
Quantized Control for Stochastic System
WEI Li1, ZHANG Huanshui1, FU Minyue2

1. School of Control Science and Engineering, Shandong University, Jingshi Road, Jinan 17923, P. R. China.
E-mail: weili@mail.sdu.edu.cn, hszhang@sdu.edu.cn

2. School of Electrical Engineering and Computer Science, The University of Newcastle, NSW 2308, Callaghan, Australia
E-mail: minyue.fu@newcastle.edu.au

Abstract: This paper considers the coarsest quantization control problem. Different from the previous works [4] where the
systems are restricted to be deterministic, we focus on the feedback quantization control for general stochastic systems with
multiplicative noises. It is showed that the coarsest quantizer that stabilize the multiplicative-noise stochastic system in mean-
square sense is logarithmic, and the quantization density of which is larger than the results obtained in [4] for deterministic
systems for the deterioration of multiplicative noises. Also, we explore that the solvability of the quantizer density is related to a
special stochastic linear control problem.
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1 Introduction

Linear feedback control plays an important role in mod-

ern control theory, and has been investigated by many re-

searchers. With the developments of networks, the prob-

lem of time-delay, packets-dropouts and quantization arise

in the digital transmission channel for the limited date bits

can deteriorate the performance so that can not be neglected.

Control using quantized information can be traced back to

1960’s [16] [18] [17] [1] [19] and so on. The development of

modern network control system has brought a resurgent in-

terests in quantized feedback control, recent works on quan-

tized feedback control include [4] [11] [12]. The research

on quantized feedback control can be categorized depending

on whether the quantizer is static or dynamic. Static quan-

tizer is memoryless nonlinear function, while the dynamic

quantizer use memory, and thus can be more complex and

powerful. Most of the research about static quantizer use

the uniform quantizer and logarithmic quantizer, while the

uniform quantizer can keep the information well when the

signal falls into the dynamic range of quantizer, the num-

ber of quantization levels required for a given quantization

step-size increases linearly as the dynamics range increases.

[5] considers the uniform quantizer and propose a new con-

trol design methodology, which relies on the possibility of

changing the sensitivity of the quantizer while the system

evolves to stabilize a linear time-invariant control systems

with saturating quantized measurements. [7] investigates

the quantized H∞ control problem for discrete-time systems

with random packet losses, [6] studies the asymptotic char-

acteristics of uniform scalar quantizers that are optimal with

respect to mean-squared error, while [2] has shown that the

classical linear quantization approach is invalid in the case

of the resolution is coarse and the open-loop dynamics is un-

stable.

In [3], it has been proved that there exists a critical positive

date rate that below which there does not exist any quantizer

This work is supported by the National Natural Science Foundation for

Distinguished Young Scholars of China (No. 60825304), and the Major

State Basic Research Development Program of China (973 Program) (No.

2009cb320600)

and feedback control that can stabilize the unstable system,

and the coarsest quantizer is proved to be logarithmic. [4]

reveals that for single input linear time-invariant system, the

coarsest quantizer is logarithmic and its quantization density

is related to the unstable roots of the system matrix. In [8],

it is showed that the quantized error of the logarithmic quan-

tizer can be modeled as multiplicative noise related to the

quantization density and the problem of quantized control

can be transformed into the classical robust control problem.

As for the stochastic systems, [13] considers the stochastic

system with addictive noises under the assumption that the

noises is bounded. A logarithmic quantizer with finite levels

to guarantee the system achieve practical stability has been

designed. The least quantization rate for system with the

feedback subject to the Bernoulli packets dropouts is proved

to has the relation with the packets dropout rate and the un-

stable roots of the system matrix in [11]. [12] considers

the minimum date rate for mean-square stability of linear

systems over a lossy channel which is modeled as a time-

homogenous binary Markov process. The minimum date

rate for scalar systems is given in terms of the magnitude

of the unstable mode and the transition probabilities of the

Markov chain. Necessary and sufficient conditions are pro-

vided for scalar systems.

