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A Robust Interpolation Algorithm for
Spectral Analysis

Kaushik Mahata and Minyue Fu, Fellow, IEEE

Abstract—We propose a robust interpolation algorithm for
model-based spectral analysis. Instead of estimating the spectral
model directly, the so-called half spectrum, which has a one-to-one
relationship with the spectrum through standard spectral de-
composition, is estimated using an interpolation approach. The
interpolation data consists of the values and the derivatives of
the half spectrum function at a set of user-specified points, and
can be easily estimated using an input-to-state filter. Qur algo-
rithm allows a large number of noisy interpolation data to be
used to optimally fit a half spectrum function of a fixed order.
The capability of handling large number of interpolation data
makes our algorithm robust to the inherent finite sample noise
in the interpolation data. The algorithm involves solving some
least-squares problems and semidefinite programming problems,
and is thus numerically efficient. Numerical tests show that our
algorithm gives very reliable spectral estimates.

Index Terms—Autoregressive moving average (ARMA) mod-
eling, input-to-state filtering, Nevanlinna-Pick interpolation,
spectral analysis.

1. INTRODUCTION

HIS paper is concerned with the following standard spec-
T tral estimation problem: Given N samples of a real-valued
signal u(t),t = 0,1,2,..., N, find an nth-order discrete-time
autoregressive moving average (ARMA) model with transfer
function g(z) such that the spectrum of wu(t) is best approx-
imated by |g(e™)|? in some measure. To make this problem
more tractable and more meaningful technically, u(¢) is often
assumed to be generated by an ARMA process but possibly cor-
rupted by noises, and N is not necessarily large.

Estimation of ARMA models is a classical problem in time-
series analysis and signal processing. The maximum-likelihood
method (MLM) [1] is the most accurate among the available al-
gorithms. However, MLM requires to solve a nonlinear and non-
convex optimization problem, which is not tractable for models
of large order. An alternative is the instrumental variable method
(IVM); see [2] and references therein. IVM is computation-
ally efficient and yields accurate estimates of the autoregres-
sive (AR) part of the ARMA model. However, for the moving
average (MA) part, the estimation performance is often poor.
In addition, the estimated model is not guaranteed to be stable.
The approximate maximum-likelihood (AML) approach [3] re-
solves the accuracy issue, but the estimated spectrum may fail to
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be positive. The AML approach is extended in [4] to address the
positivity issue, where a semidefinite programming approach is
presented. However, the semidefinite programming problem in
[4] may not admit a solution.

In this paper, we consider an interpolation approach to spec-
tral estimation initially proposed in [5]. The basic idea is as fol-
lows. Instead of estimating a model of g(z) directly, we compute
a model of the so-called half spectrum f(z) defined as

fz)=ro/2+ > 2" )
k=1

where 7, = E{u(t + k)u(¢)}. Here, E{ - } denotes the mathe-
matical expectation operator. By definition of the spectrum, it
follows that

oo

g Tszk =

k=—00

F)+ f(z7) = g(2)g(="1).

It is well known that f(z) is an nth-order strictly positive-real
(SPR) rational function (i.e., f(z) is real-valued and stable and
f(z) + f(z71) > 0 for all |z| = 1). We first estimate the
values of f(z) and possibly its derivatives at a set of user-spec-
ified locations z = §;, with ¢ = 0,1, ..., m. This can be done
using an input-to-state filter [6], [7]. These values are then used
to estimate the parameters of f(z) by solving an interpolation
problem. The advantage of this framework is the tunability [5].
By choosing the interpolation points appropriately, it is possible
to tune the estimation algorithm to achieve superior resolution
performance in a specified frequency interval.

The aim of this paper is to propose a robust interpolation algo-
rithm for spectral estimation. This is motivated by the following
observation. The interpolation approach [5], [8] computes an
order n rational function by interpolating the half spectrum es-
timates at n different user chosen points located outside the unit
circle in the complex plane. Clearly, if the solution exists, it is
nonunique, and the set of all solutions are parameterized by the
spectral zeros [5]. In order to use this approach in practical prob-
lems, it is required to estimate the spectral zeros. In addition, the
interpolation approach in [5] and [8] does not account for noise
in the interpolation data. The half spectrum values are estimated
from a finite number of samples of u(t), thus are typically noisy.
One way of coping with this problem would be to use a large
number of interpolation data, where the number of interpolation
conditions exceeds the number of free parameters in the inter-
polating function, and subsequently fit a positive-real rational
function to the interpolation data by minimizing an appropriate
objective function. Strictly speaking, this is no longer an inter-
polation problem. However, this is a standard approach to incor-
porate some degree of robustness to the inherent noise in the in-
terpolation data. We will call this approach robust interpolation.
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In the proposed robust interpolation algorithm, we allow a
large set of noisy interpolation data to improve the estimation of
the half spectrum. Our algorithm also allows interpolation data
to include higher order derivatives of the half spectrum. This
feature is important for estimating the model order, although
this topic is not studied in this paper. Apart from being statisti-
cally accurate, the robust interpolation algorithm is numerically
efficient and it always guarantees a positive-definite spectrum
estimate.

