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Abstract—TIn this paper, a new distributed algorithm is present-
ed to achieve the consensus of time variations and that of initial
time simultaneously. By combining both controller and estimator
design methods, it obtains higher synchronization precision with
stronger robustness against noisy inputs resulted from crystal
oscillators. Furthermore, the control input is ensured bounded
to make our algorithm realizable in practical implementation.
The implementation of the algorithm allows the receiving end
to be event-triggered, while the transmitting end is executed
periodically. The performance of the algorithm is illustrated by
the given numerical simulations.

I. INTRODUCTION

Recent years have witnessed technological advances in the
development of low-cost programmable sensors that are capa-
ble of sensing, data processing and storing, and communication
via wireless channels. Wireless sensor networks (WSNs) can
be applied in a wide range of cases, such as climate monitoring,
target positioning and tracking, and event detection [2]. How-
ever, clock drifting due to low-cost oscillators in sensor nodes
has posed a serious problem in time critical applications. How
to achieve good clock synchronization among sensors with low
overhead in communication and computation is an important
and interesting research problem.

There are two kinds of clock synchronization approaches
[1]: master-to-slave synchronization and peer-to-peer synchro-
nization. A master-to-slave method assigns one node as the
master and other nodes as slaves. The Reference Broadcast
Sync (RBS) method reduces the non-deterministic latency by
using partial aggregation synchronization and preserves energy
via the post-facto scheme [3]. The network is divided into
multiple clusters and a master node is required for each cluster.
The Time-Diffusion Protocol (TDP) [4], using an iterative,
weighted averaging technique, achieves a network-wide equi-
librium time. It is based on a message diffusion involving
all nodes in the synchronization process. Nodes periodically
self-determine to become a master/diffused-leader, using an
election/re-election procedure to form a radial tree structure.
The Timing-Sync Protocol for Sensor Networks (TPSN) [5]
divides the clock synchronization into two phases: the building
of a spanning tree and the synchronization phase. Pair-wise
synchronization is performed along tree branches by using
sender-receiver handshake exchanges. Node failure and packet
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losses which can significantly influence the performance of
wireless networks, are common problems with which these
methods are confronted. The Flooding Time Sync Protocol
(FTSP) [6] can achieve robustness to root and link failure, and
dynamic topology variations to some extent.

In contrast, a peer-to-peer protocol requires no center nodes,
i.e., it is a distributed method. Average Time Sync (ATS) [7]
uses a cascade of two consensus algorithms to make all nodes
converge to a virtual reference clock by tuning compensation
parameters. It obtains the consensus of clock rates and that
of offsets separately. In Distributed Time Sync (DTS) [8],
neighboring nodes exchange packets containing time-stamps
on a one-to-one basis. Any participating node can become
a reference node by not adapting its own clock during the
synchronization procedure, which converts the problem into a
decentralized optimization problem.

Synchronization methods can also be roughly divided into
internal synchronization and external synchronization. Since
the clock physical time which depends on the oscillator fre-
quency cannot be easily adjusted, the external synchronization
is more preferred to be achieved. However, in most researches
mentioned above, this pattern is not explained explicitly in
the modeling part. External clocks, also called virtual clocks,
should be modeled to achieve the synchronization, as the
algorithm named FLOPSYNC-2 [9] does. It presents a specific
relationship between the actual and virtual clock. Our paper
focuses on the external synchronization for the reason that
in most application environments of WSNs, local clocks of
sensors cannot be adjusted physically.

In this paper, a new distributed algorithm of clock syn-
chronization is to be developed with a peer-to-peer approach.
This is motivated by the fact that most existing peer-to-peer
algorithms achieve the consensus of virtual clock rates and
that of initial offsets separately to complete the clock syn-
chronization. This separation makes the problem conceptually
easier but convergence slower, resulting in high communication
and computation overheads. We will combine these two tasks
and solve them jointly. Existing synchronization algorithms use
either a controller-design method as in [9] or a estimator-based
one as in [7]. We combine these two design methods to gain
better robustness against noisy measurements and clock rate



drifts. In our approach, the record of receiving sampling time
is triggered by receiving synchronization messages from other
nodes while the transmitting occurs periodically according to
the local clock of each node. Furthermore, control inputs used
to adjust the virtual time of local clocks are proven to be
bounded. Following implementation ideas in [7], the issue with
asynchronous communication is addressed for our algorithm,
which also enhances the robustness to node failure and packet
losses.

