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Abstract 

In this paper, we consider a stochastic linear quadratic mean field game for the continuum- 
parameterized multi-agent systems with multiplicative noise. Based on the Nash certain equivalence 
principle, we obtain a series of decentralized control laws. Then, Dynkin’s formula and comparison 
principle are employed to prove the boundedness of the state of the closed loop system in the mean 
square sense. Finally, we show that the set of decentralized controls has an ε-Nash equilibrium property. 
© 2018 The Franklin Institute. Published by Elsevier Ltd. All rights reserved. 

 

 

1. Introduction 

Recently, the control and optimization problems of multi-agent systems (MASs) have 
attracted a lot of attention due to its wide application background in many fields, such as
engineering, economics, biology and communication networks [1–3] . In these areas, the 
optimization problem of MAS in the game theoretic framework, though is not investigated 

extensively, has catched the attention of many researchers. The areas investigated by the 
mean field approaches have been extended to game theory, economics and finance. Basar 
and Olsder [4] gave a good survey for noncooperative game models, which were widely
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sed in the flow control and routing of networks [5,6] . Papers such as [7–13] investigated
he stochastic differential games for large-population multi-agent systems (LPMSs) and gave
-Nash equilibrium strategies by the Nash certainty equivalence principle methodology.
his approach involves the following steps: Firstly, use the state aggregation method to
pproximate the population state average (PSA) by a deterministic signal v; Then, solve the
racking-like quadratic optimal control problem with the deterministic reference signal; At
ast, prove the existence and uniqueness of v, and construct the decentralized control law by
sing the unique solution v ∗. Intuitively, v ∗ should possess the following property: if every
gent views it as an approximation of the PSA, and according to which, makes the optimal
ecision, then the expectation of the closed-loop PSA should approach to v ∗ when the number
f agents tends to infinity. This methodology for construction of the decentralized control
aw is called Nash certainty equivalence principle (NCEP) [14] . In addition, [15] expounded
he mean field game and mean field type, and [16] discussed for minimizing a social cost. 

As is well known, the geometric Brownian motion has many applications in physical
ciences, biology and financial mathematics, such as the equations of the water heating and
ooling model, the drug absorption model, the population model and the stock price model
17,18] . Motivated by these, we consider the linear quadratic (LQ) mean field game problem
f continuum parameterized multi-agent systems with multiplicative noise, which is different
rom the previous models. We assume the dynamic systems of MASs are continuum param-
terized, for example, [19] considered a sensor network applied to environment monitoring,
here a large number of micro-senors are scattered randomly on a bounded monitoring area

for example, the parameter takes values in [ a , a ] × [ b , b ] ). The position ( x , y ) for each sensor
an be regarded as a realization of a random variable with uniform distribution F ( x , y ). For
nother example, the population growths of different fish groups (the same race) located in the
ame sea area (e.g. [ a , a ] × [ b , b ] × [ c , c ] ) are different due to environmental differences, their
elative rates of growth vary from place to place, see references [20,21] for more examples. 

The rest of this paper is organized as follows. In Section 2 , the mean field stochastic linear-
uadratic games is formulated. In Section 3 , stochastic LQ tracking problem with a known
eference signal is studied, then the approximation of the PSA by state aggregation and the
ecentralized control laws based on NCEP are discussed. In Section 4 , the asymptotic optimal-
ty of the decentralized control law is analyzed. In Section 5 , a scalar model is calculated. In
ection 6 , we conclude our paper. Appendix contains the proofs of our propositions and

emmas. 
The following notation will be used in the paper. ‖ . ‖ denotes the Euclidean norm. I denotes

he identity matrix with proper dimension. For a given matrix A , A 

′ denotes its transpose.
or any vector with proper dimensions and symmetric matrix Q ≥0, ‖ x ‖ Q 

= (x ′ Qx ) 1 / 2 .
 

b 
n ([0, ∞ ) ; ‖ · ‖ ∞ 

) denotes the class of R 

n -valued continuous functions in [0, ∞ ) with finite
orm, the norm is defined by ‖ f ‖ ∞ 

� sup t∈ [0, ∞ ) ‖ f (t ) ‖ . In addition, C 0 , C 1 , . . . , C k , etc., are
sed to denote a series of positive constants which are independent of the number N of all
gents. 

. Problem formulation 

In this paper, we consider the following model: 

x i (t ) = [ A (θi ) x i (t ) + Bu i (t )] dt + 

n w ∑ 

j=1 

[ D 

j x i (t ) + E 

j ] dw 

j 
i (t ) , (1)
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where i = 1 , . . . , N, and x i (t ) ∈ R 

n is the state of agent A i , u i (t ) ∈ R 

m is its control input,
θi = (θ1 

i , . . . , θ
n θ
i ) ∈ � � R 

n θ is its dynamic parameter vector. A (·) : R 

n θ → R 

n×n , B ∈ R 

n×m 

and D 

j , E 

j are n ×n and n ×1 dimensional matrix respectively, for each j = 1 , . . . , n w 

. Denote
w i (t ) � (w 

1 
i (t ) , . . . , w 

n w 
i (t )) ′ , and { (w i (t ) , F 

i 
t ) , t ≥ 0, i ≥ 1 } is a sequence of independent

n w 

-dimensional standard Brownian motion on the complete probability space (�, F , P ) . 
Let S 

N be the system comprised of N dynamic equations of (1) . For each agent
i = 1 , . . . , N, the control set of agent A i is defined by 

U loc,i = 

{ 
u i 

∣∣∣u i (t ) ∈ σ (x i (0) , w i (s) ; s ≤ t ) , E ‖ x i (T ) ‖ = o( 
√ 

T ) , 

E 

∫ T 

0 
‖ x i (t ) ‖ 2 dt = O(T ) , T → ∞ 

} 
. 

