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SUMMARY

This paper is concerned with the optimal linear quadratic regulation problem for discrete-time systems with
state and control dependent noises and multiple delays in the input. We show that the problem admits a
unique solution if and only if a sequence of matrices, which are determined by coupled difference equations
developed in this paper, are positive definite. Under this condition, the optimal feedback controller and the
optimal cost are presented via some coupled difference equations. Our approach is based on the stochastic
maximum principle. The key technique is to establish relations between the costate and the state. Copyright
© 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Time delays exist in many real processes in economics, finance, networked control systems, popula-
tion dynamics, and so on. Its wide applications have inspired long-term interest and active research
on time-delay systems. The control problems for time-delay systems have been extensively studied
since 1960s [1-7]. For example, [2] considers the linear quadratic regulation (LQR) problem for
systems with constant delays in both state and control variables and characterizes the feedback gain
of the optimal controller by a three-argument matrix function which obeys a set of partial differ-
ential equations. The presence of a delay in the state (resp. control) variable of the system makes
the optimal controller dependent on the past state (resp. past control). This property creates serious
technical difficulties for the optimal control problem for time-delay systems.

On the other hand, systems with stochastic uncertainties have received much attention as well
[8-13]. Reference [10] is concerned with H *° control problem for discrete-time systems with mul-
tiplicative noises. Necessary and sufficient conditions for the existence of a stabilizing controller
making the norm of a perturbation operator less than a specified value are derived by means of
coupled nonlinear matrix inequalities. The authors of [12] investigate the finite-horizon LQR prob-
lem for systems with state and control dependent noises subject to an indefinite performance cost
function. The existence of an optimal controller is shown to be equivalent to the solvability of a
generalized difference Riccati equation.
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Systems involving both time delay and stochastic uncertainties are often used to model financial
quantities [ 14], networked control systems with random delay [15, 16] or with both delay and packet
dropout [17], and so on. Their great significance in application is one of the motivations for us to
consider the control problem for such systems. In addition, optimal control problems for stochastic
systems with delays have attracted much attention. Dynamic programming principle and maximum
principle for systems described by stochastic differential equations with delays are established in
[18] and [19], respectively. Both the finite-horizon LQR problem and the stabilization problem are
solved in [20] for discrete-time systems with state and control dependent noises and a single input
delay, which derives the condition for the existence of a unique optimal controller in terms of a
Riccati-ZXL difference equation and the stabilizing condition of an algebraic Riccati-ZXL equation.
The authors of [21] investigate the finite-horizon LQR problem for continuous-time stochastic lin-
ear systems with multiple delays in both state and control variables. It presents the optimal feedback
controller in terms of a different type of Riccati equation. However, it also points out that the solv-
ability of this type of Riccati equation is not easy to obtain. By examining the existing literature,
we find that conditions for the existence of an optimal feedback controller for stochastic systems
with multiple input delays are not available. Motivated by this, we will study the conditions for the
existence of an optimal feedback controller for such a system.

The purpose of this paper is to extend the finite-horizon LQR problem in our early work [20]
to discrete-time systems with state and control dependent noises and multiple input delays. The
approach is based on the maximum principle, which is given by delayed forward backward stochas-
tic difference equations composing of a state equation (delayed and forward), a costate equation
(backward) and an equilibrium condition. The key technique is to establish relationships between
the costate A and the state x. Difficulties encountered in the generalization from the single-delay
case [20] to the multiple delay case include two aspects. First, only one relation between A;_; and
Xx is enough to derive the optimal controller in [20]. However, another one between A4 (d is
the maximal time delay) and xj is necessary for the multiple delay case. Because of the time lag
between A 141 and xg, the establishment of this relation is complicated, and the associated coef-
ficient matrices can not be expressed directly but only recursively. Secondly, the optimal controller
in the multiple delay case no longer admits a simple predictor form as in [20]. This further leads
to the complexity of the coupled difference equations which yield the gain matrices of the optimal
controller compared with the simple Riccati-ZXL difference equation in the single-delay case.

The contribution of this paper is as follows. First, a necessary and sufficient condition for the LQR
problem to admit a unique solution is proposed. Most papers in the literature on the LQR problem
impose the condition that the control weight in the quadratic cost function is positive definite to
guarantee that the optimal controller is unique, see, for example, [1-6, 8], and [9]. But this condition
is too strong in general. Here, we only require that the control weight is positive semi-definite.
Secondly, we present explicitly the optimal feedback controller and the optimal cost via coupled
difference equations. Finally, our approach to finding relations between the costate and the state can
be used to solve more general delayed forward backward stochastic difference equations such as
equations involving delays in both the forward equation and the backward equation.

The rest of paper is organized as follows. Section 2 describes the optimal control problem to be
addressed. Section 3 presents the solution to the problem. Section 4 shows the derivation of the solu-
tion. Section 5 gives two numerical examples. Section 6 gives conclusions. Appendix supplements
some details of the proof.

The following notations will be used in this paper: R? stands for an p—dimensional Euclidean
space; I denotes an identity matrix with appropriate dimension. For a matrix X, X’ is its transpose;
A symmetric matrix M > 0 (reps. = 0) means that it is strictly positive definite (reps. positive semi-
definite). For a random variable £ and a o-algebra G, E[£] and E[¢|G] represent the expectation of
& and the conditional expectation of § with regard to G, respectively; 0; ; is the usual Kronecker
function, thatis, 6; ; = 1if i = j and 6; ; = 0 otherwise.
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2. PROBLEM FORMULATION

Consider the following discrete-time stochastic system with multiple input delays:

r d r
Xer1= | A+ Y oe(DA; | xe+ Y| Bi+ > on()Bij | ug—in k=0.....N. (1)

j=1 i=0 j=1
Here, x; € R? and uy € RY are the state and input control, respectively; d is a constant delay; xo
andu_;,i = 1,...,d, are known deterministic initial values; A, A;, B; and B; j with j = 1,...,r
andi = 0,...,d are constant matrices with compatible dimensions; w; = (a)k(l) ceswp(r) )/

is a r-dimensional zero-mean white noise defined on a complete probability space {2, F, P}
with covariance
E| A 3, k=t,
wrw;| =
K=o, k £1,
where ¥ > 0. Let { Fg }x=o,..., N, thatis, Fp € F
is the o-subalgebra generated by {wy, . .., wx }, and F_; ={@, Q} be the smallest o-subalgebra of F.
Consider the cost function

.....