II. NOTATION AND GRAPH THEORY

An undirected graph G = (V, £) is composed of a node set
YV ={1,2,--- ,N} and an edge set £ C V x V where an edge
of G is a pair of un-ordered nodes. N; denotes the in-neighbor
set of node 4, i.e., N; = {j : (4,7) € £}. An undirected graph
is called connected if any two nodes in V' can be connected
by a path of edges in £. Each edge (j,7) is associated with
a weight &;; = &;; # 0. Then we can introduce a Laplacian
matrix L. whose ijth entry is given as
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It is well known that O is an eigenvalue of L with 1 as a
corresponding right eigenvector, and all nonzero eigenvalues
have positive real parts. For an undirected graph, zero is a
simple eigenvalue if and only if the graph is connected.

If relationships between neighboring nodes only exist at
each node’s event time, such a graph is called as an extended
neighbour graph, denoted as D(t) = (V,E(t)). D(t) is a
directed graph with at most one arc between each ordered pair
of nodes and with exactly one self-loop at each vertex at time
t.If g = ingkT{D(t)} where k is a positive integer and
t € [to, to+ kT, then j belongs to A; in G as long as j is the
in-neighbour of 7 in D(t) at least once in that time interval.

III. CLOCK MODELS AND PROPOSED SYNCHRONIZATION
ALGORITHM

In this section, a new algorithm which can achieve the
synchronization of time variations and that of initial time
simultaneously is proposed. Before presenting our models,
certain following symbols have to be introduced. Let {7, Plied
stand for the set of sampling instants as well as that of update
instants of local clock ¢ in the global timescale when receiving
the message from node j. And let {t;x};>5 be the set of
discrete transmitting instants of node 7 from the global view.
Then, t;;, should be a monotonically increasing function of k.
So TF = ti(k+1) — tir can represent the transmitting period of
node ¢. Since global physical time is unavailable to all nodes,
the execution of receiving sampling during the synchronization
process is event-triggered in practice. Said differently, it is
when node j receives the packet containing the synchronization
message of node ¢ that it records its local time as the receiving
sampling time. Therefore ¢;;; usually does not equate with f; k
when ¢ # j. However, techniques of MAC-layer time-stamping

help to safely assume that broadcasting of the packet by the
transmitting node and receiving of the same packet by the
transmitting node’s neighbours happen simultaneously. For the
sake of simplicity of our model and algorithm expressions, we
let t + 1,7 stand for ﬁ( k1) TF respectively.

Above all, the changing principle satisfied by each local
clock’s physical time is presented as

where 7;(t) represents the actual time of local clock ¢ on the
global time instant ¢. And A;(¢,7) > 0 denotes the time
variation in clock #’s local timescale, corresponding to the
sampling period 7'. Here, it has to be assumed that values of
A;(t,T) are uniformly bounded. As mentioned in the previous
part, the physical clock rate cannot be easily adjusted. Every
node has to generate a virtual local clock whose time can be
adjusted directly by a control input v;(¢). And activities asking
for the clock consensus all refer to the virtual local time. In
this way, only virtual clock synchronization needs achieving
for each node. Then the model of virtual clock with a control
effect can be rewritten as

Ti(t + 1) =74(t) + [r(t + 1) — 7(t)] + vi(t)
:?Z‘(t) + A; (t, T) —+ v; (t)

where 7;(¢) denotes the virtual time of local clock ¢ and we let
7;(0) = 7;(0). Therefore, the problem of clock synchronization
can be converted to designing an algorithm whose output is
v;(t) to assist all local clocks in obtaining virtual common
time.

