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Consensus Problems in Networks of Agents with Communication Delay™*

Zhenhua Wang', Huanshui Zhang?' and Minyue Fu?

Abstract— This paper studies the consensus problem for
high-order multi-agent systems with constant communication
delay. Under the assumption that the delay is known and
the agent dynamics has unstable poles, an allowable delay
bound for consensus is provided. The key technique is the
adoption of the unique positive solution of a parametric algebra
Riccati equation(ARFE) in designing the control gain. Finally,
a numerical example is given to show the validity of the
theoretical results.

I. INTRODUCTION

During the last decade, consensus problems have been
widely investigated due to their broad applications, such
as flocking [1], sensor fusion [2], spacecraft formation [3]
and many other areas. Consensus means that a group of
agents reach an agreement via local information exchange
with their neighbors. In reference [4], consensus for single-
integrator multi-agent systems was studied. By studying the
joint impact of agent dynamics and network topology, [5]
derived a necessary and sufficient condition for a linear
multi-agent system to achieve consensus.

In many applications, time delay may inevitably occur due
to communication congestion or finite transmission speed. It
is known from [6] that delay usually degrades the closed-
loop performance and stability characteristics.Thus, it is of
considerable importance to study the effect of delay on
consensus. Indeed, many efforts have been devoted to this
issue. For single-integrator multi-agent systems with constant
communication delay, a necessary and sufficient consensus
condition was established in [7]. Average consensus problem
in undirected networks with time-varying communication de-
lay was dealt with in [8]. In reference [9], state consensus for
discrete-time multi-agent systems with changing topologies
and time-varying communication delays was investigated.
For the high-order multi-agent systems that are at most
critically unstable, the consensus problem with constant
communication delay was solved in [10] and [11]. Without
using the explicit information of delay, consensus of multi-
agent systems subjected to time-varying delay was studied in
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[12]. Furthermore, for the multi-agent systems with a single
unstable open-loop pole, [13] gave the maximum margin of
the input delay for consensus. With agent’s own historical
input information in the protocol design, a consensus con-
dition related to the network topology was constructed in
[14] for first-order multi-agent systems with communication
delay.

This paper considers the consensus problem of high-
order continuous-time multi-agent systems in the presence
of communication delay. The agents are assumed to have
unstable poles, i.e., each agent dynamics has eigenvalues
in the closed right-half plane. Thus, the system studied
in this paper is more general than those in ([10]-[14]).
Furthermore, regarding the system may have exponentially
unstable poles, thus the low gain feedback method dealing
with the consensus of critically unstable system in ([10]-[12])
is invalid. On the other hand, the techniques of analyzing
the roots of scalar equations ([13], [14]) are also invalid for
high-order multi-agent systems. To achieve consensus, the
truncated predictor feedback method in [15] is employed, i.e.,
the solution of a parametric algebraic Riccati equation(ARFE)
and the delay information are used in designing the control
gain. Comparing with reference [15], an extra parameter in
the control gain is needed in order to simultaneously stabilize
a number of delayed systems, which leads the work in this
paper is more challenging than that in [15]. In this paper, an
allowable delay bound related to the network topology and
agent dynamics is provided for consensus. For fixed agent
dynamics, the delay bound is maximized when the network
topology is complete. As a special case, any large yet
bounded communication delay is allowed for consensus if the
agent dynamics is critically unstable, which is corresponding
to the results in [11].

The rest of this paper is organized as follows. Section 2
reviews some preliminary results of graph theory. In Section
3, we address the problem to be dealt with. In Section
4, delay-dependent consensus conditions are derived. The
effectiveness of the approach is illustrated via numerical
examples in Section 5. Section 6 concludes the paper.