N

J=E |:Z (xp Oxk + up Rug) + X;V_,_IPN+1XN+1:| , @)
k=0

where O = 0, R = 0 and Py4+; = 0. The optimal control problem under consideration is

formulated as follows:

Problem 1
Find Fj_1-measurable ug, k = 0, ..., N, to minimize the cost function (2) subject to system (1).

The aim of this paper is twofold: (i) Establish a necessary and sufficient condition for Problem 1
to admit a unique optimal controller; and (ii) If this condition is satisfied, give explicitly the optimal
feedback controller and the optimal cost.

Remark 1
System (1) studied in this paper is with one input u; and with multiple delays in this input, while
systems considered in the literature [22-25] contain several inputs u}(, ey uZ where each input

!/
admits a single (but different) delay. If we define u; = ( (u}c)/ .. (uZ)/ ) , then systems in [22-25]
can be changed into system (1), and the LQR problem studied in [22-25] can be equivalently con-
verted into Problem 1. However, the converse is not possible in general. In addition, if the inputs
u}'(, i =1,...,h, admit the same delay, the LQR problem in [22-25] reduces to the LQR problem
for single-delay system investigated in [20].

Remark 2

The differences between this paper and [26] are as follows. Reference [26] focuses on the stabi-
lization problem for discrete-time systems with control dependent noise and multiple input delays,
while this paper studies the finite-horizon LQR problem. Also, the multiplicative noise in [26] is
required to satisfy additional independence assumptions.

3. MAIN RESULTS
For simplicity, we will first consider a special case of system (1) with r = 1 and B; = Bi,l = 0 for
i=1,...,d — 1, thatis,

Xkr1 = [A + o (DA xk + [Bo + o (1) Bo1 Jug + [Ba + ox (1) Ba 1 | uk—a- (3)

In this case, the white noise wy = wi (1) becomes one dimensional, and its variance X is a
nonnegative scalar; {F }x>o still represents the natural filtration generated by {wy }x>o. Notations
A1, Bo,1 By, will be re-denoted by A, By, and B,. Then, the LQR problem is restated as follows:
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Problem 2
Find Fj_1-measurable ug, k = 0, ..., N, to minimize the cost function (2) subject to system (3).

Following the results in [22], we give the maximum principle of Problem 2 which will play a key
role in this paper:

X1 = A(k)xg + Bo(k)uk + Bg(k)ug—q. )

AN = PNy1xny1, (%)

Ai—1 = E [A'(k)Ag|Fx—1] + Oxx, (6)

0= E[By(k)Ak + By (k + d)AkyalFe—1] + Rug, k=0,... N, (7

where Ay is the costate with A = 0 for k > N and
A(k) = A+ wr A, Bo(k) = By + wgBo, By(k) = By + w By.

Define the coupled difference equations as

P = APy A+ AP A— TR T + 0, )
where
Ry =R + B{Piy1Bo + B Piy1Bo + B Peva+1Ba + B, Piiar1Ba
/ pd—1 -1\’ a d—i\ p—1 pd—i ©)
+ Bo Py + (Pk+1) Bo—) . (Tk+i ) RiviTiewi -
i=
_ _ li
Ty =B\ Pry1A+ SByPii A + (p,g+—11> Al (10)
with
_ _ /
T® = B)Pryy By + SByPis1 By + (P,j’;ll) Ba, (11)
j ) pi—1 d—j-1\ / d—i\ p-1 pj—i
Tie = BoPiyy + (Pk+j+1) By — Z (Tk—i-i) RiviTiyi (12)
i=1
PY = A Pry1Bg + SA Pry1 By — TR TY, (13)
Pl =AP | -TR'T!. j=1.....d - 1. (14)

The terminal value is given by
Pyt Pysiv1 =0, P}, =0, T} =0, Rysi=1,i21,j=0,....d-1 (15
The solution to Problem 2 is stated in the following theorem.

Theorem 1
Problem 2 has a unique optimal controller if and only if Ry > 0,k = 0, ..., N. In this context, the
optimal controller uy is given by

Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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d—1
U = —R,:lTkxk - Rlzl Z Tkj”j+k—d~ (16)
=0
The associated optimal value of (2) is given by
d—1 d—1
J* = x4Poxo +2x0 Y Pduj_q+ Y u'_y (ByPj11By+ By P;11By)uj_q
d—1d—-1 = o = d—1d—-1d-1 ) , ) a7
+23 3w B P e =YY Y, (T;‘f) RAT  uia.
j=0i=0 j=0i=0 f=0

In addition, the optimal costate Ax_; and state xj satisfy the following non-homogeneous
relationship

d—1

A1 = Prxp + Z ijuj+k_d. (18)
j=0

The proof of Theorem 1 will be provided in the next section.

Remark 3
Pk’ and Tkj with j = 0,..., d — 1 are well defined by (8)—(15). For simplicity, we have used the

notations Pk] and Tkj for j < 0in (17). Throughout the paper, we set Pk] = 0 and Tkj = 0 for
j <0.

Remark 4 B
For a delay-free system, that is, By = By = 0, (11) and (13) become

0 0 —170
According to (12) and (14), it yields
/!
1 0 d—1 -1 70
Ty = B(,)Pk+1 - (Tk+1) Rii1 Ty =0,
Pl=AP —TR'T} =0.