It should be noted that most of the aforementioned works

are only concerned with the deterministic system or stochas-

tic systems with bounded additive noises or some special

multiplicative noises. In this paper, we consider the coars-

est quantization density for the mean-square stabilization for

a general stochastic system with multiplicative noises. Simi-

lar to the case of deterministic system, the coarsest quantizer

is proved to be logarithmic, and the quantization density is

larger than in the case of deterministic system because of the

deterioration of the multiplicative noises. This paper is orga-

nized in the following way, section II formulates the quan-

tized feedback problem. Section III presents the solution of

the problem and generalize it to exponentially mean-square

stability. Finally, section IV draws some conclusions of this

paper.
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2 Problem Formation

Consider the discrete-time multiplicative-noise stochastic

system:

x(t+ 1) = Ax(t) +Bu(t) + [A0x(t) +B0u(t)]w(t), (1)

where x(t) ∈ Rn is system state with the initial state as

x(0) = x0, u(t) ∈ R is control input, and w(t) ∈ R is white

noise with zero mean and variance as σ2. Throughout this

paper , we assume w(t) satisfying

E(w(t)wT (s)) = σ2δts, (2)

and is uncorrelated with initial state x(0), δts is the kro-

necker function. For the convenience of discussions, we de-

note

Ev(x(t)) � ExT (t)Px(t), P = PT > 0, (3)

∇Ev(x(t)) � Ev(x(t+ 1))− v(x(t)). (4)

The time t shall be dropped out in the case of without causing

the confusion.

Definition 1 The discrete-time stochastic system (1) is
quadratically mean-square stabilized, i.e., there exists a
state feedback control u(t) = Kx(t) ( where K is a con-
stant matrix ) and symmetric positive matrix R = RT > 0,
such that for any initial state x0 ∈ Rn, the closed-loop sys-
tem:

x(t+ 1) = (A+BK)x(t) + (A0 +B0K)x(t)w(t), (5)

with the initial state as x(0) = x0 satisfying

∇Ev(x(t)) = −xT (t)Rx(t) < 0. (6)

Definition 2 The discrete-time stochastic system (1) is expo-
nentially quadratic mean-square stabilized with convergence
rate α, i.e., there exists a control u(t) = Kx(t) and symmet-
ric positive matrix R > 0, where K is a constant matrix,
satisfying that for any initial state x0 ∈ Rn, the closed-loop
system:

x(t+ 1) = (A+BK)x(t) + (A0 +B0K)x(t)w(t), (7)

with the initial state as x(0) = x0 satisfying

∇Ev(x(t)) = −αxT (t)Rx(t) < 0. (8)

Remark 1 The following discrete-time stochastic system:

x(t+ 1) = Ax(t) +A0x(t)w(t), x(0) = x0, (9)

is called mean square stable, if for any initial state x0 ∈ Rn,

lim
t→∞E‖x(t)‖2 = 0,

When the system is mean-square stable, we also call that
(A,A0) is stable.

Remark 2 It can be proved that if the discrete-time stochas-
tic system (1) is quadratically mean-square stabilized, then
it is mean-square stable.

Consider a function f : X → U , where X ⊂ Rn and

U ⊂ R, f introduce a partition of X satisfying f(x) =
−f(x), and has only finite or countable values in U , we call

f is a quantizer. In this paper we consider only quantizers

that are symmetric with respect to the origin and with an

infinite countable number of levels. The quantization density

is defined as the density of the quantizer f introduced in the

state space X . The problem to be solved in this paper is

stated as following:

Problem 1: For the system (1) and the Lyapunov function

Ev(x) = ExTPx, where P = PT > 0, find a set U =
{ui ∈ R, i ∈ Z} and a function f : X → U , such that

• f(−x) = −f(x),
• For any x ∈ X,x �= 0,

∇Ev(x) = Ev(Ax+Bf(x))− v(x) < 0. (10)

In the above f is called the quantizer.

3 Problem Solution

In this paper we shall adopt some notations defined in the

earlier work of [4] as the following:

• Q(EV ) denotes all quantizer that solve the Problem 1;

• for g ∈ Q(EV ) and 0 < ε ≤ 1, denote �gQ(EV ) as

the number of quantization in the interval [ε, 1/ε], i.e.,

ηg = lim supε→0
�gQ(EV )

−lnε
, (11)

ηg is the quantization density of g.