The algorithm in a discrete-time form is designed as

wi(t+1) =2 > di;(7(t) — 7i(t))
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where d;; is the weight associated to the edge (7, 7). Parameters
€ and « will be chosen in the next section to guarantee stability
and consensus. The above equations can be expressed in a
vector form as

{ w(t+1)=—eD7(t)

v(t+1) =D7T(t) + v(t) + w(t + 1) — aw(t) ®

where D consisting of d;; is a Laplacian matrix. It is assumed
that the message channel topology of the whole network
is connected undirected. Then under this assumption, D is
symmetric with zero as its simple eigenvalue.

Remark 1: We, inspired by the method of transfer function,
take D7 (¢) as the input and take v(t) as the output of the
algorithm. The scheme of the algorithm is shown in Fig.1,

where
1 (e—1)z—ae

In this way, the problem can be converted into solving a
feedback control problem whose system is LTI (linear and

H(z)=2z-—1.
—, H() =2
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Fig. 1.

The scheme of control algorithm

time-invariant) and free of model errors and uncertainties.
Then, the closed-loop transfer function of the feedback system
is obtained as

(I1—-¢e)z+ae
2(z—=1)

which figures out that the system is stable. In other words, as
long as the synchronization message is exchanged regularly
enough, the value range of the system output v(¢) is bounded.
It ensures the algorithm to adjust the local clocks’ virtual time
in a practical way.

Remark 2: Another form of expression can be derived
from (3) as

v(t+1) = v(t) + (1 — &)DF(t) + acDT(t —1). (4

Gcls(z) -

It shows that v(t + 1) can be treated as the update of an
estimator. In other words, errors from the input 7;(t) — 7;(t)
do not affect v; (¢t + 1) directly. Hence this algorithm provides
a filtering effect of noisy inputs (short-term jitter of clock
crystal, measurement and quantization errors, etc.) mainly from
A;(t,T), which is an advantage over algorithms of normal
controllers. On the other hand, if we let {(¢) denote the error
between the input and output of the algorithm, we can also get

v(t+1)=a1v(t) + a2v(t — 1) + asC(t) + axl(t — 1)

where a1 = 2 — €,a2 = 1 — £,a3 = ac represent coefficients
of the linear combination. This also shows that the algorithm
is able to eliminate static errors.

IV. STABILITY AND CONSENSUS ANALYSIS

To analyze the stability of the whole system after adding
this algorithm, we can list the state-space expression of the
discrete-time system. Since the Laplacian matrix D is sym-
metric, there should exist a unitary matrix U satisfying that

URDU = A = diag{\i,- -, \n},

where UF denotes Hermitian transpose of U and ); represents
one of the eigenvalues of D. Since the underlying graph of
the communication topology can be treated as a connected
undirected graph, we can have the relation that 0 = A\; <
Ag - -+ < An. According to the model presented in (2) and the
synchronization algorithm (3), the whole dynamic system can
be summarized in the following way:

T(t+1) I I o0 7(t) A(t,T)
<v(t+ 1)) = ((1 —e)D I —oJ) (v(t)) + < 0 ) ,
w(t+1) —eD 0o o0 w(t) 0

where I denotes an /V-dimension identity matrix.

Then, we utilize the unitary transformation to make the
expression of the system decoupled by letting

{ #(t) = U7 (1),
o(t) = UMv(t),

&) = Uw(t)
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Let U = diag(UH , UH UH). Then, applying T" 1o the
above expression of the system can yield that

. (T(t + 1)) . ( I I o0 ) . (‘r(t))
U v(it+1) | =U |(1—e)D I —ol |UU | v(t)
w(t+1) —eD 0O o w(t)

u (A(t, T))
+U 0
0

which with (5) further infers a decoupled vector form as

T(t+1) I 1 0\ (%) A7)
(ﬁ(t—f—l)) = ((1—5)A I —a[) (ﬁ(t)) + ( 0 > _
e(t+1) —eA 0 0 &(t) 0