Inductively, it can be derived that T/ = O and P/ = Ofor j = 0,...,d — 1 and any k. Then,
(10) and (9) reduce to

Ry = R+ B{Px+1Bo + B} P11 Bo, (19)

Ty = ByPri1 A+ ZByPryi A (20)

It can be easily observed that (8), (19), and (20) are the generalized Riccati equation arising in
the standard stochastic LQR problem [12]. In addition, (16) and (17) degenerate to

U = —R;lTkxk,

J* = x4 Poxo.
Therefore, Theorem 1 contains the standard stochastic LQR problem as a special case.
Now, we extend Theorem 1 to system (1). First, we generalize (8)—(14) as follows:

r r
Pie= AP A+ ) oAy P Al = TR T + 0. @1)
f=1l=1
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d—1
Ry = R+Z B Pyiv1Bi + Z ZUﬁIB,ka+z+1le + ZB P
i=0 f=1i=1 i=0
d—1 d
d—i—1 d
+ Z (Pk+zl+1) B; — Z (Tk-H) Rk+z Tk-i—ll’ (22)
i=0 i=1
/
Te = By Pii1 A + Z ZaleOka_HAl n (Pk+1) A, (23)
f=1i=1
. J j—1 .
T) = Z B!Pxyit1Bi—jra + Z ZUfIB, PeviviBicjyan | + ZB ij+zl+1
i=0 f=11=1 i=0
PRy j
—i—1 i
+Z(Pk+il+1) Bi_jta _Z(Tk-i-l) Rk-HTk]-H’ (24)
i=0 i=1

r r
Pl = APy 1Ba_j+Y > 07 A, Py Ba_ji+A’ PIII-T{R'TY. j=0.....d —1, (25)
f=1l=1

where the terminal value is given by (15) ando sy, f =1,...,r,l =1,...,r, are elements of the
variance matrix X, that is,

01,1 *** O1,r
Y = Do
Or,1 Or,r
Theorem 2
Problem 1 has a unique optimal controller if and only if Ry > 0, k = N,...,0. In this case, the
optimal controller is
d—1 )
we = =R Texe — R Y T ujsia. (26)
j=0
and the optimal cost is
d—1d—1d-1

J* —x0P0x0+2XOZP uj_ d+ZZZu1 d|: m+d_ij+le+d—i

Jj=0i=0 m=0

+ Z foﬁ13§n+d_,-, s Pmt1Bura-is + By g Pt @7
fe1i=1

P / . ’ _ .
#(PA ) B = (T R T i
where B; and Bi, ;j are defined to be zero fori > d.
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Remark 5

Theorems 1 and 2 present solutions to the LQR problem for system (3) and (1), respectively. Dif-
ferences between systems (3) and (1) are as follows. First, the multiplicative noise of system (3)
is wy (1), which is a scalar, while that of system (1) is (wk(l) <o wp(r) )/, which is high dimen-
sional. Secondly, system (3) contains one delayed input term u;_,;. However, system (1) includes
d delayed input terms {ug_,...,ur_q}. In addition, by setting r = 1 and B; = B;; = 0 for
i =1,...,d—1,system (1) reduces to system (3). In this case, it can be easily verified that (21)—(27)
naturally becomes (8)—(17). Hence, Theorem 1 is a special case of Theorem 2.

4. PROOF OF THE MAIN RESULTS

In this section, we will first give a detailed proof for Theorem 1. Then, some comments on the
derivation of Theorem 2 will be made.

4.1. Proof of Theorem 1

The proof consists of two parts: the necessity is based on the maximum principle (4)—(7); the
sufficiency is deduced by constructing a value function.

4.1.1. Necessity. Suppose Problem 2 admits a unique optimal controller. The aim is to prove that
Ri,k =0,...,N, defined by (8)—(14), is positive definite and the optimal uy is as (16).

The proof will be divided into two steps. First, two linear relations will be established: both Aj_;
and Ay 44— are to be expressed as linear combinations of {xj, ug_1, ..., Ux—q}. The feedback gains
of the optimal controller will be given by means of the coefficient matrices of these linear relations.
The coefficient matrices in the first relation obey some backward recursion equations, but those of
the second relation possess complicated expressions and are not easy to compute. To overcome this
obstacle, in the second step, we will seek connections between the two relations.

Lemma 1
Suppose Problem 2 has a unique optimal controller, then

Ry = B{Piy1Bo + B\ Pry1Bo + E [By(k + d)Sk+1] B

(28)
+ B[ Byk + d)S{l | + ByPE + R > 0.
The optimal controller uy is as
d—1 )
k= =R Texi — R Y Tlujvaa, (29)
=0
with
Tk = BoPri1A+ SByPri A+ E[By(k + d)Ski1] A, (30)
TQ = ByPry1Ba + SB{Piy1Ba + E [B)(k + d)Sk41] Ba. (31)
T/ —BOP,g+1+E[Bd(k+d)S,g+}] j=1...d-1 (32)
Therein, the matrices Py, P k+1’ Sk+1 and Sk+1’ i =0,...,d — 1, are the coefficients of the
following relationships:
d—1 ]
Ak—1 = Prxp + Z Plujii—a. (33)
j=0
Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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d—1

Aktd—1 = Spxp + Z S]{u]q.k_d, (34)
j=0

where Pj and ij satisfy the following coupled difference equations:

Pe=0+ AP A+ SA P A (A Pey1Bo+ SA PpyiBo+ A'P k+1) R\Ty. (35)
P{ = A'Pis1Bg + SA Py By — (A Pisi Bo + SA' Py Bo + A'PE ) RE'TY. (36)

P/ =A'P/T 1—(A’Pk+lBO+EA’Pk+IBO+APk+1)Rk T/, j=1,...d—1, (7

k+1
while S; and S J , which are initialized by Sy4+; = 0 and S ij 4 = 0, contain the noises
{wg, ..., wk+q—1} and will be explicitly expressed in Lemma 3 of Appendix B.
Proof
See Appendix A. O
Lemma 2
The following identities hold for k = 0,..., N:
’
E[Byk + d)Se] = (PES) (38)

J
' d—i-1\ p-1 pd—i—2
E [Béz(k + d)SIg—H] == (Tk—i-zl-i—l) RitisiTiiipn + Z 0. ( k+zl+2) Ba
i=0
+ 0417 (By Pxta+1Ba + EBde-i-d-i-le)’ J=0,....d-1

Proof
See Appendix B. O

Finally, it will be clarified that (28), (30)—(32), and (35)-(37) can be rewritten as (8)—(14) with
the help of Lemma 2. In fact, the application of (38) and (39) in (28) and (30)—(32) yields (10), (9),
(11), and (12) directly. From (9), it follows that

T, = A' Py Bo + SA Py Bo + A'PES.

Employ the aforementioned equation in (35)—(37). Then, (8), (13), and (14) can be derived
immediately. This completes the proof of the necessity of Theorem 1.