The following notations will be used throughout the paper.
The set of real numbers is represented by R. For any
positive integer N, define N' = {1,2,...,N} and use
1y to represent a column vector with all entries equal
to 1. Let || - || stand for the 2-norm of a vector. Denote
diag{a,as,...,an} as a diagonal matrix with its i-th main
element a;,7 € N. For an given matrix A, the eigenvalues of
A is denoted by A(A) and the real part of A(A) is represented
as Re(A(A)). We use A® B to denote the Kronecker product
[16] between matrix A and B.
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II. PRELIMINARIES

The network topology of the multi-agent systems is mod-
eled by an undirected graph G = (V, £, A), where nodes V =
{1,2,..., N} represent N agents, edges & = {(4,7) : 4,j €
V} C VxV represent the communication links among agents
and A = [a;;]nxn corresponds to the adjacency matrix.
The edges of the diagraph are assumed to be positive, i.e.,
a;; > 0 if and only if (4, j) € £. Moreover, assume a;; = 0
for all + € V. The set of neighbors of node i is represented
by N; = {j eV (Z,]) S S} Define d; = Zjvzl Qij
as the degree of node i and D = diag{dy,ds,...,dN}
be the degree matrix of G. The Lapalacian matrix of G is
defined as Lg = D — A. Suppose that G is connected, then
Lg has a simple zero eigenvalue and other eigenvalues are
positive [17]. In this case, we order the eigenvalues of Lg as
0= X1 < Ay <--+ < Ay. Furthermore, the eigenratio /(\—fv
is known as the synchronizability, an important index of the
graph[18]. Especially, Ay = Ay if the undirected graph G is
complete, i.e., every two nodes in the graph are connected.

III. PROBLEM STATEMENT

Consider a network with N agents, each agent has iden-
tical continuous-time linear dynamics:

where x;(t) € R™, u;(t) € R™ denote the state and input
of agent i, respectively; (A, B) are constant matrices with
appropriate dimensions.

It should be noted that communication delay is ubiquitous
in the network. In this paper, suppose that agent i receives
a message sent by its neighbor j after a time-delay of 7.
Making use of the delayed relative information, the control
protocol is designed as

N

wi(t) = K aylzi(t —7) — zi(t — 7)), 2)

j=1

where 7 > 0 is the communication delay and K € R"*™ is
the control gain to be designed.

We additionally take the initial values z;(#) = O for any
0 < 0 and 7 € V. Now, the definition of consensus is given
as follows.

Definition: Given an undirected graph G, the continuous-
time multi-agent system (1) is said to achieve consensus
under protocol (2) if for any given initial values, the states
of all agents satisfy

Jim [l (1) — (D) =0, i,j €N,
or equivalently,

lim |[z;(t) —z(t)] = 0,

t—o0

ieN,
where Z(t) £ L SN 2,(¢) is the average state
N i=1 "1 g .
From reference [12], we know that the stable eigenvalues
of matrix A have no effect on consensus. Thus, we give the
following assumption:

Assumption 1: All the eigenvalues of matrix A are in the
closed right-half plane.

Problem Statement: Provide conditions such that multi-
agent system (1) achieves consensus under protocol (2).

IV. MAIN RESULTS

Before presenting our main results, we first show the
following technical lemmas.

A. Lemmas

Lemma 1: [19] Let (A, B) be controllable and v > 0 be
such that v > —2min{Re(A(A))}. Then, the parametric
ARE

ATP(y)+ P(y)A - P(y)BB"P(y) = —vP(y) ()

has a unique positive-definite solution P(y) with

Pl (y) = /Oo e~ (A+3DtppT—(A+3D "t gy

0
In the sequel, denote P = P(v) for short. In addition,
for the fixed matrix A and B in Lemma 1, the solution of
equation (3) is only related to parameter .
Lemma 2: [15] Suppose that (A, B) is controllable, and
all the eigenvalues of matrix A are in the closed right-half
plane. Then, for any ¢ > 0, the following relations hold,

tr(BTPB) = 2tr(A + %1),
PBBTP < 2tr(A+ %I)P,

T
eA tPeAt S 671)"/tP,

where w = 224 4 > 0, and + is as given in Lemma 1.

