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Fig. 3. Control input.

can see that the proposed controller has quite good performance and is
quite effective in dealing with system uncertainties.
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Comments on “A Revisit to the Gain and Phase Margins of
Linear Quadratic Regulators”

U. Holmberg

Abstract—In the above paper,1 an example is given, showing that the LQ
controller gives an arbitrary small gain margin with respect to variations
of the open-loop plant. As a remedy, a dynamic-state feedback is proposed
which is claimed to give an arbitrary large gain margin. This is incorrect. In
fact, the proposed dynamic state feedback controller does not even stabilize
the nominal system.

Zhang and Fu give several thoughtful examples about the interpreta-
tion of the guaranteed gain and phase margins for the linear quadratic
regulator (LQR). In Example 2, a particular parameterization of the per-
formance index is chosen, showing that an arbitrarily small gain margin
with respect to open-loop variations can be obtained. Then a modifica-
tion of the controller is claimed to solve the problem and even achieve
arbitrarily large gain margins. However, this modification is incorrect.
The mistake is due to an unstable pole-zero cancellation. The unstable
mode is, therefore, present in the closed-loop system. A disturbance
entering between the cancellation point will excite the unstable mode
and make some states unbounded.

The studied system consists of two first-order systems in series

x1 =
B1

A1

u x2 =
B2

A2

x1

with A1, A2, B1, B2 being polynomials in the differential operator.
The LQ regulator is of the formu = �f1x1 � f2x2 and the proposed
dynamic modification can be written

u = �
S1
R1

x1 �
S2
R2

x2

withR1,R2,S1,S2 being polynomials in the differential operator. The
closed-loop system has a cascade control structure with an inner and
outer loop. The inner loop is driven byv = �(S2=R2)x2 according to

x1 =
A1R1

Ac1

v Ac1 = A1R1 +B1S1:

From the outer loop perspective, this inner closed loop is in series with
the second subsystem. It is between these systems the cancellation oc-
curs sinceR1 is chosen to be equal toA2 in the paper. For clarity, in-
troduce a disturbancew between the inner closed loop and the second
subsystem according to

x2 =
B2

A2

(x1 + w):

The closed-loop response fromw to x2 is

x2 =
Ac1R2B2

Ac

w

where

Ac = A2Ac1R2 +B1B2R1S2
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is the closed-loop characteristic polynomial, which determines the sta-
bility of the system. Since the authors chooseR1 = A2 it follows that
Ac = A0

c
A2, whereA0

c
= Ac1R2 + B1B2S2. Thus, the closed-loop

response is passing through the open-loop second subsystem

x2 =
Ac1R2

A0

c

B2

A2

w:

SinceA2 = s (wheres = d=dt) the closed loop is unstable. In the
paper, the modified feedback fromx1 is S1=R1 = f1 + (s� 1=s)Q
whereQ 6= 0 modifies the original state feedback. Clearly, for all
valuesQ 6= 0 it follows thatR1 = s = A2. Thus, the proposed
modified feedback makes the system unstable even in the nominal un-
perturbed case.

Authors’ Reply

M. Fu and C. Zhang

U. Holmberg correctly pointed out an error in the above paper,1 .
Specifically, the dynamic state feedback controller in (23) of the paper1
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does not lead to internal stability. However, this error can be easily fixed
by modifying the controller to

u(s) = � 2
p
r + r +

s� 1

s+ �
Q(s) x1(s)

+ r +
s

s+ �
Q(s) x2(s)

where� > 0 andQ(s) is a stable transfer function, both to be de-
termined. For� = 0, the modified controller reduces to (23) in the
paper.1 It is easy to see that the modified controller has the same fea-
tures as (23) in the paper,1 i.e., it reduces to optimal nominal controller
whenQ(s) = 0 and that theQ(s) term does not alter the closed-loop
transfer function. Similar to the paper,1 we chooseQ(s) = �r. It is
straightforward to verify that the closed-loop characteristic polynomial
is given by

s3 + (�+ 2
p
r)s2 + (r(1� ��) + 2�

p
r)s+ �r(1 + �)

where1 + � is the “perturbed” plant gain. Using Routh-Hurwitz cri-
terion, the roots of the characteristic polynomial are Hurwitz stable if
and only if

� :=(�+ 2
p
r)(r(1� ��) + 2�

p
r)� �r(1 + �)

=3�r + r(2
p
r(1� ��)� ��) + �(r(1� ��) + 2�

p
r) > 0:

Choose

� =
2
p
r

��(2
p
r + 1)

where�� > 0 is any upper bound for�. Then, it is verified that(1 �
��) > 0 and(2

p
r(1���)���) > 0. Hence,� > 0 and an arbitarily

large gain margin is achieved.
It is noted that large gain margin requires� to be small, leading to

small stability margin for the close-loop poles. However, this seems an
understandable tradeoff.
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