4.1.2. Sufficiency. Given (8)—(14)and Ry > 0,k = 0, ..., N, we will show that the unique optimal
controller of Problem 1 and the optimal cost are, respectively, as (16) and (17).
Define a value function by

d—1 d—1
— . / / J !’ /
V(k. %) =E | x; Pexi +2x, Y Plujare+ Y sy p (ByPeyj+1Ba
j=0 j=0
d—1d-1
D/ ) / 1 pi—j—1
+3B) Py j1Ba)ujak +2) Y W g ByP L wiae (40)
j=0i=0
d—1d—-1d-1
’ f S
=200 D Wimark (Tk+f> Rick s T ptti-ak |
j=0i=0 f=0
Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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where X represents the vector (x,/c Uy o Uy )/. By applying (4), it yields

V(kv)zk) - V(k + 1,)_Ck+1)
-1 d-1
=E | x} (Px — A'Peyr1A = SA Py A) X +2x, Y Plujyp—g —2x, A" Pluigka
Jj=0 i=0
d—1
_ _ ,
—2x; (A Py By + BA' Pisr Ba) up—a =g ) (T3) Ry Tiutirk—a
i=0
d—1 N d-1d-1 o, '
=2 jked (Tkl) R Twea =3 ) kg (Tk]) R Tiuik—a
=1 j=1i=1

- M;c B(/)Pk+1BO + 236Pk+1§0 + B;:Pk+d+1Bd + Eéépk+d+1gd + B(,)P]éi_pll

d
1\ d—1\ d— _ _ N/
) o (1) e ] o (BB )
f=1
- - /
—2uy (BéPk+1Bd + S B Pri1Ba + (P,gﬂ;f) Bd) Up—g

d-1 J
j-1 d—j-1) d—f\ p-1 mi-f
—2uj Z BoPly + (Pk+j+1) Ba - Z (Tk+f) Riy s Tivy | Mith—d
j=1 f=1

In view of (10), (9), (11), and (12), the aforementioned equation is further written as

V(k,)?fk) - V(k =+ lv)zk-‘rl)

d—1 d—1
=E | x; (Px — A'Pey1 A= SA Py A) xp +2x, Y Plujip—g —2x,A" Y Pl uigia
j=0 i=0
d—1

_ _ P
_ le/c (A/Pk—i-le + EA/Pk-HBd) Uk—d — u;c—d Z (Tko) Rle]éui-l-k—d
i=0

d—1 d—1d-1
N/ Ny
! ) ROITO / i\ p-l7i,,
=2 jked (Tk> R Tewe—a =D ) Wik (Tk) Ry Thttivk—a
=1 j=1i=1
d—1
J
_u;c(Rk - R)Mk — 2u;chXk — 27/{;{ Z Tk Ujtk—d
Jj=0

Because Ry > 0, we can complete the square in the earlier equation as

Vik, %) — V(k + 1,%k41) = E | x; (Px — A'Pry1 A — SA' Pey A+ TL R Tie) xi

d—1
+2x,) (Pk’—A/PkJ o +T,;R,;1ka)u Ftked +2x} (PO T R T~ A'Pyy 1By — A Py Ba)uk—a
ji=1

/

d—1 d—1
+u}€Ruk — uk-l—R,:lTkxk—i-R,:l Z Tkj Ujtk—d | Rk (uk+R;1Tkxk+R,:1 Z T,éui+k_d)

j=0 i=0

Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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Furthermore, from (8), (13), and (14), it follows that
Vik,xk) = V(k + 1, Xk+1)

’
d—1

=E | x, Oxg + uj Rug — | ux + R ' Tiex + R ! Z ka'qu_d Ry (uk + R Trexk
j=0

d—1
+R;1 Z T,éui+k_d):| .
i =0
; @)
(40)and Py, =0, j = 0,....d — 1 imply that V(N + 1. Xy 1) = E [xly 1 PNy1XN+1]
Adding from k = 0 to k = N on both sides of (41) produces

N
J =" E[x,Oxi +ujRug] + V(N + 1.Xy41)
k=0
N -1 '
=V(0,x0) + £ Z Ug + R;lTkxk + Rlzl Z Tk] Ujik—da | Rk <uk + R,:lTkxk
k=0 j=0

d—1
+R;! Z T]i”i—i—k—d)

i=0

As Ry > 0, the unique optimal controller must be as (16), and the optimal cost is V' (0, X¢), that
is, (17). Thus, the proof of sufficiency is completed. O

4.2. Derivation of Theorem 2

The change of the system from (3) to (1) does not cause any essential differences. The main pro-
cedures in the derivation of Theorem 2 are the same as those in Theorem 1. Therefore, only major
differences in the proof will be listed below.

e The equilibrium condition in the maximum principle becomes

d
0=E |:Z B (k + i)/\k+i|]'—k1:| + Ruyg,

i=0

where B;(k +i) = B; + Z;-=1 wk(j)gi,j.
e Accordingly, it is necessary to establish the additional relations between the costate and
the state

d—1

Meri = Se@)xe + Y ST (ujpr—a. i =0.....d =2,
ji=0

and to set up identities like (38) and (39) for Sk (i), S,g (i), i=0,...,d =2.

4.3. Technical difficulties for the multiple delay case

First, we will review the LQR problem for the single input-delay case investigated in [20]. The
problem is to minimize the following cost function

N N
J=EFE (Z xl/chk + Z M;c_dRuk_d + va+1PN+IXN+1)
k=0 k=d

Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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subject to the system equation
Xie+1 = (A +a)kff)xk + (B +a)kl§)uk_d, k=0,...,N

over Fj_j—measurable u;. Based on the maximum principle, the main idea is to set up the
following relation

d+1
M1 = Plxi+ Y PLE [x|Ficayioa). k=d.....N + 1. (42)
i=2

The optimal controller is shown to be the following predictor form [20]
uk = =Y !y Mivafkrak. k=0,1,....N —d, (43)

where

d
ferae = E Dopral Fio1] = A% + ZAi_lBuk—i- (44)

i=1

The gain matrix is given by the following Riccati-ZXL difference equation

Zy =A'Zr 1A+ 0*A X1 A+ O — Ly, (45)
d—1
X =Zi+ ) _(A) Ligi A", (46)
i=0
Ly = M7 My, (47)
Yy = B'Zy 1B +0*B' Xy 41 B + R, (48)
My = B'Zy 1A+ 0*B' X 1A, (49)

with the terminal values Zy4+; = Py+1 and Xy4+1 = Py+1-

From the technical viewpoint, the difficulty arising in the generalization from the single input-
delay case to the multiple input-delay case lies in the establishment of the relation between the state
and the costate. More specifically, the relation (42) is sufficient to derive the optimal controller in
[20]. However, this is not true for the multiple delay case. Except the relation between A;_; and
Xk (33), another one between Ax 441 and xi (34) is established to compute the optimal controller.
The construction of (33) is similar to that of (42) and is simple, but that of (34) is much more
complicated.

