq wkurxjk vlpsoh dojheudlf

pdqlsxodwlrqv1

8 Looxvwudwlyh H{dpsoh

Dq h{dpsoh lv suhvhqwhg lq wklv vhfwlrq wr looxvwudwh wkh

ehkdylrxu ri dq xqfhuwdlq glvfuhwh0wlph v|vwhp zlwk dq

xqrevhuydeoh h{rjhqrxv glvwxuedqfh1

Wkh vhw ri srvvleoh VLVR sodqwv lv ghvfulehg dv=

|w.4 @ d3|w . d4|w�4 . d5|w�5 . xw . �w

dl 5 ^�4=:8> 4=:8` > l @ 3> 4> 5 >

� = vxs
w�w3

m�wm � �

Fkrrvlqj wkh yhfwru F dqg wkh vwdelol}lqj vhw Lw dv

suhvfulehg lq Vhfwlrq 6/ zh rewdlq

Lw = m}w.4m � �n{wn. �

zkhuh F @ +3> 3> 4, dqg � @ 3=<

Zh ghfrpsrvh wkh vhw


G @ +^�4=:8> 4=:8`> ^�4=:8> 4=:8`> ^�4=:8> 4=:8`, lqwr 549

vxevhwv zlwk wkh edvlf yhfwruv ri ghfrpsrvlwlrq

iNlj
549
l@4 > Nl @ +N4l>N5l>N6l,1 Hdfk hohphqw ri wkh

jdlq yhfwru/ Nlm > m 5 i4> 5> 6j> l 5 i4> � � � 549j wdnhv d

ydoxh lq wkh vhw ri vl{ hohphqwv i	4=8>	3=<>	3=6j jlylqj

96 @ 549 gl�huhqw srvvlelolwlhv1 Lq Iljxuh 4 wkh uhvxowv ri
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Switching control with localization

Iljxuh 4= Orfdol}dwlrq edvhg frqwuro zlwk udqgrp glvwxu0

edqfh1

frpsxwhu vlpxodwlrq ri wkh forvhg0orrs v|vwhp vxemhfw wr

d xqlirupo| glvwulexwhg h{rjhqrxv glvwxuedqfh/ duh

suhvhqwhg1 Dojrulwkp D kdv ehhq xvhg iru wklv vwxg|1

Wkhvh uhvxowv duh frpsduhg zlwk wkrvh rewdlqhg e|

vlpxodwlrq ri d pruh frqyhqwlrqdo vzlwfklqj frqwuroohu

+Iljxuh 5,

xw @ Nl+w,{w

l+w, @

�
l+w� 4, li Lw lv vdwlv�hg
l+w� 4, . 4 rwkhuzlvh=

�

Fohduo|/ wkh orfdol}dwlrq edvhg frqwuro kdv d ydvwo|

vxshulru wudqvlhqw uhvsrqvh lq wklv h{dpsoh1
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Iljxuh 5= Vzlwfklqj Frqwuro zlwkrxw Orfdol}dwlrq

9 Frqfoxvlrq

Wklv sdshu ghyhorsv d qhz phwkrg ri dgdswlyh

glvfuhwh0wlph frqwuro1 Wkh pdlq lghd ri wkh phwkrg

frqvlvwv lq h�hfwlyh uhgxflqj wkh sureohp ri dgdswlyh

vwdelol}dwlrq wr orfdol}dwlrq rq d �qlwh vhw ri srwhqwldoo|

vwdelol}lqj ihhgedfnv1 Wr dyrlg vhulrxv sudfwlfdo

olplwdwlrqv ri vwdqgdug vzlwfklqj0w|sh �xqlyhuvdo

frqwuroohuv� dvvrfldwhg zlwk dq h{fhvvlyh ryhuvkrrw

gl�huhqw w|shv ri orfdol}dwlrq dojrulwkpv duh suhvhqwhg1

Wkh phwkrg ri orfdol}dwlrq lv ghyhorshg lq wklv sdshu iru

wkh fodvv ri xqfhuwdlq olqhdu glvfuhwh0wlph VLVR sodqwv

vxemhfwhg wr xqnqrzq h{rjhqrxv glvwxuedqfh/ lqsxw

glvwxuedqfh/ dqg phdvxuhphqw qrlvh1 Zh vkrz wkdw vxfk

w|slfdo dvvxpswlrqv dv plqlpxp skdvh/ nqrzq sodqw

rughu dqg uhodwlyh ghjuhh/ dqg dydlodelolw| ri lqirupdwlrq

derxw glvwxuedqfhv duh qrw qhfhvvdulo| qhhghg iru idvw

orfdol}dwlrq1

Uhihuhqfhv

^4` H1 Edl/ Dgdswlyh uhjxodwlrq ri glvfuhwh wlph v|vwhpv e|
vzlwfklqj frqwuro/ V|v1 ) Frq1 Ohwwhuv/ 44 +4<;;,/
ss1 45<�4661

