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1. Introduction

System identification of plants with quantized observations
is significant in understanding the modeling capacity for sys-
tems with limited sensor information, and the trade off between
communication resources and identification performance (Wang,
Zhang, & Yin, 2003). This work is concerned with the identification
of autoregressive moving average (ARMA) models whose quan-
tized outputs must be communicated through a digital noisy chan-
nel. A motivating example is given by a sensor and an estimator
communicating over wireless channels with limited resources in
terms of bandwidth and transmission power. By modeling the
packet dropout process as an independent and identically dis-
tributed (i.i.d.) Bernoulli process, this paper aims to quantify the
joint effect of finite-level quantization and packet dropouts on
the identification accuracy of ARMA models. The key difference of
quantized identification from the classical identification problem
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is that the estimator is no longer able to access the original analog
amplitude (unquantized) observations. Especially under aggres-
sive quantization, the discrete-valued observations supply limited
information on system outputs, and hence introduce new chal-
lenges in system modeling, identification and control. In addition,
channel errors, e.g., packet dropouts, further induce information
loss that influences identification accuracy.

Recently, research on quantized identification/estimation con-
stitutes a vast body of literature, see e.g., Wang, Yin, Zhang, and
Zhao (2010); Xiao, Ribeiro, Luo, and Giannakis (2006) and refer-
ences therein. In Xiao et al. (2006) and the references therein,
various quantized estimation algorithms are developed in the con-
text of wireless sensor networks. In Wang et al. (2010), a compre-
hensive treatment on quantized system identification is presented
for single-input-single-output linear discrete time-invariant sta-
ble systems. Based on periodic inputs, they study the computa-
tional complexity and the impact of disturbances and unmodeled
dynamics on the identification accuracy. In the same spirit, various
models such as rational models, Wiener systems and Hammerstein
systems have been studied as well. Although their identification
algorithms are shown to be optimal in the sense of asymptoti-
cally achieving the Cramer-Rao lower bound (Wang et al., 2010),
the assumption on periodic inputs makes the identification algo-
rithm inappropriate for tracking control applications. Moreover,
input design is of essential importance in system identification to
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provide sufficient probing capacities to guarantee the existence of
a consistent estimator. The periodic input assumption is dropped
in Godoy, Goodwin, Aguero, Marelli, and Wigren (2011), and an al-
gorithm has been proposed for identifying moving average (MA)
models using quantized output, under the maximum likelihood
criterion. The present work extends the work in Godoy et al. (2011)
in three ways: (1) We study the identification of ARMA models
using not only quantized but also intermittent output measure-
ments. A difficulty in treating ARMA models with lost measure-
ments is that, as opposed to MA models, it is not possible to simply
remove the corresponding output error equations from the iden-
tification recursions. Hence, in order to use standard estimation
algorithms, these missing measurements need to be properly es-
timated. By doing so, the problem can be stated in an iterative
weighted linear least squares form. (2) We carry out an asymptotic
stochastic analysis where we provide conditions for strong consis-
tency and asymptotic normality of the estimated parameters. As
in Godoy et al. (2011), we also drop the periodic assumption on
the input signal. We show that, to ensure consistency, input signals
are required to be persistently exciting (of a certain order) (Lennart,
1999). (3) We propose a simple adaptive quantization scheme that
asymptotically achieves the minimum parameter estimation er-
ror covariance. Notice that the quantizer design is not addressed
in Godoy et al. (2011), where it is assumed to be static and given as
a prior.

The fundamental problem of system identification with quan-
tized observations is the joint design of quantizer and the
corresponding estimation algorithm to minimize the estimation
error. The main challenge lies in the fact that the unknown param-
eters are inaccessible to the design of an optimal quantizer. For
example, to estimate € under binary quantization of y = 6 + v,
where v is a Gaussian random variable with zero mean, an op-
timal quantizer to minimize the mean square error (MSE) is to
simply place the quantizer threshold at 6 (Ribeiro & Giannakis,
2006). However, such threshold selection is impractical since 9 is
not available at the estimator side. It is known that the estima-
tion performance is very sensitive to the choice of the quantizer
threshold. Motivated by this, an interesting quantizer threshold
selection scheme is proposed in Papadopoulos, Wornell, and Op-
penheim (2002). It consists of periodically applying a set of thresh-
olds with equal frequencies, hoping that some thresholds are close
to the unknown parameter. To asymptotically approach the min-
imum MSE, Fang and Li (2008) constructs an adaptive quantiza-
tion involving delta modulation with variable stepsize. However,
the on-line optimal stepsize is obtained through a maximum like-
lihood estimation process lacking a recursive form. This paper pro-
poses a simple adaptive quantizer and the corresponding recursive
identification algorithm to asymptotically approach the minimum
parameter estimation error covariance. Our scheme exploits the
fact that quantizing innovations requires fewer bits than quantiz-
ing observations; see Fu and de Souza (2009); You, Xie, Sun, and
Xiao (2008).

Another detrimental factor impairing the identification perfor-
mance is the dropouts of quantized observations. To the best of
our knowledge, there is no work to date to quantify the joint ef-
fect of finite-level quantization and packet dropouts, on identifica-
tion performance. As in Sinopoli et al. (2004), we model the packet
dropout process by an i.i.d. process. Then, the basic problem is how
to deal with the loss of a packet. For the state estimation of dynami-
cal systems with intermittent un-quantized observations, it is well
understood that the optimality of the Kalman filter still holds (Si-
nopoli et al., 2004). Although some stability conditions are derived
for the corresponding estimation error covariance matrices (Sinop-
olietal., 2004; You, Fu, & Xie, 2011), the performance degeneration
due to packet dropout is still unclear. Our framework is closely re-
lated to that of You and Xie (2010), which focuses on the stabi-
lizability problem by accounting for the joint effect of finite-level

quantization and packet dropouts. In this paper we develop an
asymptotically optimal algorithm for system identification, which
shows that the joint effect of finite-level quantization and packet
dropouts on the identification performance can be exactly quan-
tified by the packet dropout rate and the number of quantization
levels.