Another fundamental obstacle is that the optimal controller for the multiple delay case does not
process a simple predictor form like (43). The feature of (43) is that only two variables, T and
My, are needed to determine its feedback gains. But for the multiple delay case, d + 2 variables,
Ry, Tk, T,?, ey T]f +1 are necessary to give the optimal gain matrices. (An example will be given
in the next section to further clarify this point). This is the one of the reasons why the coupled
difference equations (8)—(14) can not be simplified like (45)—(49).
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5. NUMERICAL EXAMPLES

Before we give numerical examples, let us see how to solve the coupled difference equations (8)—
(14). In fact, (8)—(14) are backward recursions, and they have solutions for k = N, ..., 0if and only
if Ry is nonsingular. The solution is a set of matrix sequences { R, Tk, T, ..., T,f L PP

P]f -1 } k=N...0" It is worth noting that, for each k, the correct order of computation should be (10)-

(12),(8), (13), and (14). Moreover, the derivation of { R, Tx. T P, P{.j = 0.....d — 1} needs

the previous values {Rk+i, Tt T,‘JH, Pryq, Pryqyi, P l,....d,j=0,...,d — 1}.

J i =
k+1+i0° T

5.1. Example 1

Consider the system (3) and the cost function (2) with

A=15 A=08 By=-2,By=12,B; =1, B;=-02,d=1, £ =1,
N=0,R=10=1, Pyyy = 1.

The solution to (8)—(14) can be easily derived as
Ro = 6.44, Ty = —2.04, TY = —2.24, Py = 3.2438, Py = 0.6304.
Theorem 1 implies that the unique optimal controller and the optimal cost are, respectively,
uy = —Ry ' Toxo — Ry ' TYu—; = 0.3168x¢ + 0.3478u_,
and
J* = Poxg +2P0xou-r + (B{ PrBy + SBi P By — (T9) R T9) w2,
= 3.2438x% + 1.2609xou—_; + 0.2609u? ;.

Next, we will verify in a direct way that the aforementioned u and J* are indeed optimal. Based
on the fact that the admissible control u is a function of x¢ and u#_; and thus is deterministic, the
cost function (2) is computed as

J = B[+ + 7]

)Cg + u% + (Boug + Axo + Blu_1)2 + (B()M() + A_)C() + Blu_l)z

(AB() + /IB()) Xo + (B()B] + Boél) U_1q 2
1+ B} + B}

(1+ B3 + BY) |:uo+

=2 S =12
_ ABy + AB _ BoB; + ByB

ey WRIAN g g gy BB BB
1+ B2 + B? 1+ B2 + B2

__ ABo + ABy) (ByBy + BoB
+2|:ABI+ABl—( o + ABo) (BoB1 + 01)i|x0u_1

1+ B2 + B2
= 6.44[up — 0.3168x¢ — 0.3478u_;]* + 3.2438x7 + 1.2609x0u—; + 0.2609u?

which means J > J* and J reaches J* at u(’)‘. Hence, u(’)‘ and J* are optimal. This demonstrates
the correctness of our results.

5.2. Example 2
Consider the system (3) and the cost function (2) with
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A=2, A=1,By=-2,By=1,B;=1,B;=3,d=2, %=1,
N=1,R=10=1, Pyy = 1.

Direct computation produces the solution to (8)—(14) as

Ri=6T=-3T=1T!=0, P, =45, P) =55, P! =0,

Ry =23.5, Tp = —13.5, T = 4.5, T} = —11, Py = 15.7447, Py = 25.0851, P, = 4.6809.
From Theorem 1, it follows that the optimal controller is

ug = 0.5745x0 + 0.4681u_; —0.1915u_,,
ut = 0.5000x} + Oug — 0.1667u_;.

If the aforementioned optimal controller was a predictor form like (43), then its coefficients would
have to satisfy the following relation

05 0  —0.1667
0.5745  0.4681  —0.1915’

which obviously does not hold. Therefore, the optimal controller in the multiple input-delay case
fails to admit a predictor form as in the single input-delay case.

6. CONCLUSION

This paper resolves the LQR problem for discrete-time systems with multiplicative noise and mul-
tiple input delays. A necessary and sufficient condition for the problem to admit a unique optimal
controller is given. Under this condition, the optimal feedback controller and the optimal cost are
given via coupled difference equations. The approach is based on the maximum principle and the
main idea is to establish the relations between the costate and the state. We expect that the results
in this paper pave new ways for optimal control of stochastic systems with multiple delays in both
state and control variables. In addition, this paper focuses on the finite-horizon LQR problem. The
infinite-horizon LQR problem and the stabilization problem are worth considering in the future.

APPENDIX A: PROOF OF LEMMA 1

Proof
This lemma is to be shown inductively on k. Define
N
J(k) = > E[x]Qxi +ujRu;] + E [xy 1 PNt1xn+41]. k = N.....0. (A.D)
i=k

First, consider the case of k = N. By applying (4), J(/N) defined via (A.1) is computed as
J(N) = E {uy [R+ E (By(N)Pn+1Bo(N))]un
+ 2uly [E (By(N)PN+1Ba(N)) un—g + E (By(N) PN 11 A(N)) xn ]
+uly_gE (Ba(N) Py 11Ba(N))un—q + 2uy_4 E (Bg(N) Py 11A(N)) xn
+xNE (A (N)PN1AN)) xy + Xy Oxn ),

where the fact that xy,uy and uy_; are independent of the noise wy has been used. Because
Problem 1 has a unique solution so does min,, ,, J(NV). Therefore, the weighting matrix of uy in
J(N) must be positive definite, that is,