• Moreover, a quantizer f is said to be coarsest for Ev(x)
if it has the smallest density of quantization, i.e.,

f = arg inf
g∈Q(EV )

ηg. (12)

Notice our aim is to derive the coarsest quantization density

when using the quantized feedback for system (1), so we

shall first derive all the quantized feedback that can make

the system mean-square stable. The following lemma gives

us all the admissible control.

Lemma 1 Let Ev(x) = ExTPx, where P = PT > 0, is
a Lyapunov function for system (1). For any x ∈ X,x �= 0,
all the u that make the system (1) mean-square stable are
characterized by

U(x) = {u ∈ R | u1(x) < u < u2(x)}, (13)

where

u1,2(x) = KGDx(t)±
√

xT (t)Qx(t)

BTPB + σ2BT
0 PB0

, (14)

and

KGD = −BTPA+ σ2BT
0 PA0

BTPB + σ2BT
0 PB0

, (15)

while

Q = P −ATPA− σ2AT
0 PA0 +Δ. (16)

where Δ =
(ATPB+σ2AT

0 PB0)
TQ−1(ATPB+σ2AT

0 PB0)

BTPB+σ2BT
0 PB0

.
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Proof: Set the equation

∇Ev(x) = 0, (17)

the admissible U is characterized by the open interval be-

tween the roots of the following second order equation in u,

(BTPB+σ2BT
0 PB0)u

2(t)+2xT (t)(ATPB+σ2AT
0 PB0)

×u(t)+xT (t)(ATPA+ σ2AT
0 PA0 − P )x(t) = 0, (18)

since BTPB + σ2BT
0 PB0 > 0, solve the above equation

we get the boundary of control set is u1(x) and u2(x) as in

(14) and the admissible control set as (13). Notice Ev(x) =
ExTPx is the Lyapunov function, so Q > 0. The proof is

completed. �
It is necessary for the proof to check that the admissible

control set (13) with the following properties,

• P1: U(αx) = αU(x), α > 0;

• P2: u1(x) = −u2(x), if KGDx = 0.

It will be seen that the above properties play an important

role in the analysis of the coarsest quantizer. Firstly, from

P2 we know that when x ⊥ KT
GD, u = 0 can be used to en-

sure that the Lyapunov function decreases along trajectories.

Thus, the coarsest quantization density can be deduced in the

direction of KGD. In fact, consider the subspace spanned by

YGD = {x ∈ X;x = y
KT

GD

KGDKT
GD

, y ∈ R}. (19)

For the quantizer g : X → U , g ∈ Q(V ), we make the

restriction of g on YGD as

h : YGD −→ UYGD

h(x) = {g(x)|x ∈ YGD},
and the extension gGD of h given by

gGD : X −→ UYGD

gGD(x) = h(KGDx).

In view of P2, it follow that gGD ∈ Q(EV ). Further note

UYGD
⊆ U , so �gGD[ε] ≤ �g[ε], for any 0 < ε < 1. Thus

we only need to find the coarsest quantizer in the direction

of K
′
GD, that is

inf
g∈E(QV )

ηg = inf
gGD∈E(QV )

ηgGD . (20)

Now we draw the main results of this paper.

Theorem 1 The coarsest quantizer is logarithmic and the
quantization density is determined by:

ρ =
u2

u1
=

√
Δ− 1√
Δ+ 1

. (21)

Proof: Let

z(t) = Q1/2x,

then the boundary points of the control set can be changed

into

u1,2(x) = KGDQ−1/2z(t)±
√

zT (t)z(t)

BTPB + σ2BT
0 PB0

.