The rest of the paper is organized as follows. In Section 2
we describe the system identification problem. In Section 3 we
describe the proposed identification method, using the maximum
likelihood criterion. In Section 4 we provide conditions for
strong consistency and asymptotic normality of the estimated
parameter vector. In Section 5 we study the optimum quantization
scheme that minimizes the covariance of the parameter estimation
error, and we propose an adaptive quantization scheme that
asymptotically achieves this minimum covariance. In Section 6 we
present some simulation results. Concluding remarks are given in
Section 7.

2. Problem description

Consider the following ARMA model

_ @
x(t) = A(q)U(t),

z(t) = yiQly®],

where the input u(t) is modeled by either a deterministic signal
or a random process and w(t) is a sequence of independent and
identically distributed (i.i.d.) samples with normal distribution
N (0, 62). The noisy output y(t) is quantized by a time-varying K -
level scalar quantizer @; : R — {v¢1,..., vk}, t € Z (which
accounts for non-stationary quantization schemes), defined by the
quantization intervals [b; —1, br k] = éz;][v[,k], k=1,...,K,
with by g = —oo and b;x = oo, for all t € Z. The quantized
values are then transmitted through an unreliable communication
network whose packet dropouts are modeled by a sequence y; of
i.i.d. Bernoulli random variables with parameter A (i.e., P(y; =
1) =21

To simplify the notation, we combine the effects of quantization
and packet dropouts in a single quantizer @, defined by

- Q s =1;
Qt[y] = [o’t[y] ﬁ =0.

When a packet is lost, @, can be interpreted as a quantizer with a
single quantization interval spanning [—o0, co], which is mapped
to zero. Denote Uy = {u(t) : t = 1,...,N},Zy = {z(t) : t =
1...,NLA@Q) = 1+aiq '+ - -+amq "™, B(q) = bo+-:-+byq™"
and 6, = [bo,...,bn, a1,...,an]" (the superscript T denotes
vector/matrix transpose). Letr = m +n + 1. Foreach§ € R,
we denote the parametric versions of A(q) and B(q) by A(q, ) and
B(q, 0), respectively. Denote the probability density function (PDF)

of w(t) by fy(w) = QRmo?)~1/? exp(—z“;—zz), and its cumulative
distribution function by Fy (w) = [ fw () dw.

Our goal is to estimate 0,, given the knowledge of Uy and Zy.
We do so using the maximum likelihood (ML) criterion.

y() = x(t) + w(t),

3. Maximum likelihood estimation

Using the ML criterion, an estimate éN up to sample time N is
obtained by?

by € argmax py (Zy|Uy) = argmax [(6|Uy, Zy), (1)
0 0

2 Notice that, for any function f(0), the symbol arg max, f (6) denotes a set
whose elements all maximize f (9).
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where pg denotes the probability distribution given €, and
I(6|Un, Zy) = logpy (Zn|Un) (2)

is the log-likelihood function of 6, given the knowledge of Uy and
Zy.

In Section 3.1 we propose an on-line algorithm for solving
(1), based on the expectation maximization (EM) method. The
advantage of this method is that we can derive an algorithm which
does not require an initialization. However, the EM method is
known to suffer from a slow convergence rate (Cappé, Moulines, &
Rydén, 2005, pp. 358-359). Toward this end, the estimate obtained
after a few EM iterations can be used to initialize a gradient search
method (Fletcher, 1987). Thus, we propose in Section 3.2 an on-
line algorithm based on the quasi-Newton method. The purpose of
using the EM method is to provide a good initial estimate for the
quasi-Newton method.

Since the input signal Uy is always known, we remove it from
the list of conditioning variables in expressions like (1) and (2) for
notational simplicity.

3.1. EM-based on-line estimation method

Before deriving the required method, we give a brief intu-
itive explanation for the EM method. For a detailed presentation
see McLachlan and Krishnan (2008). A drawback of (1) is that
log py (Zy) is difficult to maximize with respect to € due to the in-
duction of a nonlinear quantizer. Suppose that the output Yy =
{y(t) : t = 1,..., N} before the quantizer was known. Note that
it would be much easier to maximize logpy (Yy). Since Yy is un-
available, we replace log py (Zy) by the average oflog py (Zy, Yn) =
log py (Zn|Yn) +1og ps (Yn) over all possible values of Yy. To do this
average we use the conditional distribution p; (Yy|Zy) of Yy given

the observations Zy, and some previous estimate 6 of . This leads
to the EM method, which solves the ML problem (1) using the fol-
lowing iterative procedure:

é,(vi) € argmax Qy (@, é,f,i_])), 3)
0

Qv(0,0) = / logpe (Zn, Yn) Py (Yn1Zn) dYn. (4)

The iterations (3)-(4) permit computing éN, for a fixed N. To ob-
tain an on-line algorithm, we can compute one iteration for each
new available sample. Doing so we obtain the following iterative
algorithm:

éN € argmax Qy (0, éN,l). (5)
0

Our next step is to find a closed-form expression for each iteration
in (5). To this end, we have the following result.

Lemma 1. The function Qy (-, -) in (4) is given by
N 1 &
Ao N N Sk DY 2
Quv(0,0) = ~3 log(2ro) oy ;:](V(t, 0) —x(t, 0))

1
202

N —_— ~ ~
D07, 0) = 7 (¢, 0)),
t=1

where y2(t, 0) = & {y*()|z(t)} and®

y(£.0) = & {y(®)lz(D)} . (6)

31fqgand b are random variables, and f(-) is a function, the conditional
expectation & {f (a)|b} of f (a) given b is defined by & {f (a)|b} = ff(a)pg (a|b)da.