Here, a control group of S 

N is U 

N = { u 1 , . . . , u N } , and the cost function of agent A i has the
coupled quadratic form 

J i (u i , u −i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[ 
‖ x i (t ) − γ x (N ) (t ) ‖ 2 Q 

+ ‖ u i (t ) ‖ 2 R 

] 
dt , (2) 

where Q > 0 and R > 0. u −i = (u 1 , . . . , u i−1 , u i+1 , . . . , u N ) and x (N ) (t ) = (1 /N ) 
∑ N 

j=1 x j (t ) is
the population state average. 

Remark 1. Regarding the model (1) , see [8] for the case of the subset � being a single point
set i.e., the dynamic equations of all agents are the same and [22] for the case of the subset
� only containing finite points. In addition, suppose the state variable in the diffusion term
disappears, our model will degenerate to [23] . 

The parameter vector θ i in model (1) has the following property: { θ i , i ≥1} are in-
dependently sampled from the statistical structure (R 

n θ , F (θ )) , where F (·) : R 

n θ → [0, 1]
is a distributed function on the parameter vector space R 

n θ , called prior distribution. We
can construct the empirical functions by { θ i , i ≥1}, F N (θ ) � 

1 
N 

∑ N 
i=1 χ{ θi <θ} , N ≥1, where

θ = (θ1 , . . . , θN θ ) , { θi < θ} � { θ1 
i < θ1 , . . . , θ

N θ
i < θN θ ) . 

In the following, for the model considered, we need some assumptions. 
Basic assumptions: 
(A1). The support of F ( · ) denoted also by � is a compact set of R 

n θ . 
(A2). { F N 

, N ≥1} converge to F weakly [24] , i.e., for any bounded and continuous
function h ( θ ) on R 

n θ , lim N→∞ 

∫ 
�

h(θ ) dF N (θ ) = 

∫ 
�

h(θ ) dF (θ ) . 
(A3). A ( · ) are is matrix-valued functions of θ ∈ �. 
(A4). { x i (0), 1 ≤ i ≤N } are independent and identically distributed stochastic

variables and independent of σ (w i (t ) , t ≥ 0, 1 ≤ i ≤ N ) and satisfy E x 1 (0) = x 0 ,
sup 1 ≤i≤N ‖ x i (0) − x 0 ‖ 2 < ∞ . 

3. Construction of decentralized strategies 

3.1. Stochastic LQ tracking problem with a known reference signal 

In this subsection, we discuss the optimal tracking problem with a known reference signal
for a stochastic LQ system. 
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roposition 1. Consider the following optimal control problem 

dx(t ) = [ Ax(t ) + Bu(t )] dt + 

n w ∑ 

j=1 

[ D 

j x(t ) + E 

j ] dw 

j (t ) , 

J (u) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 
[ ‖ x(t ) − γ h(t ) ‖ 2 Q 

+ ‖ u(t ) ‖ 2 R ] dt , (3)

here A, D 

j ∈ R 

n×n , B ∈ R 

n×m and E 

j ∈ R 

n . h ∈ C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) is a known reference
ignal and (w 

1 (t ) , . . . , w 

n w (t )) ′ is n w 

-dimensional standard Brownian motion. The admissible
ontrol set is defined by 

U = 

{
u| u(t ) ∈ σ (x(0) , w(s) ; s ≤ t ) , E ‖ x(T ) ‖ = o( 

√ 

T ) , 

E 

∫ T 

0 
‖ x(t ) ‖ 2 dt = O(T ) , T → ∞ 

}
. 

ssume Q > 0, R > 0, then the following results hold: 
(a). The algebraic Riccati equation 

 

′ P + PA − P BR 

−1 B 

′ P + 

n w ∑ 

j=1 

D 

j ′ P D 

j + Q = 0 

as a unique positive definite solution. 
(b). All the eigenvalues of G � A − BR 

−1 B 

′ P have negative real parts. 
(c). The backward linear ordinary differential equation 

˙  (t ) + G 

′ g(t ) + 

n w ∑ 

j=1 

D 

j ′ P E 

j − γ Qh(t ) = 0. 

dmits a unique solution in C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) 

(t ) = 

∫ ∞ 

t 
exp {−G 

′ (t − s) } 
⎡ 

⎣ 

n w ∑ 

j=1 

D 

j ′ P E 

j − γ Qh(s) 

⎤ 

⎦ ds. 

(d). The optimal control law u 

o = arg inf u∈U J (u) is given by 

 

o (t ) = −R 

−1 B 

′ (P x(t ) + g(t )) 

nd the corresponding minimal cost value is 

 (u 

o ) = lim sup 

T →∞ 

1 

T 

∫ T 

0 
[ γ 2 h 

′ (t ) Qh(t ) − g 

′ (t ) BR 

−1 B 

′ g(t )] dt 

+ 

n w ∑ 

j=1 

trace (E 

j ′ P E 

j ) . 

roof. We put its proof into Appendix. �
emark 2. Here, the condition Q > 0 is asked to conveniently verify the state process of the

losed-loop of the continuum parameter multi-agent systems satisfy sup θ∈ � E 

∫ ∞ 

0 ‖ x θ (t ) ‖ 2 dt <
 and to show our Lemma 1 below. In addition, paper [25] discussed the case of g(·) ∈

 

2 
F (R 

n ) . Instead, we let the function g(·) ∈ C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) , it seems that to verify the
oundedness of a function is easier than to check its square integrability. 
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3.2. Approximation of the PSA based on the NCEP 

Proposition 1 solves the stochastic LQ optimal tracking problem with a known reference 
signal. However, the reference signal h ( t ) in the cost function is unknown and cannot be
used directly to design control strategies. Thus, we first try to estimate the reference signal
and then construct decentralized strategies by using Proposition 1 and the NCEP. 

