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Abstract: In this paper we study the the problem of reconstructing a continuous-
time model from an identified discrete-time model of a continuous-time stochastic
processes. We present new necessary and sufficient condition for the existence of
the soluion. It is also shown that the solution is unique if it exists. The theory is
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time ARMA (CARMA) process modelling algorithm with guaranteed solution. The
theoretical results are tested using numerical simulations.
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1. PRELIMINARIES

Suppose that we observe a continuous-time sta-
tionary stochastic process y(t) given in the state
space form in terms of the linear stochastic differ-
ential equation

dz(t) = Az(t)dt + Bde(t), y(t) = Cz(t),

where z(t) is a d-dimensional state vector, e(t)
is a m-dimensional Weiner process with increa-
mental covariance matrix Rcdt. The problem un-
der consideration is to model the process z(t)
from sampled data, where the sampling interval
is h. Suppose that we observe the process y(t)
and sample it (without any anti-aliasing filter)
uniformly with a sampling interval h. Then the
sampled signal can be expressed in a discrete-time
state space form as (Söderström, 2002, Page 86),
(Åström, 1970)

1 This work is supported by Australian Research Council

zd{(k + 1)h}= eAhzd(kh) + w(kh)

y(kh) = Czd(kh).

where w(kh) is an equivalent discrete-time zero-
mean white noise such that

E {w(k1h)w′(k2h)} = Rdδk1,k2
.

Furthermore, Rd is related to Rc by the relation

Rd =

∫ h

0

eAsBRcB
′eA′sds. (1)

The discrete-time model above is the discrete-

time equivalent to the underlying continuous-time
model in the sense that the second order statistics
of the discrete-time model is consistent with the
continuous-time process at the sampling instants.
In the rest of this presentation we assume the
following.

Assumption 1. For any eigenvalue p = pr + ipi of
the matrix A it holds that −π < hpi < π.
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This is a band-limitedness type of assumption.
Later we comment upon the relevance of the
assumption in more details. Intutively, one would
expect that the continuous-time state z(t) and
the discrete-time state zd(kh) will have the same
covariance matrix. Indeed, if P is the covariance
matrix of z(t) then it must satisfy the continuous-
time Lyapunov equation

AP + PA′ + BRcB
′ = 0, (2)

and then it can be shown that P does also satisfy
the discrete-time Lyapunov equation

Rd = P − eAhP eA′h. (3)

To give a quick proof, subtitute (2) in (1). We
have

Rd =−
∫ h

0

eAs(AP + PA′)eA′sds

=−
∫ h

0

f(s)ds−
∫ h

0

f ′(s)ds,

where we define

f(s) = eAsAP eA′s = AeAsP eA′s =
d

ds
{eAs}P eA′s.

Now integrating f(s) by parts we get

−
∫ h

0

f(s)ds = P − eAhP eA′h +

∫ h

0

f ′(s)ds,

which gives (3) after a rearrangement.

One approach, see (Larsson and Mossberg, 2003)
and references therein, for identifying a continuous-
time stochastic process model is to identify
the discrete-time equivalent model first. Then
one seeks for a transformation which maps the
identified discrete-time model to the equivalent
continuous-time model. In (Söderström, 1991) the
problem of reconstructing the continuous-time
model from the identified discrete-time model is
considered in details and a numerical algorithm
was proposed. The procedure assumes that we
have estimates of eAh, Rd and C from the data,
and is theoretically 1 equivalent to the following
steps:

(1) Compute P by solving the discrete-time Lya-
punov equation in (3).

(2) Solve the spectral factorization problem

G(s)G′(−s) = Φc(s) := −C(sI −A)−1 ×
(AP + PA′)(−sI −A′)−1C ′. (4)

to compute B and Rc.

1 We causion that the procedure described here, as it
stands, may not be sound numerically. However, there
are ways to arrange the computation in a numerically
sound way. Here we are not concerned about the numerical
aspects. See (Söderström, 1991) for details

In the following we remark on some interesting
points associated with the above procedure. If we
use only the second order statistics to identify the
discrete-time process, Rd is not unique for a given
choice of eAh and C. This is because there are
many possible values of Rd for which the discrete-
time spectrum

Φd(z) := C(zI−eAh)−1Rd(z
−1I−eA′h)−1C ′ (5)

remains the same. For example, if we subtitute Rd

in (5) by

R̄d = Rd + Q− eAhQeA′h

for any Hermitian matrix Q satisfying

QC = 0,

then the resuting spectrum remains unchanged.
This is because

C(zI − eAh)−1{Q− eAhQeA′h} ×
(z−1I − eA′h)−1C ′

= C(zI − eAh)−1 ×
{zz−1Q− zQeA′h + zQeA′h − eAhQeA′h} ×

(z−1I − eA′h)−1C ′

= C(zI − eAh)−1zQC ′ +

CQeA′h(z−1I − eA′h)−1C ′

= CQC ′ + C(zI − eAh)−1eAhQC ′ +

CQeA′h(z−1I − eA′h)−1C ′

= 0. (6)