Remark 2. Notice that (6) can be computed by

J_/(f,9)=/v1 y(O)pe (y())dy(t)
Q [z(0)]

1 |: <b(t) —X(t,@)) (a(t) — x(t, 9))]
—erf —————=) —erf [ ————) |,
2 202 202

where erf(x) = % I

[a(t), b(t)] = (fl;l[z(t)] denotes the quantization cell correspond-
ing to z(¢).

e~ dt denotes the error function and

Combining (5) with Lemma 1, we obtain that

N
Oy € argmin Y (7(t, Oy-1) —x(t, 0))%. (7)
o =
The procedure in (7) requires tuning the ARMA model parameters

0 to fit y(t, éN_1) at each iteration. For a fixed N, a number of
recursive formulas are available for doing so Pintelon, Guillaume,
Rolain, Schoukens, and Van hamme (1994). In order to obtain
an algorithm which does not require initialization, we use the
iterative weighted linear least squares algorithm (Pintelon et al.,
1994; Steiglitz & McBride, 1965). Again, to obtain an on-line
algorithm we compute one iteration for each new available sample.
This results in the following iterations, which can be initialized by

choosing éo so that B(gq, éo) = A(q, éo) = land

N — A 2
« t,On_ t
by c argmin}" (A )20 g 2O )
s A(q, On-1) A(q, On-1)
Then, @N can be computed as follows:

N T
oy = (Z o(t, éN—l)‘ZsT(f, éN—1))

t=1

N
x (Z (. Oy_1)3(t, éNo) : 8)
t=1

where the superscript T denotes the Moore-Penrose pseudoin-
verse (Ben-Israel & Greville, 2003), and

_#t.6)
A@.0)’

ot 0) =

y(t,0)

(9)

2@.0) [uct), ..., u(t —n),
-yt —1,0),...,—yt —m, D] (10)

By following the steps in Lennart (1999, Sec. 11), (8) can be
written in a recursive form:

Oy = On-1 + Ly (5’(1\’, On-1) — " (N, éN—l)éN—l) ; (11)
with

_ Py_1(N, Oy_1)
T s @T(N, Oy_1)Py_19(N, Oy_1)
Pn_1¢(N, On-1)@T (N, y_1)Py_1
14+ @T(N, Oy_1)Py_16(N, Oy_1)

L

Py =Py_1 —

3.2. Quasi-Newton-based on-line estimation method

For a fixed N, the ML problem (1) can be solved using a gradient
search algorithm. For this purpose we use a quasi-Newton method.
As above, to obtain an on-line algorithm we compute one quasi-
Newton iteration for each new available sample. This gives the
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following iterations:

Ont1 = Oy — uNTNEN, (14)
where the scalar uy denotes the stepsize at iteration N, the matrix
Ty denotes an approximation of the inverse of the Hessian of
10]Zy) at @N, and the vector gy denotes the gradient of [(8|Zy) at
GN, i.E.,

a
g = 751012n) (15)

On

We choose to compute Ty using the Broyden-Fletcher-Goldfarb
-Shanno (BFGS) formula (Fletcher, 1987), which is initialized by
Ty, = I (Ng denotes the first sample after the EM iterations switch
to quasi-Newton iterations) and proceed as follows:

qLTNqN) SNSN
suan / syan
with sy = 6Oy;1 — Oy and qv = gny1 — &n-

Also, the stepsize parameter uy is obtained from a line search
algorithm. We use the backtracking algorithm described in Boyd
and Vandenberghe (2004), which is formed by sub-iterations of the
main iterations (14). Let « = 0.01 and 8 = 0.5. At sub-iteration

i, the stepsize is updated using uy,; = Bun,i—1, starting from the
initial value py 1 = 1. The sub-iterations are stopped when

1O — N, TNENIZN) < 1ONIZN) + e ighsh- (17)
To implement the iterations (14), we need to provide expressions
for1(0|Zy) and its gradient. Since w(t) is a sequence of independent
random variables, we have that

sy Ty + Tvansy

T
SNAN

Tyar = Ty + (1 + . (16)

N
1012Zv) =Y logpy (2(t)) . (18)
t=1

Lemma 3. The gradient of the log-likelihood function I(6|Zy) is given
by

) 1 .
5510120 = — ; (L, 6) — x(t, 0)) X(t, 0),

where
d
X(£,6) & x(t.6) = 9(a. O)u(o), (19)
Q'@ q'B@.0O2 (@]
,0) = , , 20
@0 [A(q,e) A(q,0) (20

and Qn(q) = [17 q_1’ ey q_n]T'

3.3. Summary of the identification algorithm

The identification algorithm described above can be summa-
rized in this subsection. Choose an initial estimate 6, so that
B(q,60) = A(q,6p) = 1, and choose a number Ny of samples
at which the on-line estimation algorithm switches from the EM-
based method to the quasi-Newton-based method. Then, at sample
time N, regardless of whether the sample z(N) is received or not,
if N < N().

(1) Use (6)to computej/(N,éN_l); . 3 .

(2) Use (9) ar}d (10) to compute y(N, 6y_1) and ¢(N, Oy_1);

(3) Compute Oy using (11)-(13).

Otherwise, if N > Np, set the initial value of the iterations (16) as
Ty, = I. Then do:

(1) Use (15) and Lemma 3 to compute the gradient gy;

(2) Use (17) and (18) to compute the stepsize uy;

(3) Compute 6y using (14);

(4) Compute Ty using (16).

4. Asymptotic analysis

In this section we study the statistical properties of the
estimate éN when the number N of samples tends to infinity.
Before presenting the results, we introduce the following technical
definitions.

Definition 4. For 1 < p < oo, the p-th (absolute? moment of the
random variable x is defined by x|, = & {|x|} /P_ For p = 09,
the infinite moment of x is defined by ||x||,, = inf(M > 0 : x <
M, w.p.1}. A sequence x(t), t € Z of random variables is said to
have uniformly bounded p-th moments if there exists M, > 0 such
that [|x(H)[l, < My, forallt € Z.

Definition 5. A time-varying quantizer @; : R — {v¢1, ..., Urx},
t € Z, (as defined in Section 2) is said to be bounded if there exists
Mg > 0, such that, for each t € Z, there exists k € {1,...,K — 1}
satisfying |b; x| < M.

4.1. Strong consistency

In this subsection we provide conditions to guarantee that the

estimate éN converges to the true parameter vector 6,, as the
number of samples tends to infinity.