Denote A i = A (θi ) and in the cost function (2) , if x ( N ) is replaced by some
v ∈ C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) , then Eq. (2) changes into 

J i (u i , u −i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[ 
‖ x i (t ) − γ v(t ) ‖ 2 Q 

+ ‖ u i (t ) ‖ 2 R 

] 
dt . (4) 

By Proposition 1 , we may obtain the optimal control for agent A i 

u 

o 
i (t ) = −R 

−1 B 

′ (P i x i (t ) + g i (t )) , (5) 

where P i = P θ | θ= θi and g i (t ) = g θ (t ) | θ= θi . 
From the term (a) of Proposition 1 , we have 

A 

′ 
i P i + P i A i − P i BR 

−1 B 

′ P i + Q + 

n w ∑ 

j=1 

D 

j ′ P i D 

j = 0. (6) 

Let h(t ) ≡ v(t ) . Proposition 1 also yields 

g i (t ) = 

∫ ∞ 

t 
exp {−G 

′ 
i (t − s) } 

⎡ 

⎣ 

n w ∑ 

j=1 

D 

j ′ P i E 

j − γ Qv(s) 

⎤ 

⎦ ds, (7) 

where G i � A i − BR 

−1 B 

′ P i . 
Substituting Eq. (5) into Eq. (1) , we obtain the closed-loop equation for agent A i 

dx i (t ) = [ G i x i (t ) − BR 

−1 B 

′ g i (t )] dt + 

n w ∑ 

j=1 

[ D 

j x i (t ) + E 

j ] dw 

j 
i (t ) . (8) 

Taking the integral on both sides of above equation, along with the Fubini’s theorem, we
have 

E x i (t ) = x 0 + 

∫ t 

0 
[ G i E x i (s) − BR 

−1 B 

′ g i (s)] ds. (9) 

Taking the differential on both sides of Eq. (9) yields 

dE x i (t ) = [ G i E x i (t ) − BR 

−1 B 

′ g i (t )] dt . (10) 

Now, we approximate the PSA by state aggregation. To do so, we construct an auxiliary
system 



Z. Li et al. / Journal of the Franklin Institute 355 (2018) 5240–5255 5245 ⎧⎪⎪⎪⎨
⎪⎪⎪⎩  

w
 

e

E

 

(  

w
 

p  

 

t  

C  

(

v  

 

o

T

|  

h

P

‖

 

 

 

 

 

 

 

 

 

dE x v θ (t ) = [ G θE x v θ (t ) − BR 

−1 B 

′ g θ (t )] dt , 
E x v θ (0) = x 0 , 

g θ (t ) = 

∫ ∞ 

t exp {−G 

′ 
θ (t − s) } 

[ ∑ n w 
j=1 D 

j ′ P θE 

j − γ Qv(s) 
] 
ds, 

v(t ) = 

∫ 
�

E x v θ (t ) dF (θ ) , 

(11)

here G θ = A (θ ) − BR 

−1 B 

′ P θ . 
This describes the limiting system of S 

N when N → ∞ , which is a continuum of agents,
ach agent marked by a parameter vector θ . 

By Eq. (11) , we have 

 x v θ (t ) = exp { G θ t} x 0 + 

∫ t 

0 

∫ ∞ 

s 1 

exp { G θ (t − s 1 ) } BR 

−1 B 

′ 

× exp { G 

′ 
θ (s 2 − s 1 ) } 

⎡ 

⎣ γ Qv(s 2 ) −
n w ∑ 

j=1 

D 

j ′ P θ (s 2 ) E 

j 

⎤ 

⎦ d s 2 d s 1 . (12)

Define an operator T on C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) as 

T v)(t ) � 

∫ 
�

E x v θ (t ) dF (θ ) , (13)

here E x v θ (t ) is given by Eq. (12) . 
In the following, we want to prove the existence and uniqueness of v by Banach’s fixed-

oint theorem. To do it, we need the following proposition and we put its proof into Appendix.
Under (A1)–(A4), it is easy to check from Eq. (12) that (T v)(t ) is continuous in

 ∈ [0, ∞ ) and ‖ (T v)(t ) ‖ ∞ 

< ∞ . Thus, T is indeed an operator from the Banach space
 

b 
n ([0, ∞ ) ; ‖ · ‖ ∞ 

) to itself. From the definition of the operator T , the auxiliary system
11) can be rewritten as 

 = T v. (14)

The following theorem shows under some conditions, the linear operator T is a contraction
perator on the Banach space C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) . 

heorem 1. Under (A1)–(A4), if 

 γ |‖ Q‖‖ B‖ 2 ‖ R 

−1 ‖ 
∫ 

�

[ ∫ ∞ 

0 
‖ exp { G θ t }‖ dt 

]2 

dF (θ ) < 1 (15)

olds. Then there exists a unique solution v ∗ for Eq. (14) . 