Lemma 3: [20] For any scalars ; and 2 with vo > 7,
vector function w : [y1,72] — R™ such that the integrations
in the following are well-defined, then

/72 wl(B)dpP b w(B)dp
< (n=m) [ B PU(B)dS,

1
Lemma 4: Let 0 < Ay < A3 < ... < Ay be non-zero
constants and § > 0 be a constant to be designed, then the
maximum of constant h satisfying formulas

1—2(6)\) + (6X)*h <0, i=2,3,...,N

is h* = %. In particular, h = h* if and only if § =
§* = 1 4 1
T 2) 22N

Proof: It yields from 1 — 2(6);) + (6)A;)%h < 0 for i =
1 2 1
2,3,...,Nthath S _W+W and § Z g Thus, the
problem is equivalent to that

2
h = h*= in{-—+—-—,1=2,3,...,N
(gli%mm{ OSE + 5)\1"1 235, N}
B AAN Ao
DN A?

ifandonlyifézé*zi—kﬁ.
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From 6> we know 0 < M < 2. Denote f(6);) =

2>\ ’
* 1
.In case of 6 = 0" = 2)\2—0—2)\ , it is easy to

f(E* ) = Ry and

(6>\ (GOERE >
get f(6*A2) =

. . AN oy
F6*N) = f(0"AN) = P A2P(AN Ai)(Ai —A2) >0
Thus, f(6*\;) > f(6*An) holds for i = 2,3,.

In the following, we show that, for any 6 ;é 5*, there
holds min{f(d);),s = 2,3,...,N} < h*. We divide the
proof into two cases.

1) If § > 0%, it follows

1 1 2o
< = <1
AN AN AN+ Ao
Thus,
min{ f(6\;),i =2,3,...,N} < f(0An)
R
RO YSERI Y.
- 1 n 2
(ONEREDY:
= h".
2) If 5; <4 < 6%, it yields
1 1 2N
— = > 1.
VTS VRS VNS W
Thus,
min{ f(ON )i = 2,3,..., N} < f(6X)
_ 12
o (6X)2 T (6X\)
- 1 n 2
(0*X2)2 0% )o
= h*.
Thus, h take the maximum h* = [/\4151’;\2}2 if and only if
§ = 0" = 557 + 53 and the proof is completed. O

B. Consensus Results

In the following, the control gain in protocol (2) is de-
signed based on ARF (3). From Lemma 1, the key is giving
appropriate parameter 7 in (3) to guarantee consensus. We
first investigate the case when the matrix A has eigenvalues
in the right-half plane.

Theorem 1: Under Assumption 1 and system matrix A has
eigenvalues in the right-half plane. If (A, B) is controllable,
design the control gain in (2) as K = 0BT PeA™ with § =
i + ﬁ Then, for any connected undirected graph G, the
multi-agent system (1) achieves consensus under protocol (2)
if the communication delay 7 satisfies

1— A +A2)? nge2d
T < 7" = max al yx, ]
q>0 2tT(A)

Furthermore, for 0 < V7 < 7%, there exists set 2= [v*, 1]

such that the consensus is achieved if v € ().

Proof: Inserting protocol (2) into system (1) follows

N
&i(t) = Az;(t)+0BBT Pe*™ Y " ajjlx;(t — ) — mi(t — 7).

Thus, there holds

i(t) = Iy ® Az(t) — 6Lg @ BBT PeA"x(t — 1),

where z(t) = [2T(t),21(t),...,25@®)]T. In view of

1T T Lg = 07 and the average state Z(t) 2 L SN z;(t) =
[1% ® I,]z(t), it follows Z(t) = AZ(t). Represent the

deviation of each agent from the average state by §;(t) =

x;(t) — Z(t) and stack J;(¢) to obtain a new vector §(t) =

67 (1), 67 (1) ..., 6% (1], then

5(t) = Iy ® Ad(t) — 6Lg ® BBT PeAT5(t — 7).

Take vector ¢; € RY that satisfies ¢! Lg = ;¢! , and con-
struct unitary matrix ® = [ LN #,...,¢n] to transform Lg
into a diagonal form, i.e., <I>TLg<I> = diag{0, N2, ..., AN}

Let 6(t) £ [ ® I }T(S() and partition 6(t) € R™

into N parts 6(t) = [67(t),...,0%(t)]T, then &,(t) =
ﬁ vazl 5;(t) =0, and
0;(t) = Ad;(t) — 0; BBT Pe75;(t — 1), )

where ¢ = 2,3,..., N and o; = §);. Thus, the consensus
is reached if and only if lim;_, gz(t) = 0 holds simultane-
ously for ¢t = 2,3,..., N.