Theorem 6. Let D C R be a compact set containing the true
parameter vector 6,, and such that, for all & € D, the roots of A(q, 6)
have magnitudes smaller than or equal to 1 — €, for some € > 0. Let
u(t) be bounded (i.e., there exists M, > 0 such that |u(t)| < My, for
allt € Z) and such that limy_, o + Z?:] (x(t,0) —x(t,6,))* =0
holds for 6,0, € D ifand only if & = 0,. Let also @, be bounded
and A > 0. If for each N, Oy is constrained to belong to D, i.e., Oy €
arg maxgep 1(0|Zy), then

. A w.p.1
lim 6y = 6,.
N—oo

Remark 7. A strong consistency result for system identification
without output quantization or packet dropouts can be found
in Lennart (1999, Th. 8.3). When applied to the setting described in
Section 2, this result states that consistency holds under the same
assumptions as those in Theorem 6 (except for the boundedness of
@ and A > 0). More precisely, our assumption on D is equivalent
to a condition called uniform stability in Lennart (1999). Also, in
view of Lennart (1999, Th. 13.1), our assumption on the input
signal is equivalent to the assumption called persistently exciting
of order r in Lennart (1999), which is in turn equivalent to the
condition called informative enough, required by Lennart (1999, Th.
8.3). Hence, Theorem 6 essentially states that placing a (bounded)
quantizer at the output does not alter strong consistency, provided
that a non-vanishing fraction of observations is received.

4.2. Asymptotic normality

In this section we state conditions under which the random
vector Oy — 6, converges in distribution to a multivariate normal
vector. The main result of this section is stated in Theorem 10
below.

Lemma8. Let F = limy_, o +Fy, where Fy = 89*{%1(9|ZN)|9
3%TI(Q|ZN)|@‘} denotes the Fisher information matrix. Then F =
%@, where

1 N
®, = lim NZ RO, 0K (t, 6,), 21)
t=1

N—oo

with M(t) = 5;2[), (_72(t) = 89* {(j//(t, 9*) — X(t, 0*))2} and
y(t,0) = & {y(t)|Q.[y(t)]}. Also, F is strictly positive-definite.
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Remark 9. Notice that y(t, #) in Lemma 8 denotes the conditional
mean of y(t) given the knowledge of its quantized value, regardless
of whether this value was received or not. Hence w(t) accounts
only for the effect of quantization and does not depend on packet
dropouts.

Theorem 10. If the conditions in Theorem 6 hold, and 6, lies in the
interior of D, then

JN (éN — 9*) mdst 0,0, (22)

where i dist denotes convergence in distribution and
ot

Remark 11. A result similar to that in Theorem 10, but for system
identification without output quantization or packet dropouts, and
with the estimate obtained using the prediction (quadratic) error
criterion, is given in Lennart (1999, Theorem 9.1). This criterion
is shown to be equivalent to the ML criterion when the noise
has normal distribution (Lennart, 1999, Theorem 9.1). Notice that
the asymptotic covariance (23) reduces to their result if A =
1 (i.e., without packet dropouts) and wu(t) = 1 (i.e., without
quantization).

The result in Theorem 10 states that one of the conditions required
for ~/N (éN — 9*) to converge to a normal distribution, is that

the (deterministic) input u(t) is bounded. Hence, the asymptotic
covariance C depends on the particular input u(t), via @,,. If instead
of a deterministic signal, the input u(t) is a bounded random
process, the result still holds, and the value of C is given in the next
corollary.

Corollary 12. If the conditions in Theorem 10 hold, u(t) is the
realization of a wide-sense stationary and ergodic* random process
with uniformly bounded oco-th moment, and @; is built as a time-
invariant function of u(t), T < t, then the result of Theorem 10 holds
with

@, "Bl e, {nox(t, 0,05 (t,6,)) (24)

where &,{-} is the expectation taken with respect to u(t).

Remark 13. Corollary 12 requires u(t) to be ergodic (Klenke,
2008). This is a technical condition that is satisfied by any signal
composed of i.i.d. samples. By Birkhoff's ergodic theorem (Klenke,
2008), the ergodic property continues to hold for the output of a
linear time-invariant stable filter with any ergodic sequence as its
input.

5. Optimum quantizer design

5.1. Optimum time-varying quantization scheme

The result in Theorem 10 can be used to choose the quantization
thresholds by, k = O, ..., K of the quantizer @;[-] to minimize
the asymptotic error covariance C. This is equivalent to choosing
the thresholds so that 52(t) is maximized. We have that

&2(6) = & {(@ Iy, 0] — x(t. 6.))’ |

& (@ o)’} (25)

4 An ergodic process here refers to a random process such that all events which
are invariant under time-shifts have probability either one or zero (Gray & Davisson,
2010, Section 6.14).

Table 1
Coefficient p for different number K of quantization levels, when w(t) has normal
distribution.

K 2 3 4 5 6 7 8
1% 0.6366  0.8089  0.8825 0.9201 0.9420

0.9560 0.9655

(notice that the expectation operations above are independent of
6., hence the subindex 4, is omitted to simplify the notation) with

@, and (flt,x being the quantizers defined by

Qe lyl = €{yly € [bx—1. bel}, ify € [bx—1, bl; (26)
é[_x[w] :ét [X+w]—x. (27)

Hence, 6%(t) can be interpreted as the power of the quantized
version of the noise w(t) obtained from the time-varying quantizer
Q¢ x(t.6,)- Then, the quantization thresholds b,k = 0, . .., K need
to be chosen so that the quantizer (Qt,x@,@*) maximizes &2(t). This is
equivalent to minimizing the power S{wg(t)} of the quantization
error we(t) = w(t) — é[,x(fﬁ*)[w(t)], since from Gersho and Gray
(1991, Eq. (6.2.14)), we have that

G2(t) = 0% — g{w(t)}. (28)

Hence, the optimal choice for the quantization thresholds of
(ZZ[,X@,H*) is given by those of a Lloyd-Max quantizer (Max, 1960)
which is designed using the PDF of w(t). From (27), and since the
quantization thresholds of @, equal those of @;, we have that 5% (t)
is maximized by choosing, foreachk =0, ..., K,

bex = b +x(t, 6,) (29)

with by = P55 and iy = & {w(©) () € (b1, b .

Using this quantizer design, the following corollary of Theo-
rem 10, which we state without proof, immediately follows.