Then the component-wise equation can be expressed as

(ﬁ»(u 1)) < 1 1 0 ) (ﬁ(t)) <Ai(t,T)>
177,(15-{—1) = (1 —6))\1' 1 —Q f)z(t) + 0 .
Qi(t+1) —\; 0 0 @i (t) 0

To ensure the stability of the whole discrete-time system, there
are certain extra constraints for the choice of parameters in the
designed algorithm. As is well known, with values of A;(t,7")
being bounded, the system will be input-to-state stable if all
eigenvalues of the system matrix are strictly included in a
unit circle. Then according to the condition, we can utilize
the eigenvalue expression,

6—1 -1 0
FO) ==\ -1 a

=0% — 207 + [L+ (e — 1)\;]0 — e,

Let f(§) = 0, then the three eigenvalues d1,d> and 03 are
also roots of the cubic eigenvalue equation. According to the
constraints that [0;] < 1, ]d2| < 1 and |d5| < 1, there are many
methods of calculating the ranges of those parameters. Here
we only provide one way, using the method of Jury Stability
Criterion. Then the test chart can be obtained as Table I, where

b — 7046)\2' 1 by — 70[5)\1' —2
o711 —aeN|” YT 14 (e =N
by — —aa)\i 1+ (5 — 1))\1

2711 -2 '

Then we can get the following equations as constraints due to
the criterion

f(1)>0,f(-1) <0
|7OJ€)\Z'| < 1,|b0‘ > ‘b2| '
Therefore, the value range of € can be figured out as 1 < ¢ <

1+ )\i After choosing the value of ¢, the range of « should
beO<a<1-— %



TABLE I
CHART OF JURY STABILITY CRITERION

Linage 50 ot 52 53
1 —aeX; 14+ (e—1)\ —2 1
2 1 —2 1+ (6 - 1)Ai —as)\i
3 bo b1 b

With the assumption that the maximum value of all eigen-
values can be obtained, we can get the two exact value ranges
by letting A\,ax take the place of A;.

Remark 3: Many methods are available in literature
like [10] to obtain the upper bound value \ of the eigenvalues
only according to attributes of the graph. We can choose an
¢ satisfying ¢ > 1 so that 0 < \ < 5%1 In this way, we
can design the parameters ¢, a off-line without requesting for
eigenvalue information of the Laplacian matrix—Xkind of global
information.

However, the simplicity of designing only two parameters is
at the expense of stability performance. If one prefers attaching
more emphasis on this index, our algorithm can be modified
as follows:

w(t+1)

v(t+1)
where 7" = diag{ey, -+ ,en} and o = diag{ay, -+ ,an}.
In this way, we have to design more parameters satisfying
1<5i<1+% and 0 < o < 175. However, we can get
better performance of stability.

Then we consider the consensus attribute brought about by
the algorithm. Let

=—-T1D7(t)
=D7(t) + v(t) + w(t + 1) — aw(t)

€; (t) =

1N
% Z
We have 1
e(t) = (I - F11)7(), (6)

where 1 represents an N-dimension column vector whose all
entries are 1. From the expression of e(t), we can see that the
consensus problem of 7(¢) can be solved if e(t) converges to
zero. Then with the relation that D1 = UAUH1 = 0,

AUH1 =0
can be obtained. It can be further inferred that
UH]- = (xho: T 70)T7

where x1 denotes the first element of this column vector. Then
the following expression can be obtained as

1 1
vt - —-n"u=r--vf11'u
( N ) N
. 1
=diag{1 — Nx%le—l}-
Due to the fact that 1 — —11T is also a symmetric Laplacian

matrix w1th a special form zero must be an eigenvalue of it.
So, 1 — xl = 0, which helps to get the following equation

UH (1 - NllT)U = diag{0, In_1}.

With transformation é(t) = U e(t), the equation of e(t) can

be transformed as

1
Ule(t)y=U"(I - NllT)UUH?(t),
which infers
é(t) = diag{0, In_1 }7(1). )

From the above expression, we can see that é;(¢) = 0, while
éz(t) = ﬁ(t) when i > 2.

