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Abstract

The problem of modeling and stabilization of a wire-
less networked control system(NCS) with both packet
dropout and time-varying delay is investigated in this pa-
per, and the time-varying delay is more or less than one
sampling period. The closed-loop wireless NCS is mod-
eled as an asynchronous dynamic system(ADS) with three
subsystems. By using the ADS approach, a sufficient con-
dition for the closed-loop wireless NCS to be stable is
presented. An illustrative example is provided to demon-
strate the effectiveness of the proposed result.

1. Introduction

Sensors, controllers, and plants are often connected
over a realtime network medium in modern control sys-
tems, which are called networked control systems (NC-
Ss) [1]. It is widely used at almost all levels of opera-
tion and information processing in various areas, includ-
ing manufacturing industry, remote operation and tele-
autonomy [2]-[7]. As an alternative for the wired net-
work, wireless NCSs are becoming fundamental compo-
nents of modern control systems due to their flexibility,
ease of deployment and low cost [2], [8]-[11]. So wire-
less NCS is considered in this note. One of the main
issues in a NCS is the effect of networked-induced de-
lay that occurs when sensors, actuators and controller-
s exchange data across the shared network. This delay
can degrade the performance of control systems designed
without considering it and can even destabilize the sys-
tem. On the other hand, data packet dropout results from
network traffic congestion and limited network reliability.
When a data packet is dropped, complete information of
the NCS becomes unavailable. In this case, the controller
or actuator has to decide, with incomplete information,
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what control signals to output.

Different from some separately considering the de-
lay or the data packet dropout problem, this note in-
tends to deal with the modelling, analysis and synthe-
sis for the wireless NCS with both delay and data packet
dropout as shown in Fig. 1. An asynchronous dynamic
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Figure 1: A graph of a networked control system with
networked-induced delay and packet dropouts

system(ADS) approach is presented to stabilize the wire-
less NCS. Firstly, a switched system with time-varying
delay model is presented to describe the wireless NCS.
Recently, some results are also presented about this prob-
lem. A new switched linear system model is proposed to
describe NCS in [3] while the delay is assumed to be less
than one sampling period with the state feedback con-
troller. And stochastic optimal control method is used by
an adaptive estimator (AE) and ideas from Q-learning to
solve the infinite horizon optimal regulation of unknown
wireless NCS with time-varying system matrices in [12].
Nevertheless, the computational complexity of the con-
troller will increase when the delay bound is increased in
NCS in [12]. Furthermore, the networked system identi-
fication problem and estimation problem are also studied
in [13] and [14] based on the Matlab/Simulink simula-
tor TrueTime and orthogonal projection principle, respec-
tively, which aim at identifying mathematical models re-
quired in networked control/estimation/filtering systems
while stabilization are not considered.

Notations: Throughout this paper, R denotes the set of
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real numbers, R” denotes the n-dimensional Euclidean s-
pace and R refers to the set of all n x m real matrices.
AT represents the transpose of the matrix A, while A~!
denotes the inverse of A. For real symmetric matrices X
and Y, the notation X > Y (respectively, X > ¥) means
that the matrix X — Y is positive semi-definite, (respec-
tively, positive-definite). 7 is the identity matrix with ap-
propriate dimensions. ||x|| refers to the Euclidean norm of
the vector x, that is ||x|| = v/xTx. For a symmetric matrix,
* denotes the matrix entries implied by symmetry.

2. Problem Formulation and NCS Modeling

The NCS with packet dropout and possible delay is
illustrated in Fig.1, where the plant is described by the
following model denoted Q:

x(k+1) = Ax(k) + Bu(k)

¥(k) = Cx(&) M

where x(k) € R" is the system state, u(k) € R™ is the con-
trol input, y(k) € R” is the measured output. And the
model of an observer-based output feedback controller is
described as follows:

£k +1) = AR(K) + Bu(k) + L[w(k) — $(k)]
$(k) = Cx(k) 2
u(k) = K£(k),

where £(k) € R" is the estimated state of the system (1)
and $(k) € R" is the estimated output. L € R™" and
K € R™ " are the observer gain and controller gain matri-
ces, respectively. It is also assumed that the pairs (A, B)
are controllable and (C,A) observable. In fig.1, we can
use a switch to denote the data packet loss of the s-
tates in the network channel. If the switch is closed,
the data packet is successfully transmitted. And we have
w(k) = y(k) without networked delay or w(k) = y(k —dy)
with networked delay. Whereas when the switch is open,
the previous value of the switch output will be used in
the controller (2) and a packet is lost. Then we have
w(k) = w(k — 1) in this case.