Corollary 14. If the conditions in Theorem 10 hold, and the
quantization thresholds by, k = 0, . .., K of @; are chosen according
to (29), then

C= mqu, (30)

where

@ = lim 1 i;‘((r, 0% (t, 6,), (31)
N—oo N

t=1

with p = 62/0?, 6% = €{@? [w(t)]}, and @ being a Lloyd-Max
quantizer designed in an off-line manner using the PDF of w(t).

Remark 15. Notice that Eq. (30) differs from the classical result
of system identification Lennart (1999, Eq. (9.17)) in the factor
1/uX, where p accounts for the effect of the quantizer and XA
accounts for that of the packet dropouts. The coefficient u states
the (inverse of the) relationship between the power of the noise
w(t), and the power of the signal obtained after quantizing w(t)
using an optimum Lloyd-Max quantizer. Hence, u tends to 1 as
the number of quantization levels K tends to infinity. This can be
seen in Table 1, which shows the dependence of 1 on K, for the
case when w(t) has normal distribution.

Remark 16. Notice thatif A = 1, 6 is a scalar, x(t, 8) = 6 and @;
is a one-bit quantizer defined by @, = 1ify > 7 and 0 otherwise,
forallt € N, then as shown in Appendix C, (23) reduces to
c— Fw(t —6)(1 = Fw(r = 6,))

fVZV (t - 9*)

(32)



D. Marelli et al. / Automatica 49 (2013) 360-369 365

This is in agreement with the result derived in Ribeiro and Gian-
nakis (2006). It is clear that the optimal quantizer that minimizes
C is obtained by choosing T = 6, in which case C = mo2/2. Thisis
in agreement with (29). However, they fail to give a practical quan-
tizer to asymptotically approach this minimum error covariance.
Actually, the best of our knowledge suggests that there is no simple
quantizer in the literature to asymptotically approach the mini-
mum error covariance. It is worth mentioning that the asymptoti-
cally optimal quantizer given in Fang and Li (2008) requires solving
a maximum likelihood estimation at each time step.

5.2. Adaptive quantization scheme for system identification

Unfortunately, the optimal quantizer (29) in Section 5.1
requires the knowledge of the unknown true parameter vector
0,. A practical workaround is to replace 6, by the estimate 6;_;
obtained at the previous sample-time t — 1. Assuming that the
arrival of each packet is acknowledged by the receiver, 6;_ is
known at both ends. A question that naturally arises then is
whether the minimum C can still be achieved in this case. Precisely,
whether Corollary 14 holds if (29) is replaced by

bk = b+ x(t, 61). (33)
The answer is positive and is stated in the following corollary.

Corollary 17. If the conditions in Theorem 10 hold, and the
quantization thresholds b; x, k = 0, . . ., K of @; are chosen according
to (33), then the asymptotic error covariance matrix C is given by (30).

6. Simulations
6.1. Comparison with the prediction error criterion

The identification method derived in Section 3 uses the
maximum likelihood (ML) criterion to account for the presence
of the output quantizer and packet dropouts. In this section
we compare the performance of this method, with that of the
prediction (quadratic) error (PE) method, described in Lennart
(1999, Sec. 7.2). We assume that A = 1, so that no packet is
lost. Then, the PE method ignores the presence of the quantizer
and estimates the parameters 6 to minimize the power of the
difference between the quantized samples z(t) and their value
predicted using the input signal u(t) and 6. To do so we use
the iterative weighted linear least squares algorithm (Pintelon
et al., 1994; Steiglitz & McBride, 1965) to obtain an initial set of
parameters, which is then used to initialize a quasi-Newton search
method (Fletcher, 1987). Since the PE method is not able to identify
the system’s gain when using a one-bit quantization scheme, we
normalize the identified systems for doing the comparison.

We generate the input signal u(t) using an i.i.d. random process.
The distribution of each sample u(t) is obtained from a (0, v?)
distribution, by truncating it to the interval [—4v?, 4v?], and v? is
computed so that the power of x(t) equals unity. We use a time-
invariant (i.e.,, @, = @, for each t € N) quantizer, designed
using the Lloyd-Max algorithm applied to the distribution # (0, 1).
The noise power is 0> = 0.1, and the true system is given by
B(q)/A(q) = 1/(1 — 1.764q" " + 0.81q72).

In Fig. 1 we compare the trace Tr{Cy/N} of the covariance Cy /N
of (éN - 0*), for different values of N, and for one- and two-bits

quantization schemes (i.e., K = 2 and K = 4). For each N, we
compute Tr{Cy/N} using 1000 Monte Carlo runs. We see that the
proposed ML method outperforms the PE method, specially for a
one-bit quantization scheme.

6.2. Convergence comparison for different quantizers

We now evaluate how the choice of the output quantizer affects
the evolution of the trace Tr{Cy/N} of the covariance Cy/N of

0 ~
= PM 1 bit
_10F * ——ML 1 bit
. PM 2 bits
Xk ——ML 2 bits

THG/N} [dB]
8

-40 r
-50 -
~60 . . . )
50 100 150 200
N [samples]

Fig.1. Comparison between the proposed MLidentification method, and the classic
PE method.
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'_
e0F 000 T TS
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Fig. 2. Comparison of convergence rates for different output quantizers.

(éN — &). To this end, we choose the input signal, the true system

and the noise power o2 as in Section 6.1, and set A = 0.9. We
consider three different two-bit quantizers (i.e., K = 4). The
first quantizer @ is stationary and is designed as described in
Section 6.1. The second quantizer @, is the optimal quantizer given
by (29), and the third @, is the adaptive (asymptotically optimal)
quantizer given by (33). Normalization, as done in the experiment
in Section 6.1, is not done in this comparison.

As in Section 6.1, for each quantization scheme we compute
Tr{Cy/N} using 1000 Monte Carlo runs. The result is shown in
Fig. 2, which also shows the theoretical asymptotic values Tr{C; /N '}
and Tr{C,/N} (obtained using (23) and (24)), corresponding to
@, and @,, respectively. We see how the use of @, leads to an
asymptotic value of Tr{Cy /N} which is about 8 dB smaller than the
one resulting from ;. Also, the adaptive quantizer @, approaches
the optimal value Tr{C,/N} in the limit.