^5` F1 E|uqhv dqg M1 Zloohpv/ Dgdswlyh vwdelol}dwlrq ri
pxowlyduldeoh olqhdu v|vwhpv/ lq Surfhhglqjv ri wkh 56ug
LHHH F1G1F1/ Odv Yhjdv/ 4<;7/ ss1 48:7�48::1

^6` P1 Ix/ Plqlpxp vzlwfklqj frqwuro iru dgdswlyh
wudfnlqj/ lq wr dsshdu lq Surfhhglqjv 58wk LHHH F1G1F1/
Nreh/ Mdsdq/ 4<<91

^7` P1 Ix dqg E1 Eduplvk/ Dgdswlyh vwdelol}dwlrq ri olqhdu
v|vwhpv yld vzlwfklqj frqwuro/ LHHH Wudqv1 D1F1/ 64
+4<;9,/ ss1 43<:�44361

^8` N1 Ixuxwd/ Volglqj prgh frqwuro ri d glvfuhwh v|vwhp/
V|v1 ) Frq1 Ohwwhuv/ 47 +4<<3,/ ss1 478�4851

^9` V1 N1 M1 Krfkhupdq0Iurpphu dqg S1 Udpdgjh/
Frqwuroohu vzlwfklqj edvhg rq rxwsxw suhglfwlrq huuruv/
suhsulqw1

^:` Z1 Odl dqg S1 Frrn/ D glvfuhwh0wlph xqlyhuvdo uhjxodwru/
Lqw1 M1 ri Frqwuro/ 95 +4<<8,/ ss1 4:�651

^;` E1 Pduwhqvvrq/ Wkh rughu ri dq| vwdelol}lqj uhjxodwru lv
vx!flhqw d sulrul lqirupdwlrq iru dgdswlyh vwdelol}dwlrq/
V|v1 ) Frq1 Ohwwhuv/ 9 +4<;8,/ ss1 ;:�<41

^<` G1 Ploohu dqg H1 Gdylvrq/ Dq dgdswlyh frqwuroohu zklfk
surylghv o|dsxqry vwdelolw|/ LHHH Wudqv1 D1F1/ 67
+4<;<,/ ss1 8<<�93<1

^43` D1 Pruvh/ Joredo vwdelolw| ri sdudphwhu0dgdswlyh frqwuro
v|vwhpv dqg d wkuhh glphqvlrqdo xqlyhuvdo frqwuroohu iru
wkh dgdswlyh vwdelol}dwlrq ri dq| vwulfwo| surshu
plqlpxp0skdvh v|vwhp zlwk uhodwlyh ghjuhh qrw
h{fhhglqj wzr/ LHHH Wudqv1 D1F1/ 58 dqg 63 +4<;8,/
ss1 766�76< dqg 44;;�44<41

^44` / Vxshuylvru| frqwuro ri idplolhv ri olqhdu vhw0srlqw
frqwuroohuv/ lq Surfhhglqjv 65qg LHHH F1G1F1/ 4<<61

^45` G1 Pxgjhww dqg D1 Pruvh/ Dgdswlyh vwdelol}dwlrq ri
olqhdu v|vwhpv zlwk xqnqrzq kljk0iuhtxhqf| jdlqv/
LHHH Wudqv1 D1F1/ ss1 87<�8871

^46` N1 Qduhqgud dqg M1 Edodnulvkqdq/ Lqwhooljhqw frqwuro
xvlqj �{hg dqg dgdswlyh prghov/ lq Surfhhglqjv 66ug
LHHH F1G1F1/ Odnh Exhqd Ylvwd/ Iorulgd/ 4<<7/
ss1 49;3�49;81

^47` U1 Qxvvedxp/ Vrph uhpdunv rq d frqmhfwxuh lq
sdudphwhu dgdswlyh frqwuro/ V|v1 ) Frq1 Ohwwhuv/ 6
+4<;6,/ ss1 576�5791

^48` M1 Zloohpv dqg F1 E|uqhv/ Joredo dgdswlyh vwdelol}dwlrq
lq wkh devhqfh ri lqirupdwlrq rq wkh vljq ri wkh kljk
iuhtxhqf| jdlq�/ lq Surfhhglqjv ri wkh LQULD
Frqihuhqfh rq Dqdo|vlv dqg Rswlpl}dwlrq ri V|vwhpv/
Vsulqjhu Ohfwxuh Qrwhv lq Vsulqjhu0Yhuodj/ yro1 95/
ss1 7<�8:1
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