For the NCS under consideration, we give the fol-
lowing assumptions without loss of generality, which will
be useful in our main results.

Assumption 1:

1. The sensors and controllers are all time-driven and
synchronized.

2. Time-stamping of measurements is necessary to
reorder data packet at the observer side since they can
arrive out of order. And the controller can get the delay
of cach data packet.

3. The maximum delay in the network is djy that is a
known integer.

Define the estimation error by e(k) = x(k) — £(k) and
let
dk) =" k) k) w k=) 3)

Then the dynamics of the closed-loop system can be de-
scribed by the following three subsystems.

S1. There is data packet dropout, and the corre-
sponding controller gain is K. Then the closed-loop NCS
is described as:

Qi z(k+1) = A z(k),

Al = LC A-LC -L
0 0 I

S2. The data packet is transmitted successfully with-
out networked delay, and the corresponding controller
gain is K, in this case. Then the closed-loop NCS can
be described as:

Qy i z(k+1) =Apz(k),

A2 = 0 A-LC O
C 0 0

S3. The data packet is transmitted successfully with
networked delay di, and the corresponding controller
gain becomes K3 p, here. Then the closed-loop NCS is
as follows:

Q3 z(k+1) = Asz(k) +Agzz(k — di),

(A + BKS,dk _BKS,dK 0
A= 1C A—IC 0],
0 0 0 ;
[0 00 ©
Ap— |-IC 0 0
L Cc 00

From the above analysis, we can conclude that there three
different cases may appear during every sampling period.
So the closed-loop NCS can be described as a discrete-
time switched system within three subsystems Q; to Q3.
In subsystem Q3, when dy = 0, Q3 turns to Q,. And the
system matrix Q; and Q, are similar. So subsystem Q3
in case 3 includes case 1 and 2 by appropriately choosing
the value of the matrices. Then the wireless NCS can be
represented by the following switched system with time-
varying delay:

Z(k+1) :Aiz(k)+AdiZ(k_dk)7i: 172737 (7)

where Apn =0,Ap =0, dk = 1727 ..7dM.
To end this section, the following definition and lem-
ma are introduced to obtain our main results.
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Definition 1. For any given initial conditions (ko, §) €
R x C", (7) is globally exponentially stable if the solu-
tions of (8) satisfy

[x(k) 1< @A™ [ x(ko) [, ¥k > ko.
where a > 0 is a constant and A > 1 is the decay rate.

Lemma 1. [2] For any appropriately dimensioned ma-
tricess R=RT >0, N, X, n(I) 2 x(I +1) —x(I), and t-
wo positive integer time-varying d(ki), d(ky) satisfying
d(ky)+1 <d(kp) < dy, the following equality holds

n (RN (1) = 26" (k)N [x(k—d (k1))

—X(k—d(kz))] (d(ka) —d(k1))E" (k)X & (k)
k—d(ky)
_ Wrem] " [x N [Ek)
L [ e
3. Stability Analysis of the Wireless NCS

More generally, we consider the following discrete-
time switched system with time-varying delay:

Z(k+ 1) :Alz(k) +Adiz(k_dk)7 i= 17 27 ceey N7

8
di=1,2, ... dy ®

where N is the number of the subsystems. Suppose that
the event rates of the described subsystems S; are defined
as r1,7,...,ry. The time interval [0,kT] will be simpli-
fied [0, k] in the following text. Let n;, i = 1,2, ..., N de-
note the times that the subsystems S; are activated on the
interval [0, k]. Then we can obtain

N
ni .
k=Y npri=—i=12,.,N;Yri=1
i:1nl i= ol L7 ®

The following theorem gives a criterion to guarantee
the Lyapunov function V (k) exponentially decays along
state trajectory of system (8).

Theorem 1. Given scalar A > 0 and any delay satisfy-
ing 0 < dy < dy, if there exist appropriate dimension-
al symmetric positive definite matrices P, Q1, (o, R,

symmetric matrix X = Ll XZ} > 0 and matrices G,
3

N=NI NOT, M=MI' MEIT, such that the follow-
ing matrix inequalities hold
Py P -Ni P+(AT -NGT -G
|k P2 N ALGY
Q)= , . _ 0 5 <0,
* * * 1)%*ah1R-—(;——(}T
(10

B T an

* R * R

where dy, =0, ...,dy, A; = AA;, Agi = AT %Ay, and

@1y = dy Q1 + Q> +duXi + Sym(My + G(A; - 1)),

@1y = dyXo + Ny — My + MY + GAg,
Dy = dyXz — Q1 + Sym(Ny — Ma),
then

2k—ko)y/

Vik) <A~ V(ko)-

Proof: The following expression of V (k) is the Lya-
punov function of system (8).