7. Conclusion

In this paper we have studied the problem of system identifi-
cation for ARMA models subject to noisy digital communication
constraints. We have proposed a simple adaptive quantizer, and
the corresponding recursive identification algorithm, to address
the joint effect of finite-level quantization and packet dropouts on
the identification accuracy. The proposed algorithm is shown to
be optimal in the sense of asymptotically achieving the minimum
parameter estimation error covariance. Simulation results are in-
cluded to validate the identification algorithm.

Appendix A. Proofs of results in Section 3

Proof of Lemma 1. Since the samples w(t) are statistically inde-
pendent, we have logpy (Zy, Yy) = Y&, logps(z(t), y(t)|6).
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Also, py (Yn|Zy) = 1_[12':] Py (t)|z(t)). Then, since (y(t), z(t)) and
(¥(s), z(s)) are statistically independent whenever t # s, we have

N N
Q(®.8) = [ 102 a0 50 [ [ ps ro)ztsn vy
t=1 s=1

N
=y f log ps (2 (1), y(£))p; (Y1) [2(0))dy (D).
t=1

Now, pg(z(t), ¥(t)) = pe(z()|y(t))pe (¥(1)), with pg(z(t)|y(t))
1ify € (52[_1 [z(t)] and zero otherwise. Hence, pg(z(t), y(t))
0 if and only if p;(y(t)|z(t)) = 0. From the convention 0

oo = 0, it follows that flogpg(z(t),y(t))pé(y(t)|z(t))dy(t)
[ log po (v(£))py (¥(t)|2(£))dy(t). Hence, since py (y(t)) ~ N (x(t,
), o%), it follows that

1

Qn (8, 0)

N
> / log ps (y(£))py V(1) |2(6))dy(¢)
t=1

Nl 2mo? Ly t t,0))?
—20g(7m)—%2t_1f0'()—><(,))

X Py (0)1z(£))dy(t).

Then, the result follows since

f(y(f) — x(t,0))’py V() 12(£))dy(t)

_ f Y (Ops 0/ (O12(0)dy(©)

—2x(t, 6) /y(f)p(;(v(f)ll(f))dya) +x2(t,0)

= y2(t, 0) — 2x(t, 0)y(t, O) + X*(t, 6)
= y2(t,0) — ¥*(t. ) + ((t, 6) — x(t, 0))>. O

Lemma 18. The following equality holds

0 1 _ .
30 log py (z(1)) = ) o (t, 0) —x(t,0)) x(t, 0). (A1)
Proof. Suppose that = 1if s = t and 0 otherwise. Then

QN(é, 0) = logpg(z(t)). From Lemma 1 we have

el ~ 1 _ .
£QN(9, 0) ) y(t,0) —x(t,0))x(t, 0).

0

Now, since the roots of a polynomial depend continuously on
its coefficients (Tyrtyshnikov, 1997, Th. 3.9.1), x(t, #) and x(t, 6)
are continuous functions of 8. From this, it is straightforward to
verify that py (z(t)), y(t, 6) and Qy (é, 6) are continuous in 6. Thus,
we can apply Proposition 10.1.4 in Cappé et al. (2005) to obtain

L logpe(z(t)) = %QN(é, )| , and the result follows. 0O

0
Proof of Lemma 3. It follows
Lemma 18.

immediately from (18) and

Appendix B. Proofs of results in Section 4
In this appendix we express the problem (1) as
N 1
Oy = argmax NEy(0) with Ey(0) = N log po (Zn) .

0eD
Since the samples z(t), t € N are independent, we have

1 N
En0) = ) E(50),
t=1

where

&§(t, 0) = logpy(z(1)).

Define Z(#) = limy_ o &, {Zn(0)} and
d -

End) = 55O, 5O = lim &, {En®)},
. 92 = .
En®) = 55 En®),  EO) = lim &, {Ev©)} .

We also define £ (¢, 0) = Z£(t, ) and &(t, ) = %{fe,g(r, 0).

Lemma19. Let 0 < py < 1,fork = 1,...,K. Then Zf;l pr log?
e < Ke™2.

Proof. LetV = Zf;l pi log? py. Then, gTVk = log? py + 2 log py, for
eachk = 1,..., K. These derivatives equal zero whenever p, =

2 . .
e~2. Also, 37‘2/ < 0. Hence, the result follows by considering
k |e—2

pr=e2forallk=1,...,K. O

Lemma 20. Under the assumptions of Theorem 6, x(t,0) is uni-
formly bounded (i.e., there exists M > 0 such that |x(t, 6)| < M, for
allt € Nand 6 € D), and so is X(t, 0). Also |&(t, 0)|l,, [£(¢.0)],

and ||&(t, 0)|, are uniformly bounded, as well as ‘ SE(t, Q)H , for
! o0

ali=1,...,r°

Proof. The uniform boundedness of x(t, #) and x(t, 6) follow from
the boundedness of u(t) and the assumption on the roots of
A(q, 0). Also, the uniform boundedness of ||£(t, 8) ||, follows from
Lemma 19

€t )15 = &, {log” po(z(t))}

K
A Y po(ver) log® po(ve k) < AKe ™.
=1

From Gersho and Gray (1991, Eq. (6.2.14)) we obtain that
I3t )15 < Iy, 0)15 < o sup x(t, 6)].
t,

Hence, the uniform boundedness of ||é(t, 0) ||2 follows from (B.2)
and Lemma 18. Now,

fb—x(r.e)
J(t.0) = x(t,0) + “ED
fal:x((r[,bg)) fw (w) dw
Cw (b —x(t, 0)) — Gw(a —x(t, 9))
Fw (b — x(t,0)) — Fw(a — x(t, 0))

wfw (w) dw

= x(t,0) +

(B.3)

where [a, b] = (flt[z(t)] and Gy (w) denote the anti-derivative
of wfyy (w). Although technically tedious, it is straightforward to
verify from (B.3) that the first two derivatives of y(t, ) with
respect to 6 have uniformly bounded absolute values. Hence,

the uniform boundedness of Hé(t,@)”z and Ha%%‘(t O)H ,i=
1,...,r, follow from (B.2) and Lemma 18. O =

Lemma 21. Under the assumptions of Theorem 6, for all N €
N, the functions Zy(0), En(0) and En(0) are continuous on D.
Also, Exy(0) — Z(8), Ey() — E(0) and Ey(O) — E(0)
with probability one and uniformly on 0 € D (strong uniform
convergence).