Denote KGDQ−1/2 = K̄GD and decompose z into the fol-

lowing form:

z(t) = Q− 1
2 (ATPB + σ2AT

0 PB0)α+ wβ,

where w ⊥ Q− 1
2 (ATPB + σ2AT

0 PB0), hence

u1,2(α, β) = KGDQ−1(ATPB + σ2AT
0 PB0)α

±
√
Δ+

β2

BTPB + σ2BT
0 PB0

. (22)

Denote the set U(α, β) = {u1(α, β) < u < u2(α, β)}, then

U(α, β) is the minimal set when β = 0. Let

ρ = infU(α,0)
⋂

U(1,0) �=∅α. (23)

Since the boundary points corresponding to U(1, 0) are

u1 = KGDQ−1(ATPB + σ2AT
0 PB0) +

√
Δ, (24)

u2 = KGDQ−1(ATPB + σ2AT
0 PB0)−

√
Δ, (25)

it turns out to be that ρ admits

ρ = infαu1>u2α, (26)

or (21). When all the values of KGDx ∈ (ρα0, α0), u0 =
βu is the common value of u to be used for the system to be

mean-square stabilized. Let

α0 = βα = αΔ (27)

for some α, then

u0 = αΔ−
√
α2Δ.

(28)

Substituting βα in the last equality for α we obtain

u0 = βα(1− 1√
Δ
), (29)

and since

√
Δ =

1 + ρ

1− ρ
, (30)

we have that βα = 1+ρ
2ρ βu or α0 = 1+ρ

2ρ u0. Now, from

the previous derivation we know that for all the x ∈ Ω̄+
0 =

{x ∈ X : ρα0 < KGDx < α0}, u0 = βu guaran-

tees the non-increasing of Ev. Moreover, we know that for

any Ω0 which can be associated to u0 by any quantizer in

Q(EV ), Ω0

⋂
YGD ⊂ Ω̄+

0

⋂
YGD. Thus, from lemma 1,

of which the scaling Property P1 is a consequence, we have

that u1 = ρu0 guarantees the non-increasing of Ev for all

the x ∈ ρΩ̄+ = Ω̄+. Furthermore, u = u1 is the small-

est value that can be an immediate predecessor of u0. Fig 1

gives a visual proof of this statement and helps seeing that if

u1 < ρu0 then there is a gap in the covering of KGD, that

cannot be covered by any set Ω associated with any value

of control u which is either u > u0 or u < u1 The same

arguments can be repeated for u2 and by introduction for
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Fig. 1: The optimal partition of u

u2 and by induction for any ui. Ω̄+
i in the theorem state-

ment are derived from the corresponding Ω̄+
i by replacing

the the non strict inequality ≤ with a strict one, so that f is a

well-defined function, and Ωzero is the natural closure of the

partition. Thus, we have that the sequence for both positive

and negative control values is given by

±ui+1 = ±uiρ, i ∈ Z with u0 = βu, (31)

and the resulting quantization in the state-space is given by

±αi+1 = ±αiρ, i ∈ Z with α0 = βu. (32)

From the structure of f it follows that :

ηf =
2

ln 2
ρ

<∝, (33)

and from the construction we have that for any g ∈ EQ(v)

�f [δ] ≤ �g[δ] for all 0 < δ ≤ 1. (34)

Finally, since for any 0 < ε < 1 − ρ and ρε = ρ + ε, f
constructed as f but with ρ instead of ρε belongs to EQ(v),
we have that f is the coarsest for Ev(x(t)). The proof is

completed.�
Remark 3 When the covariance σ2 of the noise w(t) is 0,
which means that the noise w(t) = 0, the quantization den-
sity is the same as the deterministic case in [4]. The quanti-
zation density for stochastic system with multiplicative noise
is larger than that for the deterministic system, this is easy
to see that we need more bits to trade off its deterioration
aroused by the noises.

Remark 4 Denote

Δ = γ2, (35)

and from (30) we can derive that

ρ =
γ − 1

γ + 1
, (36)

which is monotonically increasing over γ ≥ 0, thus minimiz-
ing ρ is equivalent to minimizing γ.

What follows is to characterize the coarsest quantizer by

searching over all quadratic stochastic control Lyapunov

functions, and derive the optimal P > 0 such that Ev(x) =
ExTPx is the lyapunov function and ρ∗ is the minimum. We

will show that the solvability of the optimal quantizer den-

sity is related to solving a special stochastic linear quadratic

regulator problem.

Theorem 2 The optimal P corresponding to ρ∗ is given by
the semi-positive-definite solution of the following Riccati
equation:

P −ATPA− σ2AT
0 PA0 + (ATPB + σ2AT

0 PB0)

×(BTPB + σ2BT
0 PB0 + 1)−1(ATPB + σ2AT

0 PB0)
T

= 0, (37)

which is also the kernel matrix to the special stochastic LQR
problem

J(x0, u) = min

∞∑
t=0

E(u2(t)), (38)

corresponding to the minimum energy control that mean-
square stabilizes the system (1).