For example, in (3), Rd is a generically full rank
matrix, and BRcB

′ in (2) is of rank m, where m is
the dimension of z(t). On the other hand discrete-
time model identification algorithms (prediction
error method for example) often identifies the
innovations model, where Rd will be of rank m
and consequenntly, we see that AP + PA′ in (4)
is generically indefinite and have a rank more than
m. Therefore, a question about uniqueness aspect
arises naturally. If we use two diffrent values of
Rd giving the same discrete-time spectrum in
the reconstruction routine, do we get the same
continuous-time spectrum?

The second interesting point regarding the re-
construction routine is about soluability of the
problem. We do not get an associated continuous-
time spectrum for every discrete-time spectrum.
This is problem is encountered when Φc(s) in (4)
is not positive on the imaginary axis. So we are
unable to get a minimum phase spectral factor.
Several authors have investigated the conditions
for solubility. An analysis for SISO second order
process is given in (Söderström, 1990). See also
(Wahlberg, 1988) for a discussion on sampling

zeros.

In this note we consider these two questions. We
show that for a given discrete-time spectrum the
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associated continuous-time (provided that exists)
reconstruction is unique and is independent of
the choice of Rd. Then we examine the solubility
condition from a different angle. We give an LMI
condition which determines whether the solution
exists. This condition does not depend on system
order or the dimension m. It is also possible to
test the condition numerically using recent tools
for dsemidefinite programming.

2. UNIQUESNESS AND EXISTENCE

The main result of this note is stated in form of
the following proposition.

Proposition 1. Assume that the solution to the
reverse reconstruction problem exist, and

Φd(z) = C(zI − eAh)−1Ri(z
−1I − eA′h)−1C ′

for i = 1, 2 such that R1 �= R2. Let P1 and P2 be
the matrices such that

Ri = Pi − eAhPie
A′h, i = 1, 2. (7)

Let the corresponding reconstructed continuous-
time spectrums be denoted by Φci(s) for i = 1, 2:

Φci(s) = C(sI−A)−1{−APi−PiA
′}(−sI−A′)−1.

Then
Φc1(s) = Φc2(s), ∀s.

Proof: Since Φd(z) is a positive definite function
on the unit circle, there exists a unique positive
semidefinite matrix R∗ of rank m and an associ-
ated symmetric matrices {Qi}2i=1

Ri −Qi + eAhQie
A′h = R∗, (8)

eAhQiC
′ = 0, CQiC

′ = 0,

for i = 1, 2. Since eAh is generically nonsingular,
it follows for i = 1, 2 that

QiC
′ = 0, (9)

Pi −Qi − eAh(Pi −Qi)e
A′h = R∗, (10)

where the last equality follows by combining (7)
and (8). Now from (10) it readily follows that

{(P1 − P2)− (Q1 −Q2)}
− eAh{(P1 − P2)− (Q1 −Q2)}eA′h = 0,

Since eAh has all roots inside the unit circle, it is
evident that

Δ := P1 − P2 = Q1 −Q2.

Note that ΔC ′ = 0, and consequently,

Φc1(s)− Φc2(s)

= C(sI −A)−1{−AΔ−ΔA′}(−sI −A′)−1C ′

= C(sI −A)−1{sΔ−AΔ− sΔ +−ΔA′} ×
(−sI −A′)−1C ′

= CΔ(−sI −A′)−1C ′ + C(sI −A)−1ΔC ′ = 0

for all s, and the proposition is proved.

Next we examine the necessary and sufficient con-
ditions for existence of the solution. The solution
exists if and only if we can factorize the spectrum
(4). The reconstructed continuous-time spectrum
is given by

Φc(s) =−C(sI −A)−1{AP + PA′}(−sI −A′)−1C ′

= CP (−sI −A′)−1C ′ + C(sI −A)−1PC ′.

The function Φc(s) admits a stable minimum
phase spectral factor if and only if it is posi-
tive definite on the imaginary axis. The positivity
condition can be given using Kalman Yakubovitz
Popov lemma (Rantzer, 1996; Boyd et al., 1994),
which requires the existence of a symmetric ma-
trix S such that[

AS + SA′ (S + P )C ′

C(S + P ) 0

]
> 0 (11)

In this section we explore the possibility of
modifying the discrete-time estimation procedure
such that we can always find a solution to the
continuous-time problem. The idea is to use the
constraint (11) in the discrete-time identification
algorithm. Here we adopt the framework proposed
in (Mari et al., 2000), see also (Stoica et al., 2000).