On the other hand, when ¢ tends to infinity, the following
equations can be obtained according to the component-wise
form of the state-space expression as

@i(t+1):—€)\i7ﬁi(t)7t—>00 ’

From the equations, we can figure out that
(e +1—e)N7i(t) = 0,t — oc.

Then the facts that 0 = A\ < Ag--- < Ay and ac + 1 —
e # 0 help to conclude that 7;(¢) = 0 when i > 2,t — oc.
Combining this inference with the relation inferred from (7),
we can get that e(t) = Ué(t) = 0,t — oo. Then till now, it
has been proved that virtual local time of all nodes under the
algorithm (3) can achieve asymptotic consensus.

To make the virtual reference time more precise, the case
1 = 1 is still the focus of the consensus problem. From the
component-form state-space expression of the system, we have

Pt +1) =71 () + 01 (t) + Ay (¢, T)

’01 (t -+ 1) :@1 (t) — CM(;Jl (t)

L:Jl(t + 1) :(:Jl(t) =0
From the above expressions, we can obtain the recursion
expression of 7 (t) as

t—=T

A1) =Y A, T) +#(0) +

Jj=0

(t/T)01(0).

It can be seen from the last term that 91 (0) is only a constant
factor of ¢/T. To make the later analysis easier, we can remove
the uncertainty by letting 01 (0) = 0 when the algorithm is run.
In this way, we get a more compact expression

A=Y A
j=0

T) + 71(0).

Now, we can find out what the value of the virtual reference
clock time is. According to above statements, we can get the
process of inference as follows.

t—o0 e}
71(t)
= lim U :
t—o00 .
n(t)



t=T

= U{diag {1,0n 1} U"[Y  A(j,T) +7(0)]}

7=0
U{(I — diag {0, Iy U™ ZA 7(0)]}
7=0

1

t—=T
:“’(I’N”T > AGT) +7(0)]
=0

t—
—117]
J

ﬂ

1

=~ AG,T) +7(0)].
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Then the virtual reference clock time can be denoted as

Te(t) = E ZA 7,7

llJO

)+ 7:(0)). ®)

Remark 4: From the result, we can see that time varia-
tions can achieve the consensus value + Zf\il Z;;g A (5, T)
eventually. Simultaneously, the initial time errors also converge
to the virtual common value + Zf\il 7:(0) under implemen-
tation of the algorithm. What is more, it is worth pointing
out that since the algorithm focuses on the consensus of time
variations of each local clock, whether clock skews change
according to global physical time or not will not affect this
consensus result.

It can be easily verified that the result can be applied in
the model where the slope of local clock is constant. Then,
the physical time model of local clock 7 can be expressed as
7i(t) = a;t + 0;, where a; denotes the constant physical skew
and o; = 7;(0) represents the initial offset of clock 4. In this
case, the virtual reference time can be simplified to the form

as
N

3 (@i 4 (0)) ©

i=1

Te(t) =

In other words, let a.,T.,7.(0) denote the slope, transmis-
sion period and initial time of the virtual reference clock,
respectively, then a, = NlT (uTh + -+ + anTy) and
7(0) = & (11 (0) 4+ -+ 7n(0 )) So, under this condition, the
consensus of local time variations also means the consensus
of local clock skews.

Before we focus on the case with time-varying skews, we
have to know four main factors—crystal ageing, imperfections,
short-term jitter and thermal stress—that affect the physical
clock rate. However, the aging process is rather slow that it
does not stay in the same time scale with the synchronization
period. Imperfections contribute only one bounded constant
value to the skew in a long period. Short-term jitter is a
regularly fast process with a much smaller time scale than
T, which means that it can be treated as one kind of noise.
This effect can be reduced to certain extent by the filtering

function of our algorithm. As for the temperature influence,
we have the relation expression between the crystal frequency
f(t) and its temperature 6, (t) as follows according to [12].