From equation (4) and the variation of constants formula,
we obtain

t
6i(t)=eATo;(t—7)—0; / eAt=9) BBT PeAT§,;(s—7)ds.
t—1

Thus, there holds

5,(t) = [A—o,BBTP(1)

—02BBTP

t—T1

[A — 0;BBT P|6;(t) — 02 BBT PIL,(t). (5)

eA=) BBT PeAT5(s—1)ds

(>

Take Lyapunov function V'(3;(t)) = 67 (t)Pé;(t), where P
is the unique positive definite solution of equation (3). Then,
the derivative of the Lyapunov function along the trajectories
(5) can be expressed as

V(1) |
= 5?(15) 8i(t) + 67 (t) Py (t)
= 6F(W)[ATP + PA —20,PBBT P)5;(t)
—ofnf( )PBBT P5;(t) — 026 (t)PBBT PII,(t)

IN

—o6F () Po; (t)+[1—20;+02h]6L (t)PBBT Pj;(t)
%Hf(t)PBBTPHi(t).
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From Lemma 2 and Lemma 3, we yield
1T} (t) PTL,(t)

t
= / A=) BBT PeAT6;(s — 7)ds|T P
t—T1
t
x[/ eAt=) BBT PeAT5,(s — 7)ds)
t—T

t
< 4t7‘(A—|—gI)27'/ e“’”(t*s”)éi(s—T)P(S(S—T)dS.

t—1

Assume V(6;(t + 60)) < nV(d;(t)) for V0 € [—7,0] and
vVt > 7, where 1 > 1 is a constant to be designed, then

17 (1) PIL (1)

t
< Atr(A+ %I)an / V=S 45V (6;(t))
t—T1
4 -
= A %1)%7761” €77 — 1]V (3;(t)).

From e"7" — 1 < wyTe™?™, we obtain
17 () PIL () < 4tr(A + %I)2n7262w”TV(5i(t))7
which leads to

V(3:(1))
< V6t )) [1 — 20, + o2h]6T (t)PBBT P§;(t)
8tr(A+ 72
h
To weaken the effect of the latter two parts on the stability of
inequality (6), take parameter h = %. From Lemma
4, we know h = AN ’\2}2 is the maximum of h such that

— DA
1—20; + 0’2h <0 for¢=2,3,...,N. Then, equation (6)

2TV (5,(t)). (6)

becomes
V(5:(t))
[/\N+/\2]2 ’Y 2 2 N
<y E = wyT i(t)).
< (fy Do x 8tr(A + 5 I)3nr2e V(6;(t))

In the following, we are to find appropriate 7 > 0,7 > 0
and 1 > 1, such that

B [)\N + )\2]2
4NN Ao
Let ¢ £ wyr = 2tr(A+ ZI)7 and R(\s, An) 2 Datdaf?
Then, with the help of v = 2tr(An+WI) — 2”75’4)
becomes

2tr(A)T < g1 — R(\a, Av)nng?e?).

8tr(A + %1) N2 > 0. (7)

, equation (7)

Denote g(q) £ q[1 — R(/\27)\N)nq262qj If 2tr(A) (q),
2q
we can take constant n = R()‘z’;‘g()fzq;]v):jsj?(m L,
such that
1
2r(A)r < tr(A)T+ §Q[1 — R(A2, An)ng’e]

= q[1 = R(\2, An)nng*e®?].

Thus, based on the Razumikhin Stability Theorem[21], we

yield that the consensus is achieved if 2tr(A)T < g(q), i.e

T < 257@21) :

Now, we are to give the maximum value of function g(q).
It is easy to know ¢(0) = 0, and ¢(¢) < O for any ¢ > 1.
Besides, we can also obtain

g'(q) =1 — R(M\o, An)ng?e®1[3 + 2¢]
and
9"(q) = —2R(A2, An)nqe*[2¢* + 6q + 3].

From ¢”(¢q) < 0, it yields that ¢’(¢) is monotone decreasing.
Due to ¢’(0) =1 > 0 and ¢'(1) < 0, there exists constant
0 < ¢* < 1 such that g(q) is monotone increasing in [0, ¢*]
and monotone decreasing in [¢*,1]. Thus, max,s g(¢) =
9(q").