roof. For v ∗1 , v 
∗
2 ∈ C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) , Eqs. (12) and (13) yield 

 (T v ∗1 )(t ) − (T v ∗2 )(t ) ‖ = 

∥∥∥ ∫ 
�

∫ t 

0 

∫ ∞ 

s 1 

exp { G θ (t − s 1 ) } BR 

−1 B 

′ 

× exp { G 

′ 
θ (s 2 − s 1 ) } γ Q[ v ∗1 (t ) − v ∗2 (t )] d s 2 d s 1 d F (θ ) 

∥∥∥
≤ | γ |‖ Q‖‖ B‖ 2 ‖ R 

−1 ‖‖ v ∗1 (t ) − v ∗2 (t ) ‖ ∞ 

×
∫ 

�

[ ∫ ∞ 

0 
‖ exp { G θ t }‖ dt 

]2 

dF (θ ) . 



5246 Z. Li et al. / Journal of the Franklin Institute 355 (2018) 5240–5255 

 

 

 

 

 

 

 

 

 

 

 

 

 

The theorem holds by the contractive mapping theorem. �

Remark 3. Li and Zhang [26] discussed the linear quadric mean field game problem, where
the multi-agent systems are additive noise. It appears that the form of the condition (15) is the
same as theirs, except for P θ in G θ . In addition, suppose all eigenvalues of G have negative
real part, [27] provides a kind of method to estimate ‖ exp { Gt } ‖ . For detail, there are two
real numbers r , k > 0, such that ‖ exp { Gt}‖ ≤ r exp {−kt} , where k satisfies that k + λ j < 0 for
each eigenvalue λj of G . It is not hard to choose a real number k > 0, satisfying the conditions
above, in the case of the compact support set � containing only finite sample points, i.e.,
‖ exp { G θ t}‖ ≤ r exp {−kt} . In the case of continuum-parameter, the method of a sample space
partition can be used to approximate � by finite sample points and this gives a numerical
method. The theory method to calculate k is still open, we take it as our future work. 

4. Asymptotic equilibrium analysis 

4.1. Stability of closed-loop system 

From the analysis and conclusion of the previous subsection, we obtain a series of
decentralized strategies: 

u 

∗
i (t ) = −R 

−1 B 

′ 
(

P i x 
∗
i (t ) + g 

∗
i (t ) 

)
, 1 ≤ i ≤ N. (16) 

where P i is the solution of Eq. (6) and g 

∗
i (t ) is given by Eq. (7) , just substituting v with v ∗

in there. 
Applying the control strategy Eq. (16) into Eq. (1) , for 1 ≤ i ≤N , we have the closed-loop

system equation 

dx ∗i (t ) = [ G i x 
∗
i (t ) − BR 

−1 B 

′ g 

∗
i (t )] dt + 

n w ∑ 

j=1 

[ D 

j x ∗i (t ) + E 

j ] dw 

j 
i (t ) . (17) 

In the following, we study the stability of the closed-loop system. Here, we use Dynkin’s
formula and the comparison principle to estimate it. 

Lemma 1. Suppose (A1)–(A4) hold, then there exists a constant C 1 independent N such that
the strategies (16) and the corresponding closed-loop systems (17) satisfy 

sup 

N≥1 
max 

1 ≤i≤N 
lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 
[ ‖ x ∗i (t ) ‖ 2 + ‖ u 

∗
i (t ) ‖ 2 ] dt ≤ C 1 . 

Proof. From Eq. (7) , it follows that 

‖ g 

∗
i (t ) ‖ ∞ 

≤
⎛ 

⎝ 

n w ∑ 

j=1 

(‖ D 

j ‖‖ E 

j ‖‖ P i ‖ ) + | γ |‖ Q‖‖ v‖ ∞ 

⎞ 

⎠ 

∫ ∞ 

t 
‖ exp {−G 

′ 
i (t − s) }‖ ds 

≤
⎛ 

⎝ 

n w ∑ 

j=1 

(‖ D 

j ‖‖ E 

j ‖ M P ) + | γ |‖ Q‖‖ v‖ ∞ 

⎞ 

⎠ 

∫ ∞ 

t 
r exp {−α(s − t ) } ds � M g , 

where r , α are positive constants and M P = sup θ∈ � ‖ P θ‖ . �
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Letting V (x) = x ′ P i x, Dynkin formula yields 

dE V (x ∗i (t )) 
dt 

= E L 

i V (x ∗i (t )) 

= E 

[−x ∗i (t ) 
′ N i x 

∗
i (t ) − 2x ∗i (t ) 

′ �i (t ) 
]+ 

∑ 

j 

E 

j ′ P i E 

j , (18)

here L 

i is the infinitesimal generator of the diffusion process x i ( · ). N i � Q + P i BR 

−1 B 

′ P i ,

i (t ) � P i BR 

−1 B 

′ g 

∗
i (t ) −

∑ 

j D 

j ′ P i E 

j . 
By Young’s inequality, and for any λ> 0, we have 

E [ x ∗i (t ) 
′ �i (t )] ≤ λ

2 

E [ x ∗i (t ) 
′ P i x i (t )] + 

2 

λ
‖ P 

− 1 
2 

i �i (t ) ‖ 2 . (19)

From Eqs. (18) and (19) , it follows that 

dE V (x ∗i (t )) 
dt 

≤ −1 

2 

λE V (x ∗i (t )) + � + 

∑ 

j 

M P ‖ E 

j ‖ 2 , 

here � � 2M P ‖ BR 

−1 B 

′ ‖ M g / λ + 

∑ 

j M P ‖ D 

j ′ E 

j ‖ and λ = inf θ∈ � λn (P 

− 1 
2 

θ N θP 

− 1 
2 

θ ) , λn ( · )
enotes the smallest eigenvalue of symmetric matrices. 