II. ESTIMATION OF HALF SPECTRUM

The first step in our robust interpolation algorithm is
to estimate the values of the half spectrum f(z) and
possibly its derivatives at a set of user-specified points
&,1=0,1,2,...,m. The points &; are chosen to be self-conju-
gate with |;| > 1. Here, we propose a variation of the approach
outlined in [6] and [7]. The proposed approach is relatively
simpler to understand and implement.

Let us define

—a1 —Ay—1 —0ay 1
1 0 0 0

A= : - : : , b=, )
0 1 0 0

where a; are obtained from

1

a(z) = 2"+ a12"~ -+a, =

H{f &

In the above, v; is the multiplicity of &; “landv = >t vi. For
convenience, we assume that £y = oo with vy = 1. Let ¢ be the
unit advance operator, i.e., gz(t) = x(t + 1). Consider

(1) [q(ql A - %1} bu(t)

oo

= —bu )+ ZAkbu (t — k). 4)
Then, it is straightforward that
1 = i
r = E{z(t)u(t)} = §r0b + ZrkA b Q)

k=1

We choose A and b in a controllable canonical form to avoid
complex numbers in the filtering operation and the covariance
computation, which are the most computationally intensive
steps in our algorithm.

Define fi(z) = (1/k!)SLE) and
fi(z) = [fr.-1(2) fi(z) f]T (6)

It is shown in Appendix A that
f,(&) =TT 'r, i=0,1,....m (7)

where I' € C”*” is such that the pair ('"'AT',I'"'b) is in
the Jordan canonical form, see (37). The expressions for the
matrices T;, 2 = 0,1, ..., m are also derived in Appendix A.
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Using (7) we can estimate f;(&;),4 = 0,1,...,m, from an
estimate of r. However, if |¢;] is very close to unity for some 7,
then the corresponding pole &; 1 of the filter in [4] is located very
close to the unit circle causing a very long impulse response.
Hence, the transient error in z(t) due the unknown initial condi-
tions decay slowly. This may induce a significant error in the es-
timate of 7. In order to keep the error within an acceptable limit
it is recommended to keep |¢;| > 1.25 when N < 1000. One
can, however, allow ; close to unity when N is large enough.

Once the estimates f; of f;(&;), ¢ = 0,1,...,m are made
available, we can address the robust Nevanlinna—Pick interpo-
lation problem [9], [10] below: Find an SPR rational function
f(2) of degree n, such that

fi(&) =1 ®)

foralli = 0,1,...,morthat f,() are as close to f; as possible
in some measure.

We require v > 2n + 1 in the sequel in order to produce
a reliable spectral estimate. The technical difficulty with this
setting is that, on one hand, we tend to have an overdetermined
problem because f(z) has only 2n + 1 free parameters, and on
the other hand, we may not necessarily have an SPR solution

that satisfies all the constraints [11].

III. INTERPOLATION CONDITIONS FOR HALF SPECTRUM

We assume in the sequel thatn = Y_%_, v; for some 0 < p <
m and that the set {&; }?_; is self conjugate. In this section, we
assume that the interpolation data f; for f:(&),i=0,1,....m
are perfect. That is, there exists a nth-order rational SPR func-
tion f(z) that interpolates the given data. We want to know how
these interpolation conditions can be satisfied. This is done in
the following three steps:

1) we first parameterize all f(z) so that (8) holds for ¢

0,1,...,p

2) we then give the constraints on the free parameters of f(z)

such that (8) is satisfied fore = p+1,...,m;

3) the final step is to consider the SPR requirement.

Some notation is in order:

&L 1 -0
Xi = 0 EL S Ryixyi;
|
g=[0 ... 0 1" eR"¥L,
X, =diag{Xy,..., X, };
e= [51'— E;—]T;
“ N T
c= [ i fﬂ ;
T=[ X X7 'e];
X =T XT; c=T7'¢
Q(z) = [X—ZI] 1 ©

The following is a generalization of a result in [11], where we
parameterize all f(z) such that the interpolation conditions (8)
at &, &1, ..., & are satisfied.
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Lemma 1: All nth-order rational transfer functions f(z) sat-
isfying the interpolation conditions (8) for¢ = 0, ..., p, are pa-
rameterized in terms of a free parameter b € R1*" by

. fo — bQ(2)c

f(z) = T=50(2)e (10

where , and c are given by (9), and are real-valued. In particular

e=[1 0 0.
See Appendix B for proof.