Vi(k) = 27 (k)Pz(k)
k—1
Z (D)QO1z(1)
I=k—
0 k—1
+ Yy Y AR (101
m=—dy+21=k+m—1
Va(k) = kf AR (1D 0r2(1)
I=k—dyy
—1 k—1
Va(k) = Y A+ 1) —2(0)”

m=—dys [=k-+m
X R(Az(I+1) —z(1))

And defining & (k) = Ak %oz(k), A > 0, A; = AA;, Agi =
At A i combined with (8) we have

= A (k) +Ay&(k—dy),
i=1,2,  N,dy=1,2, ... dy

E(k+1) (12)

Choose the following Lyapunov function of system (12)

k-1
W(k)z?(k)Pé(kHl Y, dwesw
7k7dk
0
+ ) Z SO0
m=—dy+21=k+m—1
k-1
+ Z ENDE(D)
1=k
1 k-1
+ Y Y §Tnrs)
m=—dys [=k-+m
where 6(1) = (I +1) — &(I). Then the forward differ-

ence for W (k) along any trajectory of system (12) is given
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by
AW (k) = W (k+1) - W (k)
= ET(k+ D)PE(k+1) - ET (k)PE(K)
k—1
+duET (0iEK + Y, ETDGED)
l*k+17dk+1
k—1
_ Y g Zs DoLE()
I=k—dy+1
+ET (k) 0aE (k) — &7 (k—dM)Qzé(k—dM)
+dM5T(k)R5(k)
T
&(
vai gt ] ¥ i)
vzt dk} | =y - ze-an
M,
+2{§k dk} {j Elk—dy))
ka1 | E(k) ! (k)
- ¥ [é(k—dk)] i ﬂ [é(k—dk)]
==y | 8(1) (1)
v [ Em 1" E(k)
- Y [ E(k— dk] {X "Iﬂ [é(k—dk)]
=ed | §(1) (1)
+2(ET (k) + 68" (k)G
x [(Ai—D)ET ()+Adlé(k—dk)—6(k>]
< 0T (k)®0 (k) <
where  0T(k) = [ET(k) &T(k — dv) &T(k
dy) &7(k)], which means that W(k) < W(kg) for
any k > kg. Furthermore,
Vi(k) = 25 (k)Pz(k) = A 2K RIET (1) PE (k)
i 20k ET (1) 0y £(1)
I=k—
0 k—1

+ ) Yy ARy

m=—dy+2 1=kt m—1

k=1
V3(k) _ lZ(lfk)A‘fZ(lfko)éT(l
I=k—dy
-1 k=1
Va(k) = PO
m=—dp I=k+m
V(k) = Vi(k)+Va(k) 4+ V3 (k) + Va(
As W(ko) = V(ko), it is easy to

A2k} V (ky). This completes the
The following theorem gives

SARIET (101 E(1)

)26 (1)

—20-k) 8T ()RS (1)

k) = A2kl (k)

verify that, V(k) <
proof.

a sufficient condition

for the closed-loop NCS (8) to be exponentially stable.

Theorem 2. The discrete-time switched system (8) is sta-
ble if there exist Lyapunov function V(k), r; defined in (9)
and some positive scalars U, i =1,2,,....N which corre-
spond to each subsystem such that the following inequal-
ities hold.

VK) < 1 OV (kg),

N
[Tu <1
i=1

Proof: Defining the transition time of the subsystems
tobet; =0,1,..., % =k, then

(13)

[ R

V(k) < u;]fitkilv(tkfl) < nLl“l‘k nLl“l‘k 1 tkizv(tkfz)

k
0)— (quﬁ) v(0)

So the system is stable if Hl L4 < 1. This completes
the proof.

N
<< JJmiv(
i=1

(14)

4. output feedback controller design

An algorithm to design the observer-based output
feedback controller of the wireless NCS is presented in
this section. Since the data packets are time-stamped, the
data packet loss rate and time delay are known to the con-
troller, which is designed to depend on both the packet
loss rate and time delay. Firstly, A; can be rewritten as
A; = Ag;i + BooDiCoi, i = 1, 2, 3, where

A 0 O B 0
App=|0 A O|,Bp=1|0 1],
0 0 (15)

0 0 I
-1 0
—C

A0 0
I -1 0
Ap=10 A4 0|,Cn {0 c 0} (16)
C 00
A0 0
I -1 0
Ap=0 A 0 7C03{c _C 0} (17)
00 0

Theorem 3. The system (7) is stable if there exist pos-
itive scalars U;, i = 1,2,3, satisfying H3 L1 <1 and
appropriate dlmenszonal matrices P, Q1, O, R, X1, X3,
matrices M1, M>, N1, No, Xo and matrices G, Gy, G3,
matrices Ky, Ko, K3 g, such that the following matrix in-
equality holds.