From the comparison principle [28] , we have 

 V (x ∗i (t )) ≤ exp 

{
−1 

2 

λ

}
E V (x ∗i (0)) + 

2 

λ
�

(
1 − exp 

{
−λ

2 

t 

})
, 

hich together with the definition of E V (x ∗i (t )) result in 

 ‖ x ∗i (t ) ‖ 2 ≤
E V (x ∗i (t )) 

ζ

= exp 

{
−1 

2 

λ

}
E V (x ∗i (0)) 

ζ
+ 

2 

λζ
�

(
1 − exp 

{
−λ

2 

t 

})
, (20)

here ζ = inf θ∈ � λn (P θ ) . 
Then, from Eq. (20) , we obtain 

 u 

∗
i (t ) ‖ 2 = ‖ − R 

−1 B 

′ (P i x 
∗
i (t ) + g 

∗
i (t )) ‖ 2 

≤ ‖ R 

−1 ‖ 2 ‖ B‖ 2 (2M 

2 
P ‖ x ∗i (t ) ‖ 2 + 2M 

2 
g ) . (21)

he conclusion is thus given by Eqs. (20) and (21) . 

emma 2. Suppose (A1)–(A4) hold, then under the strategies Eq. (16) , the closed-loop system
17) satisfies 

im sup 

T →∞ 

1 

T 
E 

∫ T 

0 
‖ ̂  x (N ) (t ) − v ∗(t ) ‖ 2 dt = O 

(
ε2 

N + 

1 

N 

)
. 

here ˆ x (N ) (t ) = (1 /N ) 
∑ N 

i=1 x 
∗
i (t ) and lim N→∞ 

εN = 0. 

roof. See Appendix. �
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4.2. Analysis of optimality 

In this section, we discuss the asymptotic equilibrium property of the associated decen- 
tralized control. To start, let us first introduce the definition of ε-Nash equilibrium. Let 

U glo,i = { u i | u i (t ) ∈ σ (x(0) , w(s) ; s ≤ t ) , E ‖ x i (T ) ‖ = o( 
√ 

T ) , 

E 

∫ T 

0 
‖ x i (t ) ‖ 2 dt = O(T ) , T → ∞} . 

Definition. Given a series of strategies { u i ∈ U loc,i , 1 ≤ i ≤ N } , if there exists ε ≥0 such that
for any i , 1 ≤ i ≤N , 

J i (u i , u −i ) ≤ inf 
u † i ∈U glo,i 

J i (u 

† 
i , u −i ) + ε, 

where u −i = (u 1 , . . . , u i−1 , u i+1 , . . . , u N ) , then we call this series of strategies an ε-Nash
equilibrium with respect to the series of cost functions { J i , 1 ≤ i ≤N }. 

Let 

J i (u 

∗
i , u 

∗
−i ) = lim sup 

T →∞ 

1 

T 
E 

[ ∫ T 

0 

[ 
‖ x ∗i (t ) − γ ˆ x (N ) (t ) ‖ 2 Q 

+ ‖ u 

∗
i (t ) ‖ 2 R 

] 
dt 

]
, 

J i (u 

∗
i , γ v ∗) = lim sup 

T →∞ 

1 

T 
E 

[ ∫ T 

0 

[ 
‖ x ∗i (t ) − γ v ∗(t ) ‖ 2 Q 

+ ‖ u 

∗
i (t ) ‖ 2 R 

] 
dt 

]
, 

J i (u i , u 

∗
−i ) = lim sup 

T →∞ 

1 

T 
E 

[ ∫ T 

0 

[ 
‖ x i (t ) − γ

N 

( N ∑ 

j � = i 

x ∗j (t ) + x i (t ) 
)
‖ 2 Q 

+ ‖ u i (t ) ‖ 2 R 

] 
dt 

]
, (22) 

where ˆ x (N ) = 

1 
N 

∑ N 
j=1 x 

∗
j and x i refers to the closed-loop solution corresponding to some 

control u i ∈ U glo,i . 
To derive the asymptotic equilibrium,we need firstly to prove several lemmas, whose 

proofs are left to Appendix. 

Lemma 3. For the system (1) and the cost function (2) , if (A1)–(A4) hold, then 

sup 

N≥1 
max 

1 ≤i≤N 
J i (u 

∗
i , u 

∗
−i ) ≤ C 2 , 

sup 

N≥1 
max 

1 ≤i≤N 
lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

∥∥∥∥(γ /N ) 

N ∑ 

j � = i 

x ∗j (t ) 
∥∥∥∥

2 

Q 

dt ≤ C 3 . 

Lemma 4. For the system (1) and the cost function (2) , if (A1)–(A4) hold, then 

J i (u 

∗
i , u 

∗
−i ) ≤ J i (u 

∗
i , γ v ∗) + O 

(
1 

N 

+ εN 

)
. 

Lemma 5. For the system (1) and the cost function (2) , if (A1)–(A4) hold, then 

J i (u 

∗
i , γ v ∗) ≤ inf 

u i ∈U glo,i 

J i (u i , u 

∗
−i ) + O 

(
1 

N 

+ εN 

)
. 