Our next result explores the relationship between b and the
remaining interpolation data at {; };2 ;. We define

Ci(2) :== [ (2)e Q" Hz)c Q(2)c];
Ei(z) :=[Q" (2)e Q" Yz)e Q(z)e]. (11)
For any vector v = [vg v¢], we denote
v 0 --- 0
Vo—1 Vg e 0
L(v) = (12)
U1 o Up—1 Ve
Lemma 2: Let
Li = Ei(&) L(£) - Ci(&); (13)
hi = (ﬁ - Eifo)—r (14)

fori=p+1,..., m. Then, f(z) in (10) satisfies the interpola-

’ ’

tion conditions (8) fors = p + 1,...,m, if and only if

hi=bL;, Yi=p+1,...,m. (15)
See Appendix C for proof.

Since the set
X={&:i=p+1,p+2,....,m}

is self conjugate, we do not need to consider those &; with a
negative imaginary part. Without loss of generality, we assume
that X is organized such that the first p,. of the m—p members
in X are real-valued, the next p. elements are complex-valued
with a positive imaginary part, and the last p. elements are their
complex conjugates. We define

by := [hp4a hptp.];
he = [hp4p,+1 hp+p,+p.];
h:=[h, Re{h.} TIm{h.}]. (16)

We also define L,., L., and L in the same fashion. Using (15),
the interpolation conditions for b can be written as
h =bL. 17)

Finally, we consider the SPR constraint on f(z).
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Lemma 3: The function f(z) in (10) is SPR if and only if
there exists Q@ = Q' > 0 such that

ce +ec’ +Q c+ef'0 XQ

el + el 2f, B | >0 (18)
QX" gr Q

where 3 = bQ. If b is a free parameter, then there exists b such
that f(z) in (10) is SPR if and only if

cel +ec’ >XQX" —Q; (19)
ce +ec’ +Q c—l—ef'g
|: CT + fOeT 2%0 >0 (20)

for some Q = Q" > 0. Moreover, (19) and (20) holds for some
Q = QT > 0if and only if the following generalized Pick
matrix

. .
XEX c—l—efo} 50 1)

= |:CT + foeT 2%0

where E = ET > 0 is the unique solution to the Lypunov
equation
XEXT —E=ce’ +ec'. (22)
See Appendix D for proof.
Remark 1: 1t is a classical result [9], [10] that P > O is
the necessary and sufficient condition for the existence of an

admissible f(z) satisfying the interpolation conditions (8) for
1=1,2,...,p.

IV. ROBUST INTERPOLATION

When the interpolation data are noisy, the interpolation re-
quirements given in the previous section typically fail. One may
face three potential problems, as follows:

* for the parameterization of f(z) in (10), there may not exist

any solution for b such that f(z) is SPR;

* the same parameterization of f(z) may make the (17) for

b unsolvable;
* even if (17) has a solution, the resulting f(z) may not be
SPR.
In this section, we propose a robust interpolation algorithm
which essentially relaxes the interpolation conditions but guar-
antees a SPR solution to f(z).

Our algorithm involves four steps. The first three steps aim at
producing an f(z) that optimally fits the given data, and this is
done in a bootstrapping fashion. The fourth step addresses the
SPR requirement. More specifically, the first step computes an
initial estimate of f(z) where the parameter c is chosen to satisfy
the first n 4+ 1 interpolation conditions and the parameter b is
chosen to meet the remaining interpolation conditions in some
least-squares sense, but the SPR requirement is not considered.
This estimate of f(z) is used in the second step to produce a
more reliable estimate of b. This is in turn used in step three to
improve the estimate of c¢. By now, the new estimate of f(z)
typically fits the given data well, but still has the potential to be
not SPR. This is fixed in the final step where ¢ and b are tuned
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again by solving some semidefinite programs to meet the SPR
requirement. The details are given below.
Assume that r is estimated using

1]\
iﬁz

and this is used in (44) to produce the estimates of the interpo-
lation data if “o- The corresponding h and L [see (16)] are
denoted by h and L, respectively.