3. AN ESTIMATION ALGORITHM

In the previous section we examined the unique-
ness and existence aspects of the reconstructed
continuous-time spectrum from an estimated discrete-
time spectrum. However, in a practical scenario,
there is no guarantee that we shall be able to find
a solution. In other words, often we arrive at a
discrete-time solution when it is not possible to
find S satisfying (11). Here we assume that the
matrices eAh and C can be estimated from the
data accurately from the data using a suitable
method, see (Mari et al., 2000) and the references
therein. The idea is to estimate the positive real
spectrum of the equivalent discrete-time process
such that the associated continuous-time spec-
trum is positive definite on the imaginary axis.
The positive real spectrum f(s) admits a state-
space description

f(z) = D + C(zI − eAh)−1B (12)

Therefore the remaining unknowns are B and
D. When we solve them we can reconstruct the
equivalent discrete-time spectrum
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Φd(z) = f(z) + f ′(z−1)

=

[
(zI − eA′h)−1C ′

I

]′ [
0 B
B′ D + D′

]
×[

(z−1I − eAh)−1C ′

I

]
=

[
(zI − eA′h)−1C ′

I

]′

×[
T − eAhT eA′h B − eAhTC ′

B′ − CT eA′h D + D′ − CTC ′

]
×[

(z−1I − eAh)−1C ′

I

]
,

for any symmetric matrix T . The details of the
calculations leading to the last equality are not
shown here. However, this is easy to verify using
a calculation similar to (6), see also (Genin et

al., 1999b; Genin et al., 1999a) for a related
discussion.

Recall that the discrete-time equivalent spectrum
is strictly proper. Therefore, comparing with (5)
we have

Rd = T − eAhT eA′h (13)

B = eAhTC ′, D + D′ = CTC ′. (14)

As we mentioned before, T is non-unique. If
T1C

′ = 0, then we can replace T in above by
T + T1. Hwoever, Φd(z) must be positive definite
on the unit circle. Therefore, according to KYP
Lemma, B and D must be such that we can find
a symmetric matrix T which forces[

T − eAhT eA′h B − eAhTC ′

B′ − CT eA′h D + D′ − CTC ′

]
≥ 0 (15)

and (14) together. If we are given a combination
of such T , B and D, then we can compute Rd

as in (13). Note that our main goal is to identify
the underlying continuous-time spectral density.
Therefore, Proposition 1 enables us to use Rd

in (13) to reconstruct the continuous-time spec-
trum using the the reconstrction algorithm de-
scribed in Section 1. In that case the reconstructed
continuous-time spectrum becomes

Φc(s) := C(sI−A)−1(−AT−TA′)(−sI−A′)−1C ′.

Immediately, we have an additional requirement
on T imposed by (11) with P replaced by T .
The observations are summarized in the following
theorem.

Theorem 1. There exists a continuous-time coun-
terpart of the equivalent discrete-time positive
real spectrum in (12) if and only if one can find
symmetric matrices T and S such that (14), (15)
and

AS + SA′ > 0, C(S + T ) = 0

hold.

Proof: The proof is given above.

The condition C(S + T ) = 0 is equivalent to
S+T = C⊥X for some ”fat” matrix X. Moreover,
S + T is symmetric. Hence we have CX ′C ′

⊥
= 0.

Since C⊥ has a full column rank, this implies that

S + T = C⊥ΩC ′

⊥
, Ω = Ω′.

Then the above conditions can be condensed as

AC⊥ΩC ′

⊥
+ C⊥ΩC ′

⊥
A′ > AT + TA′.

for some symmetric matrix Ω (which is of a size
lower than that of S).

Theorem 1 can be seen as a necessary and suf-
ficient condition on A, B, C and D so that the
positive-real spectrum defined by (12) has an asso-
ciated continuous-time conterpart. This condition
must be incorporated in the estimation algorithm.
In what follows next we use the results to describe
an estimation algorithm for identification of SISO
CARMA processes. The procedure can be gener-
alized easily for multivariable situation. However,
we restrict our discussion to SISO situation for
simplicity. Let us denote the covariances of the
observed process as

rτ = E {y(t + τh)y′(t)},
which can be estimated from the data in the
standard way. Then it is wellknown that

r0 = D + D′, rτ = CeAh(τ−1)B.

In the follwing we use r̂τ to denote the estimate
of rτ . Now imposing the equality constraints (14)
we can eliminate B and D:

rτ = CeAhτTC ′, ⇒ rq = OqTC ′, (16)

where we assume that we estimate covariances
upto lag q − 1 and

rq = [ r0 r1 · · · rq ]′

Oq = [ C ′ eA′hC ′ · · · eA′h(q−1)C ′ ]′

Here we choose to work in observer canonical form
(Kailath, 1980, Page 107), where we choose eAh

and C in the following form:

C =

⎡⎢⎢⎢⎣
1
0
...
0

⎤⎥⎥⎥⎦
′

, eAh =

⎡⎢⎢⎢⎣
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
−γd −γd−1 · · · −γ1

⎤⎥⎥⎥⎦ .