Now we give the result of asymptotic optimality of the strategies (16) . 
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heorem 2. For the system (1) and the cost function (2) , if (A1)–(A4) hold, then the series of
trategies { u i ∈ U loc,i , 1 ≤ i ≤ N } is an ε-Nash equilibrium with respect to the corresponding
eries of cost functions { J i , 1 ≤ i ≤N }, where ε = O( 1 N + εN ) . 

roof. From Lemma 2 , it follows that lim N→∞ 

εN = 0. By Lemmas 4 and 5 , we have 

 i (u 

∗
i , u 

∗
−i ) ≤ inf 

u i ∈U glo,i 

J i (u i , u 

∗
−i ) + O 

(
1 

N 

+ εN 

)
. 

hen, this theorem holds by the definition of ε-Nash equilibrium. �

. The scalar model 

Suppose that a pharmaceutical company plans to cultivate a batch of bacteria (such as
enicillium) for drug production. For a large number of bacterial strains scattered randomly
n the culture medium, the position for each bacterial strain can be regarded as a realization
f a random variable with a uniform distribution. Besides, there exists a tiny difference of
utrient profile in different place of the culture medium, and this will lead to a tiny difference
f the relative rates of growth among bacteria strains. Based on the statement above, let
i = (θ1 

i , θ
2 
i ) ∈ � � [ θ, θ ] × [ ϑ , ϑ ] ⊆ R 

2 , which is a closed rectangle. For the i th bacteria
train, its population growth model is described by Øksendal [18] 

x i (t ) = [ a(θi ) x i (t ) + bu i (t )] dt + σx i (t ) dw i (t ) , (23)

here x i ( t ), u i ( t ) are its size of the population and the control at time t respectively.
(θi ) + σ˜ ω i (t ) dt is the relative rate of growth at time t , where ˜ ω i (·) is the white noise
orresponding with the Brownian motion w i (·) . 

In order to achieve the average of overall population for each bacterial strain, the
erformance target of the i th bacteria strain is given by 

 i (u i , u −i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[ 
q[ x i (t ) − γ x (N ) (t )] 2 + ru 

2 
i (t ) 

] 
dt , 

here q > 0 is constant. 
Following the notation in Section 3 and Eq. (16) , we can get the optimal control and its

losed-loop system of the i th bacteria strain 

u 

∗
i (t ) = −b 

r 

[ 
P i x 

∗
i (t ) + g 

∗
i (t ) 

] 
, 

x ∗i (t ) = 

[
k i x 

∗
i (t ) −

b 

2 

r 
g 

∗
i (t ) 

]
dt + σx ∗i (t ) dw i (t ) , 

here P i and g 

∗
i (t ) are given by 

(2a i + σ 2 ) P i − b 

2 

r 
P 

2 
i + q = 0, 

g 

∗
i (t ) = −γ q 

∫ ∞ 

t 
exp { k i (s − t ) } v ∗(s) ds, 

k i = a i − b 

2 

r 
P i . 
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From the closed-loop system of the i th bacteria strain, we see that for one thing, the optimal
control of the i th bacteria strain is used to adjust its relative rate of growth; for another, to
track a signal involving the average level of all bacteria strain population. 

Next, we deal with the algebraic Riccati equation and the fixed point equation. Taking the
positive root of the Riccati equation above, we have 

P i = 

r(2a i + σ 2 ) + 

√ 

r 2 (2a i + σ 2 ) 2 + 4qrb 

2 

2b 

2 
. 

Under the condition 

4γ qb 

2 

{ r 1 / 2 σ 2 + 

√ 

4qb 

2 } 2 < 1 , 

we can check that the contraction condition (15) holds, and v ∗(·) satisfies the following fixed
point integral-equation: 

v ∗(t ) = 

∫ 
�

∫ t 

0 

∫ ∞ 

s 1 

exp { k θ (t + s 2 − 2s 1 ) } v ∗(s 2 ) ds 2 ds 1 dF (θ ) + 

∫ 
�

exp { k θ t} x 0 dF (θ ) , (24) 

where k θ = a θ − b 2 

r P θ . 

Remark 4. In regard to the fixed point equation above, we ask the system-parameters to
satisfy some statistical properties. For detail, we consider the case of the continuum-parameters 
and ask that the prior distributions weakly converge. Without this assumption, the mean field
state is hard to calculate. Recently, [29,30] discussed the mean filed games of finite number
of agents and provided other effective methods to avoid the fixed point problem. However, 
the computational complexity is high, once the number of agents is large. 

Remark 5. Notice that the mean field term satisfies an integral-equation above under some
contractive conditions. Comparing with the classic linear quadratic optimal tracking, the linear 
quadratic mean field control needs solving a fixed point integral equation in advance. In
addition, the linear quadratic mean field control involves finding a decentralized control for 
each agent, and the decentralized controls are proved having an ε-Nash equilibrium property. 
However, the classic optimal control involves finding a centralized control which is optimal. 

6. Conclusion 

This paper studies mean field LQ games for continuum-parameterized multi-agent systems. 
The decentralized control problem for LPMS with coupled stochastic cost functions is inves- 
tigated, including the control design and the closed-loop analysis. We show that the decentral- 
ized control laws designed is asymptotically optimal with respect to the coupled cost function.