The asymptotic covariance matrix of 7 is defined as

¥ := lim NCov{r}

N—o0

which is characterized below.
Lemma 4: Let u(t) be a Gaussian random process with a

power spectral density |g(e')|?, and
o(g™") = [a(el —A) T+ ¢ (¢TI -A)T —Ib (23)
then
1 ™

a(e™)|g(e®)[*aT (™) dw.  (24)

T ir
See Appendix F for a proof.

A. Step 1: Initial Estimation of f(z)

_ The initial f(z) takes the form of (10) with the estimates of
fo, c and b given, respectively, by fj

LR
= arg min ||h — bL||>.
b

(25)

¢
b (26)

B. Step 2: Approximate Gauss—Markov Estimation of b

In this step, the same parameterization of f(z) is used, but b
is estimated by solving

o

b= arg min(h —
b

bLYS " (h —bL)T Q27)
where ¥ = $T > 0 is a weighting matrix to be chosen. We use
the so-called Gauss—Markov estimation approach [12] to deter-
mine Y., where the aim is to minimize the asymptotic covariance
matrix of the estimation error.

Denoting

and defining the asymptotic covariance matrix of ¢ as
Uy := lim Ncov{é}
N —o0

the best linear estimation requires X7 = Uy (see [12]). The dif-
ficulty, however, is that W5 depends on the knowledge of the
true f(z). In the following, we explain how this can be approx-
imated using the initial estimate of f(z).
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We note that ¢ is a linear function of 7 for a fixed b because
both ~ and L are linear functions of 7, i.e.,

¢ =Gr (28)

for some matrix G depending on b. The expression for G is given
in Appendix E. The above implies that

= GUGT. (29)

Since ¥ is not available, we use its approximation

Z

j=0

e Re{ f(e)PaT (e71) ek

where w; = 2mj/K and K is sufficiently large to avoid any

time domain aliasing (K = 1024) is usually sufficient). In ad-

dition, b is used in lieu of b in computing G. Naturally, the re-

sulting G and VU5 in (29) are denoted by G and @'2, respectively.
Setting 31 = \112, we obtain

b= by LT [Lug L] (30)

C. Step 3: Minimum Variance Estimation of f'g and c
[e]
Using b, we obtain

o ~

—h— b1 =T11Gr

where the last equality is valid for large N with
. . IS R e
= {I LT [pr;lLT} L\lfgl} .

Denoting ¢ = [¢T £,]T and its initial estimate in Step 1 by €, it
is clear that

¢=Hr (31)
for some H (also to be derived in Appendix E). It follows that,
when N is sufficiently large

=(i]ofi]

In particular, ¢ and ¢ are correlated. Therefore, we can improve
the estimate of ¢ by minimizing its covariance. Since ¢ has zero
mean as N — oo, it follows that the minimum variance estimate
of c is given by [13, pp. 26]

Necov{[e"

o= ¢ — Uy T[T, 17] 8 (32)
where T denotes the Moore-Penrose pseudoinverse operator,
and

A

Uy = HIGT.
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The normalized covariance matrix of 3, when N is sufficiently
large, can be estimated as

Wy := Ncov{e}
~ HGHT 1T [T,

D. Step 4: SPR Regularization

We denote the estimate of f(z) so far by

° ;' —|—ZZI—X_1(O:
f(Z): - o( ) .
1+ b (2 — X) le

There is a possibility that f (z) is not SPR. This may occur in
either of the following cases:

1) for ¢ =¢, the solution set B of all b such that f(z) is SPR

may be empty;

2) even if B is nonempty, b¢ B.
In either case, the estimate of f(z) needs to be modified. This
can be done using Lemma 3.

Checking whether B is nonempty can be easily done using
(21)—(22). If it fails, ¢ needs to be modified. One simple modi-
fication is to use the following:

= o

é:=[¢" fo]" = arg mcin(c— ¢)" U7 (e ¢)

subject to (19) and (20). This is equivalent to solving the fol-
lowing semidefinite program:

é:argmcinf

ce +ec' >XQXT —Q
—_aT

(e—¢) ]>0

[ /
(c—e¢) U,
[ceT—i—ecT—i—Q c+ef0]>0.

subjectto @ > 0,

CT + fg@T 2f0 (33)

The second step is to re-estimate b. Instead of doing it directly,
we estimate (3 and () (18) by solving the following optimization
problem:

o o

. T
min (B=bQ)(B-bQ)

subject to (18) with ¢ and fy replaced by ¢ and fy, respec-
tively. This is equivalent to solving the following semidefinite
program:

B, Q= arg min /

12 - 6—-bQ 50
BT =Qb I
el et +Q ¢+efy XQ
éT +f‘06T va‘o ,8
QX7 g Q

subject to

> 0.