F(8) = Fo1 4 5 (0:(0) — 00)°)

where 0 is the nominal temperature corresponding with the
nominal frequency fy. 5 < 0 is a fixed parameter with a
unit as ppm/°C?. Due to [11], 6,(¢)’s value is bounded with
slow variations, which infers that f(t) is slowly and slightly
changing in a bounded value interval. From the statements
above, it can be implied that the value of Z;;g Ai(5,T) is
bounded. Therefore, clocks can achieve a consensus value of
virtual time with bounded control inputs, even if their physical
rates vary according to time.

V. IMPLEMENTATION

In this section, we explain certain details of the algorithm in
practical application. In one WSN, if two neighbouring nodes
have enough power, a message channel can be established
between them. So the assumption that the channel graph is
undirected is reasonable. However, as for the communication
graphs, they are usually unidirectional graphs at the sampling
instants for the reason that each node cannot receive and trans-
mit packets simultaneously. More precisely, the half duplex
attribute of the channel makes asynchronous communication
topologies exist as extended neighbor graphs at event instants.
Then we have the following communication ways and expla-
nations to make our algorithm applicable.

When being applied to WSN, this synchronization method
can take a pseudo-flooding scheme as its communication
means. Flooding means receiving nodes would be triggered by
the incoming time-stamp to record their virtual local time of
its arrival, then broadcast their own synchronization messages
on to their neighbours on transmitting instants periodically,
after updating the time-stamps. It is inferred that each node
does not need to wait for all its neighbours’ messages before
updating its virtual time. This way of communication and
updating raises up the robustness against node failure and
packet losses in WSNs. The reason why we call it pseudo is
that flooding method usually requests for a root/master node,
while this algorithm presented in the paper does not. Naturally,
this communication means generates non-symmetric stochastic
matrices.

Considering that clock rates of distinct nodes are different,
the sampling intervals of different local clocks are various,
namely, TF # TF, when i # j. Besides, drifts of each
local clock rate may lead to TF # T"€+1 Confronted with
the situations, implementation of the proposed algorithm with
asynchronous communication can be proved practical in the
following way. Let

T:LJ{tjk}é'\rzl :{7677—17 77;7'“}a
k

i.e., we rearrange all the transmitting instants of all nodes in
such an order that 7, is a monotonically increasing function
of v. Since each local clock drifts at a different speed, there



should exist a 7. ‘and a T, in the kth transmission. And

T*+1 may not equate with 7% for the fact that the physical
rate of each node may also vary according to time. Then we
-k =k A .
can define j as j = arg; max T}". The component which
corresponds with ¢ , can be found in the ordered set ¥,
namely 7,,. Without loss of generality, we can translate the
time window from [t;o,t;0 + kT to [0, kT]. Then, vj41 — vg
must satisfy the lose constraints
Tk+1

maX{Tr]rClax7 max } )N
min{T¥,  Tr1

min’ ~ min

N <vpyr—vp <

where [-) means the smallest integer value no less than its
element. Since we assume that drifts of local physical clock
rates are slight, it can be ensured that every node transmits at
least once in the time interval [7,,,7,,.,], i.e., there exits k
and 7 so that 7, = bk for Vj, Vk, where v, <7 < vj41. Then
the combination of Theorem 1 in [7] and above statements
helps infer that the union of instant communication graphs
can be treated as one connected undirected graph in the time
window (7, , 7y, ,] when the algorithm can be applied.

VI. NUMERICAL SIMULATIONS

In this section, we present certain simulation results to
demonstrate the performance of the proposed algorithm. One
WSN with six sensors is simulated. According to the choosing
methods of parameters in the part of stability analysis, we can
let ¢ = 1.32 and o = 0.22. Then we can get Fig.2, which
shows changes of virtual time of all local clocks according
to the global physical time. From Fig. 2, we can find out
that the initial time errors have been compensated and the
clock synchronization has been achieved asymptotically. Fig. 3
shows the consensus of time variations of all local clocks.

VII. CONCLUSION AND FUTURE WORK

This paper presented a new synchronization algorithm
which can achieve the consensus of clock rates and that
of initial time simultaneously. Its control input is bounded
with robustness to noisy inputs. Also this method is robust
against node failure and packet losses. Future work may
include the optimization of the parameters choice to gain better
performance of stability and consensus.
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