Proof: In view of Remark 4 we know that minimizing ρ
is equivalent to minimizing γ. Now consider the following

equivalent problem:

γ∗ = infγ (39)

subject to

(ATPB+σ2AT
0 PB0)

TQ−1(ATPB+σ2AT
0 PB0) ≤ γ2,

given that Q−1/2(ATPB + σ2AT
0 PB0) ∈ Rn, then the

following implications follow immediately,

(ATPB+σ2AT
0 PB0)

TQ−1(ATPB+σ2AT
0 PB0)

BTPB+σ2BT
0 PB0

≤ γ2

Tr{Q
−1
2 (ATPB+σ2AT

0 PB0)

(BTPB + σ2BT
0 PB0)

×(ATPB+σ2AT
0 PB0)

TQ−1/2} ≤ γ2

⇔λmax
(Q

−1
2 (ATPB+σ2AT

0 PB0)

(BTPB+σ2BT
0 PB0)

×(ATPB + σ2AT
0 PB0)

TQ−1/2) ≤ γ2

⇔ Q
−1
2 (ATPB+σ2AT

0 PB0)(B
TPB+σ2BT

0 PB0)
−1

×(ATPB + σ2AT
0 PB0)

TQ
−1
2 ≤ γ2I

⇔ (ATPB + σ2AT
0 PB0)(B

TPB + σ2BT
0 PB0)

−1

×(ATPB + σ2AT
0 PB0)

T ≤ γ2Q

⇔ (ATPB + σ2AT
0 PB0)(B

TPB + σ2BT
0 PB0)

−1

×(ATPB+σ2AT
0 PB0)

T≤γ2(P−ATPA−σ2AT
0 PA0

+
(ATPB + σ2AT

0 PB0)(A
TPB + σ2AT

0 PB0)
T

BTPB + σ2BT
0 PB0

)

⇔ P −ATPA− σ2AT
0 PA0 + (ATPB + σ2AT

0 PB0)

×(
γ2(BTPB+σ2BT

0 PB0)

γ2 − 1
)−1(ATPB+σ2AT

0 PB0)
T

≥ 0. (40)
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After rearrangement of (40) it follows that we have to find

the smallest γ satisfying there is a quadratic lyapunov func-

tion Ev = ExTPx with P > 0 such that

P −ATPA− σ2AT
0 PA0 + (ATPB + σ2AT

0 PB0)

(BTPB + σ2BT
0 PB0 + β)−1(ATPB + σ2AT

0 PB0)
T

≥ 0, (41)

where

β =
BTPB + σ2BT

0 PB0

γ2 − 1
. (42)

Notice that for a given fixed β > 0, (41) is a Riccati inequal-

ity. Since the inequality is not affected by positive scaling

of P , we can assume that β = 1 without loss of generality.

It is well-known that P satisfying (41), there holds P ≥ R,

where R is the solution of the following equation:

R−ATRA− σ2AT
0 RA0 + (ATRB + σ2AT

0 RB0)

(BTRB + σ2BT
0 RB0 + 1)−1(ATRB + σ2AT

0 RB0)
T

= 0.

Furthermore, since

BTPB + σ2BT
0 PB0

γ2 − 1
= 1, (43)

thus the problem is transformed into finding the optimal R.

Riccati equation (43) shows that the optimal R is the corre-

sponding answer to the following optimal control

min

∝∑
i=0

Eu2
i = ExT (0)Rx(0), (44)

�
Some reviews are made in order to deduce the opti-

mal P , as illustrated in [9], under the assumptions that

(A,A0, B,B0) is stabilizable and (A,A0/Q
1/2) is observ-

able, the stochastic LQR optimal control problem in infinite

horizon time

J(x0, u) =
∞∑
t=0

E[xT (t)Qx(t) + uT (t)Su(t)], (45)

where Q = QT > 0, S = ST > 0, has a unique solution is

equivalent to that the following algebraic Riccati equation

Q = P −ATPA− σ2AT
0 PA0 + (ATPB + σ2AT

0 PB0)

(S +BTPB + σ2BT
0 PB0)(A

TPB + σ2AT
0 PB0)

T , (46)

has a unique solution P > 0, where S + BTPB +
σ2BT

0 PB0 > 0, and the optimal controller is uniquely de-

termined by

u∗(t) = Kx(t) = −(S +BTPB + σ2BT
0 PB0)

−1

×(ATPB + σ2AT
0 PB0)

Tx(t).