4855

The resulting estimate of b is given by
b= GG
which gives the final SPR estimate of f(z) as

% _ f0+B(ZI—X)_1é
J=) = 14 b(2I — X)~1e’

E. Asymptotic Accuracy

When N is large, the interpolation data f'k is accurate enough
o]

to ensure f (z) is SPR, and hence the SPR regularization step

is not needed. Therefore, the asymptotic covariance matrix of
T o
[8 b] serves as a measure of the asymptotic accuracy of the

above estimation algorithm. In Appendix G it is shown that

ol ©
A}im Ncov{[c b}
1

AL (ERET) LT e
Let
@, = Jim Neov{[& B}

with v interpolation conditions. Now, suppose we add an addi-
tional interpolation condition and the resulting normalized co-
variance matrix be @, ;. Then, (34) can be used to show that
®, — ®,4 is a positive-definite matrix. See [2, Lemma 2] for
a similar proof.

V. ILLUSTRATIVE EXAMPLE

To show how the proposed algorithm works, we test it on
an ARMA process u(t) generated by filtering a Gaussian white
noise through

24 —0.478923 4 0.37902% — 0.3879z + 0.6561
z* —0.541423 + 0.907722 — 0.43852 + 0.6561

9(z) = (35)
It can be verified that the poles and zeros of g(z) are very close
to each other. In addition, the zeros are located very close to
the unit circle. This makes it a difficult problem to identify g(z)
accurately. In addition, the algorithms where positivity of the
estimated spectrum is not guaranteed may often give a nonpos-
itive spectrum estimate or an unstable estimate of g(z).

We take m = 20, £; = 00, & = 1.5, & = —1.5, and

Eop_1 = 1.5eik=1)7/10 B
o = 1.5e71(k=1)7/10 (1 k=2,...,10

with v; = 1 for all ¢. The performance of the proposed al-
gorithm is compared with the maximum-likelihood approach.
Simulation results based on 100 independent runs are shown in
Fig. 1, where we plot the true spectrum (solid) with the mean
(dashed) + the standard deviation (dashed—dotted) of the esti-
mated spectrum for each approach. In each run, 1000 points of
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Fig. 1. Comparison between the proposed approach and maximum-likelihood
method: (a) Proposed approach, N' = 1000, (b) maximum-likelihood method, . . .
N = 1000, (c) proposed approach, N = 200, and (d) maximum-likelihood : . . 1
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method, N = 200.
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u(t) are used. Simulation results for N = 1000 are shown in
Fig. 1(a) and (b), where we notice that the performance of the
proposed estimator is very close to that of the maximum-likeli-
hood approach. Fig. 1(c) and (d) depicts the simulation results
for N = 200. In this case, the proposed estimate has larger bias
but smaller variance than the maximum-likelihood approach.
The small sample bias effect is mainly because the initial con-
ditions in the filtering operation (4) are unknown. This transient
effects disappear as we increase N. In fact, the performance of
the interpolation approach improves with the increase in the in-
terpolation data, and may achieve the optimal performance limit
asymptotically (however, we do not yet have a theoretical jus-
tification supporting this statement). This makes our algorithm
an attractive alternative for spectral analysis because we solve
a convex problem to arrive at the final estimates but, unlike the
maximum-likelihood approach, do not encounter problems due
to nonlinear optimization.

VI. CONCLUSION

In this paper we have proposed a robust interpolation algo-
rithm for spectral estimation. The problem considered here can
be seen as a generalization of the classical Nevanlinna-Pick
interpolation problem. Our algorithm has three main features.
Firstly, we allow noise-corrupted interpolation data. Secondly,
we can incorporate a large number of interpolation data points
to reduce the estimation error. Finally, an SPR solution is al-
ways guaranteed. Since SPR functions are stable, the stability
of the estimated model is also automatically guaranteed. In ad-
dition, our algorithm employs semidefinite programming and is
thus computationally efficient in the sense that the solution is
obtained in polynomial time.

The robust spectral estimation approach can be easily gener-
alized to multivariable processes. It is also possible to estimate
the model order by using high order derivatives of f(z) at ap-
propriate interpolation points. A similar robust algorithm for co-
variance extension can also be derived.

APPENDIX A
PROOF OF (7)

There exists I' € C”*” such that
I !AT=A,, T 'b=b, (36)

with (A., b.) in Jordan canonical form. Thus

Ag 0 - 0 bo
0 Ay - 0 by

A= . . . s be= . (37)
0 0 - A, by

where A, € C"**¥* and b, € R"**! are given by
—1
¢ 1 . 0 0

—1 .. . :
N B O S e e )

0 e 0 5;1
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Using (5) and (36), it follows that

1 oo
y:=T"lr = crob. + ) riAlb,. (39)
k=1
Now, partition
T Vi
y=[v v . T (40)

Since £y = oo and vy = 1, we have Ay = 0. Hence, (37) and
(39) gives

1

’YO: —1"0:

2o = f(00).