Appendix A 

A1. Proof of Proposition 1 

Proof. The proof of (a) can be found in [31] or [25] , and (b) holds by Theorem 3.7 of [31] .
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J
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T

(c). The linear ordinary differential equation 

˙  (t ) + G 

′ g(t ) + 

n w ∑ 

j=1 

D 

j ′ P E 

j − γ Qh(t ) = 0. 

dmits an explicit solution 

(t ) = exp {−G 

′ t} g(0) + 

∫ t 

0 
exp {−G 

′ (t − s) } 
⎡ 

⎣ 

∑ 

j 

D 

j ′ P E 

j − γ Qh(s) 

⎤ 

⎦ ds. 

ince all the eigenvalues of G have negative real parts, there exist r , k > 0 such that
 exp { Gt}‖ ≤ r exp {−kt} , t ≥ 0. Taking 

(0) = 

∫ ∞ 

0 
exp { G 

′ s} 
⎡ 

⎣ γ Qh(s) −
∑ 

j 

D 

j ′ P E 

j 

⎤ 

⎦ ds , 

nd we get the formula of g ( t ). To show g(·) ∈ C b n ([0, ∞ ) ; ‖ · ‖ ∞ 

) is not difficult, thus we
mit it. �

(d). Define the cost index of finite horizon 

 

T (u) = 

∫ T 

0 
[ ‖ x(t ) − γ h(t ) ‖ Q 

+ ‖ u(t ) ‖ R ] dt , 

nd we deal with the case of the 1-dimensional Brownian motion, the n w 

-dimensional
ituation is similar. 

By using Itô’s formula, we have 

 

′ (T ) P x(T ) − x ′ (0) P x(0) = 

∫ T 

0 

[ 
x ′ A 

′ P x + u 

′ BP x + x ′ PAx + x ′ P Bu 

+ x ′ D 

′ P Dx + 2x ′ D 

′ P E + E 

′ P E 

] 
dt, 

g 

′ (T ) x(T ) − g 

′ (0) x(0) = 

∫ T 

0 

[ 
− g 

′ Ax + g 

′ BR 

−1 B 

′ P x − E 

′ P Dx + γ hQx + g 

′ Ax + g 

′ ) Bu 

] 
dt

ia the algebraic Riccati equation and the ordinary differential equation g ( · ), we can check 

 

T (u) = 

∫ T 

0 
‖ u + R 

−1 B 

′ (P x + g) ‖ 2 R + γ 2 h 

′ Qh − g 

′ BRB 

′ g 

] 
dt 

+ E 

′ P E + 2g 

′ (0) x(0) − 2g 

′ (T ) x(T ) + x ′ (0) P x(0) − x ′ (T ) P x(T ) . 

he conclusion depends on the facts (whose proofs are similar with our Lemma 1 ) 

 ‖ x(T ) ‖ = o( 
√ 

T ) , E 

∫ T 

0 
‖ x(t ) ‖ 2 dt = O(T ) , T → ∞ . (25)

hus, (d) is proved. 
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A2. Proof of Lemma 2 

By the integral form of Eqs. (10) and (11) , we know 

E x i (t ) = E x θi (t ) = E x θ (t ) | θ= θi . (26) 

Via the definition of F N 

( θ ) and Eq. (26) , and substituting v with v ∗, we have 

(1 /N ) 

N ∑ 

i=1 

E x ∗i (t ) = 

∫ 
�

E x ∗θ (t ) dF N (θ ) . (27) 

Thus 

E 

∥∥∥∥∥(1 /N ) 

N ∑ 

i=1 

x ∗i − v ∗
∥∥∥∥∥

2 

≤ 2E 

∥∥∥∥∥(1 /N ) 

N ∑ 

i=1 

x ∗i (t ) − (1 /N ) 

N ∑ 

i=1 

E x ∗i (t ) 

∥∥∥∥∥
2 

+2 

∥∥∥∥∥(1 /N ) 

N ∑ 

i=1 

E x ∗i (t ) − v ∗
∥∥∥∥∥

2 

= 2E 

∥∥∥∥∥(1 /N ) 

N ∑ 

i=1 

x ∗i (t ) − (1 /N ) 

N ∑ 

i=1 

E x ∗i (t ) 

∥∥∥∥∥
2 

+2 

∥∥∥∥
∫ 

�

E x ∗θ (t ) dF N (θ ) −
∫ 

�

E x ∗θ (t ) dF (θ ) 

∥∥∥∥2 

. (28) 

Noticing that { x ∗i , i = 1 , . . . , N } are independent with each other, which along with
Lemma 1 , yield 

E 

∥∥∥∥ 1 

N 

N ∑ 

i=1 

x ∗i (t ) −
1 

N 

N ∑ 

i=1 

E x ∗i (t ) 
∥∥∥∥

2 

≤ 1 

N 

2 

N ∑ 

i=1 

E ‖ x ∗i (t ) − E x ∗i (t ) ‖ 2 

≤ 1 

N 

2 

N ∑ 

i=1 

E ‖ x ∗i (t ) ‖ 2 

≤ C 5 

N 

. (29) 

Let 

�N (t ) � 

∫ 
�

E x v θ (t ) dF N (θ ) , 

�(t ) � 

∫ 
�

E x v θ (t ) dF (θ ) , 

εN � sup 

t∈ [0, ∞ ) 

‖ �N (t ) − �(t ) ‖ . 