Remark 5 (38) is a special case of (45) with Q = 0, so the
above assumptions of stabilizable and exactly observable do
not hold, and thus the optimal performance index could not
reach. Instead, we choose that Q = εI , where ε can be
chosen arbitrarily close to 0, then we can solve the equation
with ε and get the associated quantization density arbitrarily
close to the associated cost control problem (44). �

Theorem 3 The quantization density enabling the system
(1) exponentially stable is characterized in the following
way:

ρ =

√
(ATPB+σ2AT

0 PB0)TQ−1(ATPB+σ2AT
0 PB0)

BTPB+σ2BT
0 PB0

− 1√
(ATPB+σ2AT

0 PB0)TQ−1(ATPB+σ2AT
0 PB0)

BTPB+σ2BT
0 PB0

+ 1

(47)

where

Q = αP −ATPA− σ2AT
0 PA0

+
(ATPB + σ2AT

0 PB0)(A
TPB + σ2AT

0 PB0)
T

BTPB + σ2BT
0 PB0

. (48)

Proof: For the exponentially mean-square stability, we know

that if

EV (x(t+ 1)) < α2EV (x(t)), (49)

we can get that

E||x(t)||22 < αtE||x(0)||22. (50)

The margin points of the set u(t) that can make the system

exponentially mean-square stable are

u1,2(x) = KGDx±
√

xT (t)Qx(t)

BTPB + σ2BT
0 PB0

, (51)

where KGD is given as in (15), and

Q = αP −ATPA− σ2AT
0 PA0

+
(ATPB + σ2AT

0 PB0)(A
TPB + σ2AT

0 PB0)
T

BTPB + σ2BT
0 PB0

. (52)

Following the way of the proof of theorem 1, we can get

(47). �
Corollary 1 The optimal P corresponding to the minimum
ρ is given by the semi-positive-definite solution of the follow-
ing Riccati equation:

αP −ATPA− σ2AT
0 PA0 + (ATPB + σ2AT

0 PB0)

×(BTPB + σ2BT
0 PB0 + 1)−1(ATPB + σ2AT

0 PB0)
T

= 0, (53)

which is also the solution to the special linear quadratic reg-
ulator problem

∝∑
i=0

Eu2
i = ExT (0)Px(0), (54)

corresponding to the minimum energy control that exponen-
tially mean-square stabilizes the system:

x(t+ 1)=(
A√
α
+

A0√
α
w(t))x(t)+(B +B0w(t))u(t) (55)

with initial state x(0) = x0.
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It is interesting to consider a special case that A0 = A, B0 =
B, then the system (1) becomes

x(t+ 1) = Ax(t)(1 + w(t)) +Bu(t)(1 + w(t)), (56)

with initial state x(0) = x0. In this case, we have the follow-

ing interesting observation: if we define P1 = (1 + σ2)P ,

then (35) becomes

γ2 =
BTP1AQ

−1ATP1B

BTP1B
, (57)

and (41) becomes

P1

1 + σ2
− (ATP1A+ATP1B)(BTP1B + 1)−1

×(ATP1B +ATP1A)T = 0. (58)

Compared this with (53), we come to the conclusion that the

solution above is equivalent to the exponential stabilization

with quantized feedback without multiplicative noise and the

exponential convergence rate α = 1
1+σ2 .

4 Conclusions

In this paper the coarsest quantizer for the feedback con-

trol of stochastic system with multiplicative noise have been

discussed. It has been shown that the coarsest quantizer is

logarithmic and the density of the quantizer can be charac-

terized by the optimal root of a special linear quadratic reg-

ulator problem. The presented result is also extended to the

exponentially mean-square stability.
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