Also for ¢ > 0 using (1), (37), and (39), it follows that

1 - ‘
i = robi + > Al 1)
k=1
Consequently, for 7z > 0, we have [14, pp. 557 and 565]
1 dvi—t 1
brile = (vi — £)! dzw—ff{Z} e
(=1,...,v;. (42)

Defining ‘= 1Cr_; = (n!)/(r!(n —r)!), it is also straightfor-
ward to show that

1dff(zt

i S —(L+k)
o d2t

= ZZ 1Ch_1fr(z

in (43) and using (42), we

(43)

for all £ > 0. Now, setting z = &; '
get

Sk e (k) =

where Jj, € R**”* is the permutation matrix having ones along
the antidiagonal and zeros elsewhere, S; = diag{1, S;}, and
S; € Cvi=1x(»=1) i5 given by

[Sk]je = (17t g, ifj > ¢
e 0, otherwise.

Now, S}, is invertible since it is lower triangular with nonzero
diagonal entries. Hence, we get

Fr(&) = ISyl = Thl 7'y (44)
where
T, JoSy 0 0
T -1 . .
Ml O IS s
. N *. t. 0
Ton 0 0 JnS:t
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APPENDIX B
PROOF OF LEMMA 1

Itis clear that f(z) in (10) can be rewritten (through the state
transformation 7") as
fA‘O + B[Zln — X*]_lé
1+ b[zl, — X, ] te

fz) = (46)

where b = 6T~ It suffices to show that the f(z) in (46) inter-
polates the given data for: = 0,1,...,p.

It is easy to see that f(co) = fo, which satisfies the interpo-
lation condition for £y. Consider the partial fraction expansions

N(z) := fo + b(z1, —X)—15:f0+zz( nk,g ,
k=1j=1 \" k)
m v dk]

D(z) :=1+b(zI, — X, =1 :

(2) == 1+b(2 ) _1_;;(2_&)]

Since (z — &,)"* D(2)f(2) = (2 — &)"* N(z), applying Leib-
nitz’s theorem of successive differentiation yields

LA )

jldza
I1 gt "
=> g (2= &) D(2)} fi-e(2).
Evaluating at z = &, we have

J
nk,,,k —j del’!\ [fj gfk) j:0717---7’/k_1 (47)
£=0

where we use the standard formula

1 df v §y
M=t = 91 5t {(z — &) (2)} e
1 d*
. — &) D
iy —e = 7 dzt {(z = &) (=)} e
for{ = 0,1,...,v — 1. Denoting

g = [Ny, o Nel;

di. = [di,u, - di 1]
we can rewrite (47) as

n, = di LT {F1 (&)} = £ (&) LT (di i) (48)

Defining ug, = [(z — &)™ --- (z — &)Y T, we can write
[ — Xi] 7' = L7 (ug).
We also partition b as
b=[b by], by € CH*.
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It follows that

LU = bk[ZI — Xk]ilfk = bkL‘T('u,k)fk = f,;erL‘T(kak)uk,

druy, = bk[ZI - Xk]_lé‘k = bkET(ek)'u.k = bruy.

In the above, we have used L(gx) = I. Now, equating coeffi-
cients of (z — &,)77, and using (48), we get

dk = bk, ne = f;cr(fk)JkﬁT(kok) = f‘];erLT(kok).
If £(dyJy) is nonsingular, (8) holds. It remains to exclude the
possibility that £(dyJ;,) is singular. If this happens, then

de,1 =0, ng1=0
[see (48)], implying that both N(z) and D(z) have at least one
common zero at &. This is not because f(z) is of order n.
Hence, £(dyJ),) must be nonsingular.

It remains to show the properties of X, b, c and e. It is known
[15, pp. 109] that X is real-valued and e = [1 0---0]. To see
¢ is real-valued, let us partition 7' = [T}' - ~T1;'— 1T with T}, €
C¥e*™ Clearly, f;, = Tyc. In addition, due to block diagonal
structure of X, it follows that

Tk = [é‘k Xké‘k X:71€k]. (49)
Express ¢ = cg+icy. If € is real-valued, then f'k is real-valued.
Also by (49) T} is real-valued. This implies that Tcy = 0.