From Eq. (12) , we can check the following statements hold: 

sup 

t∈ [0, ∞ ) 

sup 

θ∈ �
‖ E x v θ (t ) ‖ < ∞ , 

sup 

t∈ [0, ∞ ) 

sup 

θ1 ,θ2 ∈ �
‖ E x v θ1 

(t ) − E x v θ2 
(t ) ‖ < L‖ θ1 − θ2 ‖ , 
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here L is a positive constant which is independent of the parameters t , θ1 , θ2 . 
Thus, under the basic Assumption (A2), we have 

lim 

→∞ 

sup 

t∈ [0, ∞ ) 

‖ �N (t ) − �(t ) ‖ = 0. 

So the lemma holds. 

3. Proof of Lemma 3 

We only prove the first inequality, another is similar with the first one. From Eq. (20) ,
e have 

 i (u 

∗
i , u 

∗
−i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[
‖ x ∗i (t ) − γ ˆ x (N ) (t ) ‖ 2 Q 

+ ‖ u 

∗
i (t ) ‖ 2 R 

]
dt 

≤ lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[
‖ Q‖‖ x ∗i (t ) − γ ˆ x (N ) (t ) ‖ 2 + ‖ R‖‖ u 

∗
i (t ) ‖ 2 

]
dt 

≤ lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[
2‖ Q‖ (‖ x ∗i (t ) ‖ 2 + ‖ γ ˆ x (N ) (t ) ‖ 2 ) + ‖ R‖‖ u 

∗
i (t ) ‖ 2 

]
dt . 

hen the first inequality of this lemma holds by Lemma 1 . 

4. Proof of Lemma 4 

Because 

 i (u 

∗
i , u 

∗
−i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[ 
‖ x ∗i (t ) − γ v ∗(t ) + γ v ∗(t ) − γ ˆ x (N ) (t ) ‖ 2 Q 

+ ‖ u 

∗
i (t ) ‖ 2 R 

] 
dt 

= J i (u 

∗
i , γ v ∗) + lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[ 
‖ γ v ∗(t ) − γ ˆ x (N ) (t ) ‖ 2 Q 

+ 2(x ∗i (t ) − γ v ∗(t )) ′ 

×Q(γ v ∗(t ) − γ ˆ x (N ) (t )) 
] 
dt , 

hen the lemma holds by Lemmas 2 and 3 . 

5. Proof of Lemma 5 

Since inf u i ∈U glo,i J i (u i , u 

∗
−i ) ≤ J i (u 

∗
i , u 

∗
−i ) , thus we only consider such u i ∈ U glo,i that satisfies

 i (u i , u 

∗
−i ) ≤ J i (u 

∗
i , u 

∗
−i ) . From Lemma 3 , together with noticing that 

im sup 

T →∞ 

1 

T 
E 

∫ T 

0 

∥∥∥∥(1 − γ

N 

)
x i (t ) − γ

N 

N ∑ 

j � = i 

x ∗j (t ) 
∥∥∥∥

2 

Q 

dt ≤ J i (u i , u 

∗
−i ) ≤ C 6 , 

t follows that 

lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

∥∥∥∥
(

1 − γ

N 

)
x i (t ) ‖ 2 Q 

dt 

≤ lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

∥∥∥∥
(

1 − γ

N 

)
x i (t ) − γ

N 

N ∑ 

j � = i 

x ∗j (t ) 
∥∥∥∥

2 

Q 

dt 
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+2E 

∫ T 

0 

∥∥∥∥ γ

N 

N ∑ 

j � = i 

x ∗j (t ) 
∥∥∥∥

2 

Q 

dt ≤ C 7 . 

From the following inequality, 

lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

∥∥∥∥
(

1 − γ

N 

)
x i (t ) 

∥∥∥∥
2 

Q 

dt = 

(
1 − γ

N 

)2 

lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 
‖ x i (t ) ‖ 2 Q 

dt 

≥
(

1 − 2 

γ

N 

)
lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 
‖ x i (t ) ‖ 2 Q 

dt , 

and letting N → ∞ , we have 

lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 
‖ x i (t ) ‖ 2 Q 

dt ≤ C 8 . (30) 

Notice that 

J i (u i , u 

∗
−i ) = lim sup 

T →∞ 

1 

T 
E 

∫ T 

0 

[
‖ x i (t ) − γ

N 

( N ∑ 

j � = i 

x ∗j (t ) + x i (t ) 

)
‖ 2 Q 

+ ‖ u i (t ) ‖ 2 R 

]
dt 

≥ J i (u 

∗
i , γ v ∗) + lim inf 

T →∞ 

1 

T 
E 

∫ T 

0 
2γ

[
v ∗(t ) − ˆ x (N ) (t ) + ˆ x (N ) (t ) 

− 1 

N 

( N ∑ 

j � = i 

x ∗j (t ) + x i (t ) 

)]
′ Q(x i (t ) − γ v ∗(t )) dt 

= J i (u 

∗
i , γ v ∗) + I N 1 + I N 2 . 

where 

I N 1 = lim inf 
T →∞ 

1 

T 
E 

∫ T 

0 
2γ [ v ∗(t ) − ˆ x (N ) (t )] ′ Q(x i (t ) − γ v ∗(t )) dt , 

I N 2 = lim inf 
T →∞ 

1 

T 
E 

∫ T 

0 
2γ

[
1 

N 

(x ∗j (t ) − x j (t ) 

]′ 
Q(x i (t ) − γ v ∗(t )) dt . 

From Lemma 2 , we may obtain 

max {| I N 1 | , | I N 2 |} = O 

(
1 

N 

+ εN 

)
. 

Thus the lemma is true. 
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