Ry = R+ E[By(N)PN11Bo(N)] = R+ B{Py+1Bo + SB{Py 1By > 0.
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To solve the optimal u p, substituting (5) and (4) into (7) yields

0= E [By(N)PN+1XN+11FN-1] + Run
= E [By(N)Pn+1A(N)] xn + E [By(N) Py +1Ba(N)|un—g + Ryuy
= (B(/)PN+1A + EB(/)PN+11‘I) XN + (B(/)PN+1Bd + EB(/)PN+1Ed) UN—g + RNMN.
From Ry > 0, it is easily seen that the optimal u y is as (29).
Next, we show that relations (33) and (34) hold for k = N. For d > 1, (34) is trivial because
AN+d—1 = 0. For d = 1, (34) can be derived by employing (4), (5) and the optimal u y, that is,
AN = PN11A(N)xN + Pn+1Bo(N)un + Pn1Ba(N)un—g

= [PN+1A(N)—Pn41Bo(N)RN' TN | XN +[ PN +1Ba(N)—Py 41 Bo(N)RN' TN Jun—a.
(A2)
By plugging (A.2) into (6), one obtains
An-1 = E{[A'(N)Py11AN) = A'(N)Py+1Bo(N) Ry Ty ] xy
+[A'(N)PN+1Ba(N) — A'(N)Pn41Bo(N)RY' TR | un—a|Fn-1} + Qxn
= [A,PN_HA + E/I/PN_Hz‘I — (A/PN_HB() + E/I/PN_HB()) R&l Tn + Q] XN
+ [A'Py+1Ba + A Pyy1Ba — (A'Pyy1Bo + SA Py Bo) Ry' Ty | un—a.
which is just (33) with k = N.
Inductively, suppose when k& = n + 1, Ry defined by (28) is positive definite; the optimal uy
is as (29); Ax—1 and Ag44—1 can be expressed as (33) and (34), respectively. We shall verify this

claim for k = n. First, R, > 0 will be shown. For convenience, denote the value of J(n 4 1) with
Uy, k = n + 1, being optimal by J*(n + 1) and

J(n) = E [x,0xy + ujy Run| + J*(n + 1). (A3)

According to the dynamic programming principle, that Problem 2 admits a unique optimal con-
troller implies that min,,, J (n) has a unique solution. Hence, the weighting matrix of u, in J (n)
must be positive definite. The following calculation reveals that R, is just the weighting matrix. Let
us compute J*(n + 1) first. In view of (4), (6), and (7), it leads to

E [xgAk—1 — xl/c+1kk]
= E {x; E[A (k)Ar| Fie—1]} + E [x;, Ox] — E [x; A" (k) Ar | — E [u) Bo(k)Ak]— E [u)_y By (k)Ax]
= E [x, Oxk| — E [up By(k)Ax | — E [u)_y By (k) Ak ]

= E [x;, Oxk + uj Rug| + E [up By(k + d)Ajya] — E [uj_gBy(K)Ar], k =n + 1.

Adding from k = n + 1 to k = N on the two sides of the aforementioned equation, we have

N
/ I !/ I I /
E [xp 4120 = Xy 11 PN41xXn 1] = E [x, 1140 — Xy gy A ] = Z E [xihie—1 = Xy 1 Ai]
k=n+1
Copyright © 2016 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2016)
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N N N
> E[xOxk +wpRu]+ Y E[up_gBy(k)i]— Y E[uj_yByk)Ac]
k=n+1 k=n+d+1 k=n+1
N n+d
= Y E[xQxi+ujRu|— Y E[uj_yBy(k)Ac].
k=n+1 k=n+1

where A = 0 for k > N has been applied. From the aforementioned equation, it can be easily
obtained that

n+d
T+ 1) =E[xp ]+ D Euj_gByk)A]. (A4)
k=n+1
To compute the weighting matrix of u, in f(n), letx, =0andu,—; =0fori =1,...,d.(A.3)
and (A.4) imply that
J(n) = E [u}, Ruy + X} An + 1l By (n + d)Anta]. (A.5)

According to the inductive assumption, (33) and (34) hold for k = n + 1, that is,

d—1
An = Ppi1Xp41 + Z 1 Uj+n+1—d> (A.6)
j=0
d—1 )
Antd = Sn+1Xn+1 + Z S, M jint1—d- (A7)
j=0

Combined with u,—; =0, i = 1,...,d, and x,4+1 = Bo(n)u,, substitution of (A.6) and (A.7)
into (A.5) yields

Jn)=E {u; [B(’)P,,HBO + B Puy1Bo + BYPI} + E (B (n + d)Sns1) Bo

+E (Bd(n n d)S,,+1)] }
=F [unR,,u,,],

where the fact that P,y and P 41 are deterministic while S+ and Sn 41 contain the noises
{®Wn+1,...,Wn+q} are used. Thus R,, > 0 has been shown.
Secondly, we will compute the optimal u,. Substitution of (A.6), (A.7), and (4) into (7) yields

0= E | (By(n)Pny1+ By(n +d)Sns1) Xn41

+ Z (Bo(”) a1 T Bd(n + d)Sn-H) Ujtn+1— dlFn-1| + Ruy

=E { [By(1) Pa1 An) + By(n + d) Sys1 A(m)] xn + [ By(1) Pa1 Ba ()
d—1
+Bly(n + d)Sps1Ba()]un—g + Z [ By PILL + By + )T [ na

[Bo(n)Pn+lBO(”) =+ Bd(n =+ d)Sn-HBO(”) + Bo(”) +1 =+ Bd(n + d)S,l,l’+1l] un|fn—1}
+ Ru,.
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Notice that x,, u,,...,u,_q are all F,_1-measurable and the coefficient matrices in the afore-
mentioned equation are independent of F,_;. Also, recall that P and S in the aforementioned
equation have been assumed to be deterministic and F,41,,+q4)-measurable, respectively. So
one has

0= {B(/)P,H_lA + Zé(/)P,H_lz‘I + E [Bc/i(n + d)Sn+1] A} Xn
+ {ByPuy1Ba + By Pyy1By + E[By(n + d)Suy1] Bafuna

d—1
+ Y BRI + B[ By + ST uginea + Rut.
j=1

In view of R, > 0, the optimal u,, can be derived as (29).
Finally, we show (33) and (34) for k = n. From (4), (6), and (A.6), A,— is derived as