Clearly, d is the order of the process and {γk}dk=1

are the coefficients of the characteristic polyno-
mial of eAh. Now from (16) we can verify using
Caley-Hamilton theorem that

γdrτ + γdrτ+1 + · · ·+ γ1rτ+d−1 + rτ+d = 0, (17)

for all τ ≥ 0. Provided we have q ≥ 2n we can
set up a linear regrassion problem by considering
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(17) for τ = 0, 1, . . . , q − d, and replacing the
covariances {rτ}qτ=0 by corresponding estimates
{r̂τ}qτ=0. For the estimate of eAh we can estimate
A using matrix logarithm. Note that for the sim-
plified SISO case there is no need to estimate C.
For the mutivariable case, however, we have to
estimate C and the associated procedure is bit
more complicated. On the other hand estimating
eAh and C for mutivariable problem can be carried
out by any of the standard procedure, see for
example (Mari et al., 2000; Van Overschee and
De Moor, 1993), and the reference therein. For
single variate data we present a straightforward
approach shortly.

Now we are ready to set up a semidefinite pro-
gramming problem to estimate T . Here we solve
the problem

minimize �

subject to T − eAhT eA′h > 0

AC⊥ΩC ′

⊥
+ C⊥ΩC ′

⊥
A′ > AT + TA′[

� r′

q − CTO′

q

rq −OqTC ′ W

]
> 0

for a suitable known positive definite weighting
matrix W .

4. NUMERICAL SIMULATION RESULTS

The algorithm porposed in the previous section is
tested in a numerical simulation study. We con-
sider a scalar continuous-time stochastic process
with a spectrum

Φc(s) =
c(s)c(−s)

a(s)a(−s)
,

where

a(s) = s3+0.3s2+9s+0.9, c(s) = s2+0.5s+6.

The correlation function of the chosen process has
an occilatory behaviour and a large time constant.
To obtain a reliable estimate of such a process it
is generally required to have a large observation
time. Here we work with a data of 500 sec length,
sampled at a frequency of 20 Hz. We estimate the
correlation function upto 5 sec from the data, and
use it in our estimation routine.

The estimation results obtained from 100 Monte-
Carlo simulations are shown in Figure 1, where the
true spectrum is compared with estimated mean
value ± standard deviation. As can be seen in
Figure 1, the estimated spectrum is unbiased and
is accurate. We point out here that the weighting
matrix W in this case is chosen as an identity
matrix. In estimating the matrix lagarithm there
are possibilities of numerical problem, and if eAh

has eigenvalues close to each other, this problem
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Fig. 1. Comparison of the mean of estimated
spectrum (dashed line) and the true spectrum
(solid line). The mean ± standard deviation
of the estimated spectrum is shown in dotted
lines.

is severe. In order to reduce the numerical the
estimated correlation function (sampled at 20 Hz)
is decimated and the down sampling is done at
2Hz. The estimation of {γk}dk=1 in (17) is done
with the decimated correlation function data at 2
Hz in 10 parallel channels. The estimation of T
use the correlation data at a sampling interval of
0.5 sec upto 10 sec 2 . In fact it is natural to expect
significant improvement in the accuracy if we use
the whole correlation data and proper weighting
matrix W , which is a part of the ongoing research.
Finally we give the parametric estimation results
in Table 1. Here the ak and ck denote coefficients
of sd−k (recall that d = 3 in our example) of the
polynomials a(s) and c(s), respectively.

Parameter True vale Mean Std Deviation

a1 0.3 0.3103 0.0492

a2 9.0 9.0179 0.1283

a3 0.9 0.9823 0.2255

c1 1.0 0.9855 0.0443

c2 0.5 0.5310 0.1972

c3 6.0 5.9908 0.4065

Table 1. Parameter estimation perfor-
mance.

5. CONCLUSIONS

In this paper we have addressed the problem
of reconstructing continuous-time model from an
equivalent discrete-time model. A necessary and
sufficient condition for existence of the solution is
given. It is also shown that the solution is unique
if that exists. Using the theory developped we
have shown a way to identify the continuous-time
model directly from the covariance data. In our

2 This is done to reduce the computational burden.
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approach it is not required to compute the under-
lying discrete-time model. We estimate the state
covariance matrix, which is the common property
of both the continuous-time and the discrete-time
model. Using the proposed algorithm it is guaran-
teed to get a solution and the amount of compu-
tation involved is mild. The numerical simulation
results confirm that the proposed method is capa-
ble to delivering accurate and reliable result. The
statistical properties of the proposed method is
not considered in this paper, and is a part of the
ongoing research.
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