Let 7* satisfy g(¢*) = 2tr(A)7*. In the following, the
allowable delay for consensus will be proved as 7 € [0, 7).
We first show that there exists v* such that ¢* = 2tr(A +
7—;)7*. In fact, assume ¢* < 2tr(A + 3)7* for any v > 0,
then ¢* < 2tr(A)r* is follows. Thus,

" <2r(A)T" = g(q") = ¢"[1 — R(\2, An)n(g")*e*” ],
which is a contradiction.

Next, we are to show that for 0 < 71 < 7%, there
exists y; > " such that the consensus is guaranteed for
any v € [y*,71]. In fact, take ~; satisfying wiyim =
2tr(A+%4-1)my = ¢*. From ¢* = 2tr(A+% )T = wryrtr

and 7, < 77, we know 7" < and g(w*y*71) < g(¢"). In
light of
2tr(A)T*
= 9(q")
= ('Z,U*"Y*T*)[l —_ R(A2’ )\N) (w*V*T*)QQQW*’Y*T*]’
we yield
2tr(A) = (w*y")[1 = R(A2, Av)n(wy*7)%e* 7],
and
2tr(A)m
= (w Y 7'1)[ R()\Q,AN)H( ,_Y )2 2’11)*’7*7'*]
< (w Y 7—1)[ - ()‘Q;AN)TL(’LU ~ 7-1)262w ~* -,—1]
= g(w*y* ).

Due to g(w*~y*7m) < g(wyr) forany v € [v*,71], it follows
2tr(A)m < g(wyr), which means the consensus can be
guaranteed. Therefore, the proof is completed. ]

Remark 2: In Theorem 1, the allowable delay bound
is related to the eigenratio ;\]‘f], i.e., the synchronizabili-
ty of undirected graph G. Especially, the delay bound is
maximized when the network topology G is complete, i.e.,
AN = Ao

Next, we will see that for the special case, where the sys-
tem poles are constraint on the imaginary axis, the consensus
condition is reduced to the same results presented in [11].

Corollary 1: Under the assumption in Theorem 1, if all
the eigenvalues of A are on the imaginary axis, the multi-
agent system (1) under protocol (2) will achieve consensus
for any large yet bounded communication delay.

1072



Proof: All the eigenvalues of matrix A on the imaginary
axis and A € R™*" lead to tr(A) = 0. On the other hand,
Theorem 1 shows that the consensus is reached if

2tr(A)T < g(q) = q[1 — R(A\2, An)ng?e®?].
Select v > 0 such that g[1 — R(A\a, Ay )ng®e??] > 0. Then
the consensus problem will be solved from ¢r(A) =0. O

V. SIMULATION

This section illustrates the validity of the analysis results
with simulations. Consider 3 agents in the network with
dynamics

Sbil(t) o % 1 m“(t) 0 )
{ i (t) ] = { 0 0| an@ |T] 1 [%
where 7 = 1, 2, 3. Obviously, the above system is controllable
and exponentially unstable. After simple computation, the

unique positive definite solution of the parametric algebra
Riicatt equation (3) is

P(y) (v+1)(jv+1)2 ('y+1)é2’y+1)
’y =
(7+1);2’Y+1) 2y +1

The communication among agents is described in Fig. 1. It

Fig. 1. Network Topology

is easy to get that the nonzero eigenvalues of the Laplacian
matrix are Ao = 1 and A3 = 3. Based on Theorem 1,
the allowable delay bound for consensus is 7° = 0.1813.
Take 7 = 0.15 in this example, then the consensus can be
achieved if v € (0.1994,0.3456). Select v = 0.25,6 = 2,
and the initial values z1(0) = [-8,4]T,25(0) = [2,12]3T
and z3(0) = [16,9]7, then Fig. 2 shows the error states
x;5(t) — T;(t) converge to zero asymptotically.

5 10 15 20
time t

Error states

VI. CONCLUSION

In this paper, the consensus problem for unstable multi-
agent systems that are subjected to communication delay is
investigated. With the aid of the parametric algebra Riccati
equation technique, delay-dependent consensus conditions in
terms of agent dynamics, network topology and communi-
cation delay are derived. For the future work, the results in
this paper are expected to extend to the time-varying and
unknown communication delay case.
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