Now, assume &, is complex-valued and express Ty, = Ty +
iT7,. Then, there exists 1 < j < p such that ; is the complex
conjugate of . Consequently, f; is the complex conjugate of
f.. Also by (49) T; is the complex conjugate of T},. Hence

Re{Tyc} = Re{Tjc}, Im{Tic}= —Im{Tjc}

which implies

T]kC] = 0, TRkC] =0
or Ticy = 0. It follows that T'c; = 0. Since &, are distinct, 1" is
nonsingular. Hence, c; = 0.

Whenever &; is complex conjugate of &, f(&;) is complex
conjugate of f(&x). Hence, the coefficients in f(z) must be real-
valued. Since X, c and e are real-valued, the above implies that
b is real-valued.

APPENDIX C
PROOF OF LEMMA 2

Denoting
ag(z) = (2)e, Pr(z) = (2)e k=p+1,...,m
then (10) implies

f(z) —fo = b{Bu(2) f(2) — cu(2)} . (50)
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Note that
H dzk = /BkJrl(Z);
1 d*ay(2)
R DT apy1(z), k>0. (5D

Using (51), Leibnitz’s theorem of successive differentiation in
(50), we get

Jr(2) = b{—ary1 + B fe(z) + Bofr—1(z) + -

+ Br+1f(2)}, k>0 (52)

Rearranging (50) and (52) in a matrix form, we obtain
fi(z) —eifo = BE(2)  L{fi(2)} - Ci(2)].

Evaluating the above at §; fort = p+ 1, ..., m yields (15).

APPENDIX D
PROOF OF LEMMA 3

Let us define

N(z) = fo + bzl — X) ¢,
D(z) =1+b(zI — X) e (53)
Note that f(z) is SPR if and only if f(z) is stable and
N()D(z™Y) + N(z"Y)D(2) = [b(zI — X)™* 1]
T T £ -17 _ yT\=13T
[t [T e e

for all |z| = 1. By the KYP lemma [16], the above holds if and
only if there exists Q = QT > 0 such that

geT—i—ecT c—f—Aef'o " Q—-XQXT —-XQ@b' >0
foeT +¢T 2f, —-bQXT —bQbT ’
(55)
Rewriting (55) as
ceT+ecT+Q c+Aef'0 |1 XQ o1 XQ T>0
foe +c’ 2y B B

and applying Schur complement, (55) is equivalent to (18).
We can rewrite (18) as

O+UBVT +VaTUT >0

where
[ce + ecf +Q c +A€f0 XQ
0= e’ +foel 2f, 0
| QX7 0 Q
—Onxn 0n><1
U= 0l><n 7V = 1
L In 0n><1
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It is straightforward to construct full-rank matrices U, and V|
such that U] U = 0 and V'V = 0. One possible choice is

VJ_ = 01><n 01><n UJ_ = |:0n+1 :| .
Onxn In nx2n

Using the elimination lemma ([17, pp. 22], there exists 3 such
that (18) holds if and only if UI@UJ_ > 0 and VI@VJ_ > 0.
It can be verified that UI OU, > 0is equivalent to (20), while
V'OV, > 0 is equivalent to

ce’ +ect +Q XQ >0
QX Q

which can be transformed via Schur complement into

cel +ec' +Q-XQX" >0, Q>0.

Next, we show that (19), (20), and Q > 0 are equivalent to
(21). We first show the sufficiency. Suppose that P is positive
definite. Then, X EX T > 0, implying E > 0 since X is stable
and thus invertible. Set Q = F' in (19) and (20). Comparing with
(22), we see that (19) becomes an equality, while the inequality
(20) is satisfied. Therefore, it is possible to find @ > 0 (by
perturbing from £ slightly) such that both the inequalities (19)
and (20) hold.

Conversely, suppose that there exists () > 0 such that (19)
and (20) hold. Then, using (22) and (19), we get

XE-QX">E-Q = E>Q. (56)
However, from (21) and (22)
cel +ec” +Q c—l—ef'o E—-Q 0
_ % A = > 0.
P ¢l +foel 2f, 0 o 20

Hence, (56) and (20) imply P > 0.