5 For a random variable x, [|x]l, = &, {xz}l/z and ||x||, = inf{c > 0 :
|x| < cw.p.1}.
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Proof. We split the proof into three steps:
(Step 1). From Lemma 20, the third derivative of £(t, #) with
respect to 6 is uniformly bounded. Hence,

sup sup €. 0) — &, )| 10 —pl" < o0

teN 0

In view of (B.1), we have that

sup sup |En(@®) — En(@)] 10 — ¢l < o0

NeN 0,¢eD

(B.4)

This in turn implies that Ey (0) is continuous, and so are Zy (f) and
En(0). . .

(Step 2). From Lemma 20, ||£(t, 0) 5, | (¢, 0)]|, and || (t, )|,
are uniformly bounded. Since these variables are also statistically
independent, Rajchman’s strong law of large numbers (Chung,
2001, Theorem 5.1.2) asserts that, forall 6 € D, Ey(0) el EF(9),
Ev®) "2 Z0) and Ev(0) X' E(0). )

_ (Step 3). Fix i,j € {1,...,p} and define fy(0) = [EN(O) —
é(@)]i,j, where [-];; denotes the i, j-th entry of a matrix. For all
0,0 €D,

(@) —fv(@)] <

(24 ) - Ev@)], |

+ [E(@) — 5("5)]”’ . (B5)

Consider the event (i.e., the set in the underlying probability space)

where Zy(0) "3 £(0) and Ey () "3
have that

ORI e

E(¢). On this event, we

0,0€D
= sup 111‘1‘1 |En©) — En(e)| 116 — ol
0,pcD N
<sup sup [En©O) — En@) |16 — ¢l < o0, (B6)
NeN0,pcD

where the last inequality follows from (B.4). Putting (B.4) and (B.6)
into (B.5), we have that there exists M > 0 such that
Ifn@) — fn(p)| < M ||0 — ¢|. Hence, from Davidson (1994, Theo-
rem 21.10), fy (@) is strongly stochastically equi-continuous. Then,
from Davidson (1994, Theorem 21.8), [Ex @]1ij W'—pil[é’f(e)];,j, uni-
formly in 6, which shows the strong uniform convergence of
Zn(0). The strong uniform convergence of Zy(6) and Zy (6) then
follows from Rudin (1976, Theorem 7.17) and (Step 3). O

Lemma 22. Under the assumptions of Theorem 6, we have that

argmax & (0) = {6,}, (B.7)

0eD
ie., Z(0) is maximized only at 0,. Also, E(G*) is non-singular.

Proof. We split the proof into four steps:

(Step 1). Since the PDF of z(t) depends on 8 only via x(t, 6), we
define p(z(t)|x) such that py (z(t)) = p(z(t)|x(t, 0)). Let
fi(d) = Do (Pz(D)Ix(t, 6,)) || Pz(D)Ix(t, 6,) + d))

{ p()Ix(t, 6,)) }
= 89* lo =
p(®)lx(t, 6,) +d)

where Dy (p || q) denotes the Kullback-Leibler distance between

the probability distributions p and q (Cover & Thomas, 1999). Then
we have

argmax & (0) = arg mm H(@).
feD

(B.8)

where

H®) = lim &, {En(0.) — En(©)}

1
N'Lrlloﬁ;ff (x(t, 0) — x(t,6,)). (B.9)

From the positivity of Dy (-]|-), it follows that the minimum of H(6)
equals zero, and is attained when 6 = 6,. It remains to show that
H(9) = 0ifand only if 0 = 6,.

(Step 2). For —oo < @ < B < o0, define

g, ) = (fw(,B) = fw(@) )2 v B —fw (@)

' Fw(B) — Fw () Fw(B) — Fw ()
From numerical evaluation we can verify that, for eachA > 0 there
exists B > 0 such that g(«, ) > B, whenever either |¢| < A or
|Bl < B.

(Step 3). It is straightforward to verify that,

K
Ay po,z(0) = v g (bes1 + d, bey+ d).
k=1

] dzﬁ(d)

Now, from Lemma 20 we have that |x(t, ) — x(t, 6,)| is bounded.
Since the quantizer is bounded, and A > 0, from Step 2 it follows

that there exists € > 0 such that %f[ (d)
d=x(t,0)—x(t,0x)
t. Hence, f; (x(t,0) — x(t, 6,)) > € (x(t,0) — x(t, 6,))?, for all t.
Then, (B.7) follows from our assumption on u(t), (B.8) and (B.9).
(Step 4). For the second part, consider the event (i.e., the set
in the underlying probability space), where Zy(0) and Ey(6)
converge uniformly on 6. Then, on this event, we have that

> ¢, for all

20 = lim &, {Ev@.) = lim Eyv@.)

32
@ 9 lim Z(6)

TR
9096’ N A

b

@ o,
where (a) follows from two applications of Rudin (1976, Theorem
7.17), and (b) follows from (B.7). O

Proof of Theorem 6. From Lemma 21 we have that, foreach N €
N, &y(0) is a continuous function of 8, and with probability one,
En(0) — E() uniformly. Also, from Lemma 22, 5 () attains
its maximum at 6, only. This, together with the compactness of £
gives the conditions for strong convergence stated in Gourieroux
and Monfort (1996, Property 24.2). O

Proof of Lemma 8. We split the proof in two steps:
(Step 1). From (6), it can be readily verified that

&, (V(t, 0)} = &, {y(t, 0.)} = x(t, 6,).

Hence, from (A.1), we have that &, {£(t, 6,)} = 0, for all t. Since

the random variables £ (¢, 6,) are also statistically independent, it
follows from Lemma 3 that

(B.10)

Fy = N6, {En(0.)E]6.)

N
> & {E(t, 0087 (¢, 0.)}
t=1

N

Z {((t, 6,) — x(t, 0.))°} x(t, )X (t, 0.).