Ano1 = E | A'(n)Pay1A(n)xy + A'(n) Puy1 Bo(n)uy + A'(n) Pyy 1 Ba(n)up—g

d—1
+ Z A/(n)Py,]+1uj+n+l—d|}—n—1 + Oxy
=0

= (A'Pup1 A+ SA P A+ Q) xn + (A’P,,+1Bo + A Py By + A/P,f’;ll) Uy
d-2
+ (A" Pp1Bg + SA Ppyy By) up—q + Z A/Py{+1uj+n+l—d-
=0
Applying the optimal u,, in the aforementioned equation generates (33) directly. In addition, from
the inductive assumption, (33) holds for k = n + d, that is,
d-1
Antd—1 = PnvdXn+a + Z Pl ijtn.

j=0

By employing (4) and (29) with k = n +d — 1,...,n in the aforementioned identity, (34) for
k = n can be obtained, and its coefficient matrices contain the noises {wy, ..., ®,+q4—1}. So far,
the case of k = n has been clarified. The proof is completed in an inductive way. O

APPENDIX B: PROOF OF LEMMA 2

Before showing Lemma 2, we need to give explicit expressions of S and S]{, j=0,...,d —1.
Lemma 3 _ _
Define a set of matrices @5, 7, I and I}, k = 0, ..., N, by the recursion
s—1
+1 _ gl Lf+d—sf
Ot =@ B+ Y @, (B.1)
f=0
s—1
s+1,7 _ x1 S, J Lf+d—s f.j 1,j—s
O = @ B+ Y 0TI+ @ (B.2)
f=0
s—1
_ 19 0.f+d—sf
Hi - Hk+s i + Z Hk.:,_s Hk > (B.3)
f=0
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ny =ng,, ”+Zn,§+fjd M + 0yl S s=0,....d—1, j<d -1, (B4

with initial values

P =1, &Y =0, (B.5)

@ = A(k) — Bo(k) Ry T, (B.6)

@7 = 0;0B4(k) — Bo(k) R\ T}, (B.7)

N9 = —Ry' Ty, My = —R{'TY, j<d—1, (B.8)

where Ry, T and T,'c" , ] < d — 1, are defined by (28) and (30)—(32). Let the controller be the
optimal one, that is, (29). Then ,xz 4541 and ux 4 can be represented as

d—1
Xierst1 = O + Y "0 M uj g, (B.9)
Jj=0
d—1 )
Ui = T+ > T ujipg, s =0.....d — 1. (B.10)
j=0

Moreover, S; and S ,i in (34) can be calculated by

d—1

Sk = Pisa®l + Y Pl 1. (B.11)
f=0

S} = Prya®d’ + Z Pl . (B.12)
f=0

Proof
First of all, (B.9) and (B.10) will be shown inductively with respect to s = 0,...,d — 1. When
s = 0, (B.10) is actually the expression of the optimal controller (29). Substituting (29) into (4)
results in
d-1
Xkp1 = [A(k) — Bo(k) R ' Tie ] xx + [Ba (k) — Bo(k) R, ' T uk—a — Bo(k) R} Z Tl ujik—a.
j=1
which is (B.9) with s = 0. Now, suppose (B.9) and (B.10) hold for s = 0, ...,n — 1 and arbitrary
k. Thus, we have

d—1
1 Lj
Xent1 = PpynXian + O PpL Ui kbn—a- (B.13)
Jj=0
d—1
0 0,j
Uktn = gy Xin + Z L jtktn—a- (B.14)
Jj=0
d—1
n,j
e = Pfxe + ) O ik, (B.15)
Jj=0
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d—1
s = O+ Y N0 ujip—a, f=0.....n—1. (B.16)
j=0
Rewrite (B.13) and (B.14) as
d—1 n—1
1,j— 1,.f-n+d
Xktnt1 = Py Xien + Z Dt kg + Z CDkJ{n " Ukt fs
j=0 F=0
d—1 n—1
0,j— 0,f—n+d
Uktn = T4 Xkn + Z I " wjrk—a + Z kan " Uy,
j=0 f=0

where CDIICJJF;" = 0 and HZ’_{;" = 0if j < n. By substituting (B.15) and (B.16) into the

aforementioned two identities, (B.9) and (B.10) with s = n can be deduced directly.
Next, (B.11) and (B.12) are to be proven. According to (33), Ax+4—1 can be expressed as

d—1
Ak+d—1 = PrtaXe+a + Z Pkf+d“k+f- (B.17)
£=0
Just now, it has been proven that
d—1 d—1
Xe+d = PLxp + Z ¢i’juj+k—d, Ukt f = H;{xk + Z H;}:’juﬁk—d-
j=0 j=0

Substituting the aforementioned equations into (B.17) yields an express of Ax 44— like (34) with
the coefficient matrices given by (B.11) and (B.12). Hence, S and S,ﬁ in (34) can be written as
(B.11) and (B.12). This ends the proof. O

Next, Lemma 2 is to be verified.

Proof
This lemma is to be shown inductively on k = N, ..., 0. The case of k = N is trivial because both
sides of (38) and (39) are zero in this case.

Suppose (38) and (39) hold for k& = n. Then, the application of (38) and (39) in (28) and
(30)—(32) yields

d
_ _ ’ N )
Ry = ByPis1Bo + B Pesi Bo + (PELL) Bo+ ByPE = 3 (T3 RiA TR
i=1
+ B} Piya+1Ba + By Priay1Ba + R,

(B.18)
- - /

Te = By Py A+ SB)Pryi A + (P,ifll) A, (B.19)
— - A

T® = Bl Pis1 By + SB)Pesr By + (P,f;ll) By, (B.20)

J il N (d =i\ et i d—j-1Y' ;
1) = BoPL =Y (TE3) REWT + (PIii)) Basj=1...d =1 k=n. B21)

i=1

So, T} is derived as

T, = A'Pxy1Bo + A Peyy Bo + A' PP
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Thus, (35)—-(37) become

Pe=Q+ AP A+ ZA P A— TR Ty, (B.22)
P = A Pyry1Bg+ A Py By — TUR'TY, (B.23)
Pl =AP/ T -T/R]'T]. j=1....d— 1, k=>n. (B.24)