APPENDIX E
DERIVATION OF (G IN (28) AND H IN (31)

Using (44), (25) and denoting & = [¢T fo]T, we have

Tfl[TlT...T;]T

—1
T, I,

H =

Defining ¢, = fzk — bﬁk for kK = p1,...,m, then (13) and
(14) becomes

&e = (f, — enfo) T + b{Cr(&) — Er(&)L(E)}.  (5T)

Using (11) and (12), the identity wL(v) = v' £L(w) for v and
w with compatible dimensions, and

Op = [ @l b))
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we can rewrite (57) as
én = (f —erfo) "+ (0k0) T — £ L{EL(&)}
= [I — ﬁ{bEk(fk)}]fk + [Ok — Ek]&
= Byr (58)

where By, is obtained using (44) and (31) and is given by

By =[O —ei|H+[I - L{bE(&) TR L.
Now, using the definition for » in (16) and a similar definition
for L, we get

~ N

e=(h-bL)T =[] Refel} Tm{e}]’

where
N R N T
€ = [p1 Eptpe]
R . R T
€c = [€p+pr+1 5p+pr+pp]
Hence, from (58), we get (28) with
By Bpipo+1 el
G, = : s Gy = : ./GZ Re{Gg}
BP+Pr B1)+P'r‘+pr Im{GZ}
APPENDIX F

PROOF OF LEMMA 4

In this Appendix, we write
G(qg™) =[0.51 + A(ql — A)~']b.

Note that a(q~!) = G(¢7') + G(q). For two stationary vector
valued processes z(t) and y(t), we denote

pay(ts — ta) = E{z(t1)y " (t2)}.

Using a standard formula for the fourth-order moments of
Gaussian random vectors [18], we get

E{##'
1 N N
= 5 2 2 Efetu(tu(t)e” (t2)}
: tl]\_, tQA_,
= 35 2 2 [00u(0)pu(0) + prults = 12)pua(ty = 12)

+ Pza (tl - t?)puu (tl

— 12)]

1 N N-1
= 'I"I'T + m Z Z |N - T|[pmu(7_)pu.r(7_)

ti=1r=—N+1

+ Pz (T) pun(T)]- (59)

Note that the inner summation in the right-hand side of (59) is
independent of ¢;. In addition, the magnitudes of the correla-

Authorized licensed use limited to: University of Newcastle. Downloaded on October 5, 2008 at 8:36 from IEEE Xplore. Restrictions apply.



4860

tion functions p,..(7), pz=(7), etc., decay exponentially with 7.
Hence, for large N, we can simplify (59) as

N-1

> [peu(T)pus(T) + pra(T)puu(7)]:

T=—N+1

o 1
o = —

(60)

‘We know that

1 " —iw iw iwT
Pau(T) /G(e )g(e)]2e“™ dw.

2 J_,

Hence, using Poisson’s summation formula, it follows that

N-1
Jim Y peu(7)pun(7)
T=—N+1
1 [T ) . .
=5 Gle ) |g(e“)*GT (') dw. (61)
Also, a similar calculation gives
N—1
J\}Enw Z pmm(T)pu'rt(T)
T=—N+1
1 T —iw iw —iw
= | Gy )T () do. (62
Hence, by combining (60), (61), and (62), we get
A1 i i —iw iw\14 T/ —iw
Ncov{t} = 5 G(e ™) |g(e)|*a’ (™) dw. (63)
(L —

Note that a(e™') = Re{G(e™*)}, and Im[G(e~'*)] is an odd
function. Using these observations, it is straightforward to de-
rive (24) from (63).

APPENDIX G
PROOF OF (34)

In this Appendix, we denote
U, =HUH', U3=HIGT,
n={r-c7 [Lez' 7] Loz}
It can be verified that

oL" =o,

and

(64)

Q =Ty =0, — LT [LU;'LT] 7 L =TI0,1",
Hence

I [, = 951QQTQus ! = 1;1Qu;t.  (65)
For large [V, it holds that L~ L, G~ G, II ~ 11, etc. Conse-
quently, it follows from (27) that

o

(b=b)" = [LUF'LT] LUy s (66)
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Similarly, using (31) and (32), it follows that

¢ —c= {H — W, [H\IJQHT]THG} T. (67)
Consequently, by (66), we have
E{(b—0)T(b—b)} = [LU;'LT] " = X"1  (68)
while by (67) and (65), we get
E{(¢ —c)(& —c)T} = Uy — W, [[IW,I ] T rwT
=0, -0 05'QU' U] =Y -B'X !B (69)
where
B=LU;'0,, Y=0U - U050, (70)
In addition, using (64)—(67), it follows that
E{(&—c)(b=b)} = W05 LTX" ' =BX"L.  (71)

Combining (68), (69), (70), and (71), and using a standard block
matrix inversion formula [12, pp. 512], we get

o o T
Cc —C Cc —C
R = o o
CEOM RICEON
_[Y'+B'X"'B BTX"!
- X~'B X!
Y- ~y-'BT 1

- {—BY—I X +BY—1BT}

I oo [w, w1 t[1 0]"
)0 L||v] O, 0 L
which is same as (34).
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