Py + Dy <0,

1699



$y+ P, <0,

CI>Q+CI>3(dk) <0,dy=1,2,...,dy,,

X N X
L R}>O7L R}>O.

M

where
Xn X —-M
| x Zn —-M 0
Po = * N 0
* * *

P-G'-G

P+dyR—G-—GE

L1 = duQ1 + Q2 +duX1 + Sym(M; — G),

Y12 =duXo + N1 — M JrMZT7
Ly = dyXz — Q1+ Sym(N, — Ma),
11

S CEY
G=|0 G of|.@&=|" 7 |
0 0 Gs
L * * *
) [P 2 0
o= |* VY -uGL |,
| * MG+ wmGE
1 = Sym(iyGiA + 1 G BKy),
Vo = — G BK, + i CTLT G,
lf/zz — Sym(,ul G2A — U GzLC)7
. P11 —u1CTLTG§ 0
$1a = |—wuK{ BTG] 75 0
0 ~ml'G] Gl
o1 = wATGY + k! BTGY,
Pn = wA' G} — 'L Gl.
i 0 0 ¢ia
+x 0 0 0
D = * x 0 0|’
I
A Yuu Y12 O
ou=1|* VYn 0|,
* x 0
Y1 = Sym(trG1A+ 11:G1BK>),
Y2 = — 1 G1BKy,
U = Sym(,uszA — ,llszLCL
. o1l 0 wCIGE
$ra= | —wKIBIGY  ¢n 0
0 0 0

o1 = A GT + K3 BTG,
P = ‘lleTGg — ‘chTLTGg.

co o~

(18)

(011 2 O ¢ua
| 0 0 ¢n
®; = * * 0 0]’

| * * x 0
- (Vi1 Y2 0
o= 1| vn 0f,
* x 0

Vi1 = Sym(u3G1A + u3G1BK3 g, ),

Vi = —13(G1BK3 4, +CTLTGY),
11722 — Sym(,ungA — ‘U3G2LC)7
[ 0 0 0
$ro= | —p"t%hGLC 0 0], ra= s,
i 0 0 0
[ P11 usCrLrGl o
14 = | —usKi , B'GY P 0|,
i 0 0 0

¢ = AT Gl + k], BTGY,
¢n = AT G; —usCLT G

Replacing the system matrices of (10) by (7), it is
easy to obtain the above results according to Theorem
1 and Theorem 2. Furthermore, let Go,L = L, G| BK; =
Ki,i=1,2,G1BK3 = K3 4, and the controllers gain ma-
trices K;, L can be gained by solving the corresponding
linear matrix inequalities.

5. Simulation results

In this section, an numerical example of output feed-
back control of wireless NCS is evaluated.
Consider the following discrete-time system:

0.7852 0.2358 0.4832 1 17
A= 109022 08086 05389|,B=|1|,Cc= |1
0.1506 0.5632 0.7528 1 0

The eigenvalues of A are 1.7183, 0.3142 4+ 0.2595i and
the system is unstable without control. Let the event rates
of the data packet loss and time delay are | = 0.5, and
r3 = 0.2 respectively, and the maximum delay is dy; = 3.
Choose p; = 1.8, up = 0.5, 3 =0.6. So

p g = 1.8%5 % 0.5 x 0.6%2 = 0.9839 < 1,

By using the Theorem 3, a suitable controller gain matrix
can be obtained. The simulation result is shown in Fig. 2.
The above subgraph depicts the data packet loss and the
time delay of the wireless NCS in Fig. 2. When the delay
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value is —1, it means this packet is lost. And the below
graph is to describe the state trajectories of closed loop
wireless NCS. From the Fig.2, the states of the system
diverge at the case when the data packets are lost, but
they converge to zero finally. So the example illustrates
the effectiveness of the proposed method.

wireless network diagram with delay and packet loss

time(s)
state trajectories

state

Figure 2: State trajectories of NCS with networked-
induced delay and packet dropouts

6. Conclusions

This paper considers the problem of modeling and
stabilization of wireless NCS with both packet dropout
and time-varying delay. The closed-loop wireless NCS
is modeled as an ADS with three subsystems. The out-
put feedback controller is designed to stabilize the closed-
loop wireless NCS by using ADS approach. And the il-
lustrative example is provided to demonstrate the effec-
tiveness of the proposed result.
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