Next, (38) and (39) are to be shown for k = n — 1. The following equations will be proved
inductivelyonm = 1,...,d:

d—1-m d—1
— — 1! —7
Elmosd=(ea ) ot} Y |mrly- 3 ntd ekl e [nd]
=0

f i=d—m
(B.25)
E[Bynn)S]] = (Bp ) E [0
d—1-m d—1 ,
! d—i—1) p—1 7 f+d—i .
+ |:B:iPn+d - Z (Tn-l-il 1) Rn-}-iTn+i l:| E [H;{j]
£=0 i=d—m (B.26)
d—1 , d—2 ,
d—i— - j—i d—i—
- (Tn-i-il 1) RnJlri Tnj-i-il + Z 0i.; (Pn+il+12) By
i=d—m i=d—m
+60d-1,j (ByPutraBa + By PyyaBa).
where n,, = n + d — m. First, consider m = 1. Applying (B.1)—(B.4), we obtain
d—2
ol =) B4+ Y @S]
=0
ol =@, @ 4 " @l /TS 4 @ At
f=0
d—2
me—t =1y &d~' 4+ > my/ ),
=0
ne—t =1 &~ + Y mgS s et
f=0
Employing the aforementioned equations in (B.11) and (B.12) generates
E[Bynsa] = XE |03~ |+ Y vy + Bypl | E[0]. (B.27)
. . d_2 .
E[Byn)Si] = XE [0~ |+ 3 [y + ByPL | B[ |+ Y0, B28)
f=0
where
X = E[By(n) Puva®,,] + By P T,
Yy = E[Byon) Pura®h! ™|+ By RIS/ f = =1, d -2,
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By means of (B.6)—(B.8), X and Y s can be calculated as
X = E[By (1) Para AG1)] = {E [By(10) Para BoGr)] + By Piri| Ryl T,
Yr = 07410F [By(n1) Puva Ba(n)] = {E [By(n1) Pasa Botn)] + By Pirf | RITSH.
From (B.20) and (B.23), it is easy to obtain
X=(P)),
Yr =0s110(B)PavaBa + By PuraBa) — (T0) R, T/

By applying the aforementioned equations in (B.27) and (B.28), (B.25) and (B.26) for m = 1 can
be derived.

Inductively, assume that (B.25) and (B.26) are true for m = ¢ — 1. It will be shown that they hold
for m = . Equations (B.1)~(B.8) imply that @, &’ J I3 and TTy 7 are Fik k+s—1]-measurable.
So, CIDII is independent of ®¢~ and ®¢ "/ and @ gt is 1ndependent of I} and T for f =
0,...,d —t — 1. Hence, it can be deduced from (B. 1) (B.4) that

E [q);il—t—i—l_ _ E[q)rll ] [q)d t] Z [q)l f+z] [HY{]’
E[of=17] = E[o},] B[] + Z (o E[0f7 ]+ B [03~],
_ d—t—1
E[mi~]=ng, £[oi]+ Z f+E(ny].
i -1
E[Hg_t’j =H I:q)d t]] Z H0f+tE|:Hf]]+H0] d+t

Substitution of the aforementioned equations into (B.25) and (B.26) with m = ¢ — 1 results in

d—t—1 d—1
— d—
ElByons =xe[oi Y (- X (r8) ek v Byl | ).
f=0 i=d—t+1
(B.29)
) d—t—1 d—1 . i .
Bl s =XE[ed ]+ Y [vm S (Y mpLr ), | B[]
f=0 i=d—t+1
d—1 -2
+ Yj—d - Z (Trii-i-zl 1) Rn+z Trtj+zl + Z ei,j (Prii-i-tl-i-lz) B,
i=d—t+1 i=d—t+1
+ 04-1,j (B Pu+daBa + By PyiaBa).
(B.30)
where
d—1
’ d —
X = (Prfr—i%l) E [q)rllr] +1- (Tn+zl 1) Rn+zTn-it-t l + BdP Hgt’
i=d—t+1
d—1
, d ,
Yf (Prit-zl) E I:q)’luf-i-t] +1- (Tn+tl 1) Rn+1 Tn-iftl + BdPn+d Hgtf—H’
i=d—t+1
f=—1,....d—t—1.
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By employing (B.6)—(B.8), it is easy to obtain

d—1 ,
—2\/ —2\/ d— d—i— _ —t—i —
X = (Prit-i%l) A - (Priz-‘zl) BO + B& Pn+¢§ - Z (Tn-i-il 1) Rn-il-iTn-i{il RntlTnt’
i=d—t+1
d—1 ,

AN 2 \/ _ i _ i _

Yf = 9f+t,0 (Priz-i%l) Bd - (Pr';z-zl) By + Béprfi-i-t;' - Z (Tnd-i-il 1) Rn-il-iTn-it-il RntlTn{-H'
i=d—t+1
From (B.21) and (B.24), (7/7!)" and (P}!) are
d—1 ,
—1\/ — / d—i— _ i d—
(T":t 1) = (P}’it'fl) BO - Z (Ti-i-nl 1) Ri-‘:nTi—i—Znt + Btlipn-i-é’
i=d—t+1

(PN = (PITR) A= (TY) Ry T,

n

Thus, X and Y ¢ can be further calculated as
— ! _ !/ — / _
X = (Pf’;t 1) ’ Yf = ef""f,o (Prit-zl) Bg — (Tfft 1) RntlTnj:+t'

Employing the aforementioned equations in (B.29) and (B.30) leads to (B.25) and (B.26) for
m = t. As a result, we have shown (B.25) and (B.26) for m = 0,...,d in an inductive way. In
particular, setting m = d yields

E[Byo)Sa] = (P47) E[#)].

. ’ . . ’ . -2 . ’
E[By)s]] = (P) E[007]= Y (T ") Rebiisl + 2 0 (PEEE) Ba
i=0 i=0

+ 04-1,j (By PutraBa + B PyraBa).

From (B.5), it follows that <I>2 = I and @2’-" = 0. Also, in consideration of T,f;f =0forj <i,
the aforementioned equations can be further written as (38) and (39) with k = n — 1. Thus, the
proof is completed. O
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