(B.11)
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Now, if y, = 0, we have that y(t, 6,) = x(t, 6,). Hence, y(t, 6,) —
x(t, 0.) = v (¥(t, 6.) — x(t, 6,)). The expression of F follows from

that Fy = 2 YN | &, ((7(t. 6.) — x(¢, 8.)2)X(¢, 6K (5. 6.).
(Step 2). From Gourieroux and Monfort (1995, Property 3.8) we
have that

2@, = i 18{ 0} =— li Lpy = _F
=] —lm O EN NLH;IONN_ .

Then, F > 0 follows from Lemmas 8 and 22. O
Lemma 23. From the assumptions of Theorem 10, we have that
VNENGB) ™S N0, F Y.

Proof. We split the proof into four steps:
(Step 1). Let 9 (t) = &(t, 6,). For eachy € R, define 9,(t)

Yo ) and Pyy = £ 30, € {9,(O9] ()} = y"Pyy, where Py

2 EP O ().
(Step 2). Let 8 > 0, and define

N
. —1-s2 [ 1
L = lim (NP.x) / <N§ s{|ﬁy(t)|2+5}>.
t=1

From Lemma 20, we have that there exists M > 0 such that
I9(ll,.s < M for all t. Hence, from Minkowsky’s inequal-
ity (Rudin, 2006),

.

19,5 = D Wil 12O llo1s < Mllyll; - (B.12)
i=1

Moreover,

Pyn =y Pyy > eig(Py) Iyl3 . (B.13)

where eig(Py) denotes the smallest eigenvalue of Py. In view
of (B.11) we have that Py = +Fy. Hence, limy_.oo Py = F > 0.
In addition, it follows from Tyrtyshnikov (1997, Th. 3.9.1) that the
eigenvalues of a matrix depend continuously on its entries. Then,
we have that

lim eig(Py) = eig( lim Py) = eig(F) > 0. (B.14)
N—oo— — N—oo —

By (B.12)-(B.14), it follows that L, = 0.

(Step 3). From (B.2), (A.1) and (B.3), we have that & {¢(t)} = 0,
hence € {9,(t)} = 0. Since L, = 0, for each y, the sequence
y(t), t € N, satisfies the Lyapunov condition (Klenke,
2008, Definition 15.40). By the Lindeberg-Feller central limit the-
orem (Klenke, 2008, Theorem 15.43), it follows that F Zt T

m dist.

oy (t) — N (0, 1).
(Step 4). Since limy_, o P,y = limy_, o y"Pyy = ¥ Fy, we have
dist.

that, = 3L, 0y () "= nde

VNEN®O,) = W thl ¥ (t). Then, the result follows from David-
son (1994, Eq. (25.28)). O

N (0, y"Fy). From (B.1), we can write

Proof of Theorem 10. From Lemma 21 we have that, foreach N €
N, En(0) is a continuous function of 6, and with probability one,
En(0) — E(0) uniformly. Also, from Lemma 22, = (6,) is non-
singular. This, together with Lemma 23, the compactness of D
and 6, being in the interior of O, gives the conditions for strong
convergence stated in Gourieroux and Monfort (1996, Property
24.16). O

Proof of Corollary 12. From (28) we have that ||62(t)| < o?
(notice that now &2(t) is a random variable because u(t) is a

random process). Also, from Lemma 20, there exists M such that
|%;(t, 0,)| < M, for all t and all i. Hence, we have that

| (e, 0%, 0], < M? < 0.

Then, since u(t) is ergodic and wide-sense stationary, and Q; is
obtained as a time-invariant function of u(t), the result follows by
applying Birkhoff’s ergodic theorem (Klenke, 2008) to (21). O

Appendix C. Proofs of results in Section 5
Proof of (32). The proof consists of two steps:
(Step 1). Since x(t, 8) = 6, we have

(1) = py(t) = 1) (€ y(DIy(t) < 7} —6.)°
+pO(0) > T) (EYOy() > 7} = 6,)°

(=R = 0 (1w (wydn)’
Fw(t — 001 — Fw(z — 6,))
Fy(t —6,) (f:fe* wfw(w)dw)2
Fw(t —0,)(1 — Fw(z — 6,))
Now, since ffooo wfw(w)d(w) = &{w(t)} = 0, we have that
S, wiw)dw) = — [© " wfyw)dw) = o¥w(r — 6,).

Hence,
472
&2(t) = o (= 6.) . (1)
Fw(t — 001 — Fw(z — 6,))

(Step 2). Since x(t, ) = 6, we have that x(t,0) = 1. Then,

from (21) and (C.1),
() o’fiy(t —6.)

P = N Z o7 " FaG 60— e -0y 7

Finally, the result follows by putting (C.2)into (23)withA = 1. O

Proof of Corollary 17. The proof consists of three steps:
(Step 1). From (33) we have that Qt xr.oy = Qo forallt € Z,
where @ is a Lloyd-Max quantizer adapted to the PDF of w(t).

Then, from (27) we have that @;[y] = @ [y — x(t, é[_1)] +
x(t, ét_l), and Theorem 10 holds with

G2t = € {((t.6,) — x(t,6,))*}

& ] (@ x(t. 00 + w(©)] - x(¢, 6,)’}

€ {(ao [w© &6 | + & é[_l))z}

=¢ {(éz(r,é[” [w(f)])z} ,

where x(t, ét,l) = x(t, ét,l) — x(t, 0,) and @, [w] = Qg [w — ¥]
+ X.

(Step 2). From Theorem 10, we have that 6, — 6,
with probability one. Hence, from Chung (2001, Theorem 4.1.2)
6, — 0, in probability. Now, our assumption on the roots of
A(q, 0) assures that X(t, 9) is a continuous function of 6. Then,

from Lehmann (2010, Theorem 2.1.4), X(t, 6,) ngr 0, where e
denotes convergence in probability. Now it is easy to check that

X & {((sz [w(t)])z} is a continuous function of x € R. Hence,

Euio {(a-(t oy O] } 28 g {(@0 [w(D])?) (C3)
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(notice that the left-hand side of (C.3) is a function of the random
variable x(t, 6;_1), which is independent of w(t)). Then,

. 2
62(0 = 89[71 {&v(t) {(@i(f,étl) [w(t)]) }}

= Eu {(@[wOD?*} =62 (C4)

Hence, @, = j—icb = u®, and the result follows. 0O
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