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Abstract—A robust motion control system is essential for the
linear motor (LM)-based direct drive to provide high speed and
high-precision performance. This paper studies a systematic con-
trol design method using fast nonsingular terminal sliding mode
(FNTSM) for an LM positioner. Compared with the conventional
nonsingular terminal sliding mode control, the FNTSM control
can guarantee a faster convergence rate of the tracking error in the
presence of system uncertainties including payload variations, fric-
tion, external disturbances, and measurement noises. Moreover, its
control input is inherently continuous, which accordingly avoids
the undesired control chattering problem. We further discuss the
selection criteria of the controller parameters for the LM to deal
with the system dynamic constraints and performance tradeoffs.
Finally, we present a robust model-free velocity estimator based on
the only available position measurements with quantization noises
such that the estimated velocity can be used for feedback signal
to the FNTSM controller. Experimental results demonstrate the
practical implementation of the FNTSM controller and verify its
robustness of more accurate tracking and faster disturbance rejec-
tion compared with a conventional NTSM controller and a linear
H∞ controller.

Index Terms—Linear motor (LM), motion control, robust con-
trol, terminal sliding mode (TSM).

I. INTRODUCTION

L INEAR motor (LM)-based direct drives are widely used
in high-speed and high-precision motion control systems

since they eliminate the mechanical transmission problems such
as backlash, friction, and structural resonances. The applications
of LMs to positioning systems include the machine tool direct
feed drive [1]–[3], dual-stage positioning stage [4], industrial
gantry [5], high-speed XY table [6], and so on.

With the ever increasing use of LMs in higher precision in-
dustrial machines, the demand for higher performance LMs
continues to increase as well. Hence, on one hand, researchers
have attempted to redesign the LM structure with respect to
its mechanism or electronics for improved dynamic characteris-
tics and for the ease of control. For example, a new permanent-
magnet LM was proposed in [7] by using a nine-pole ten-slot
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structure and a proper winding method, which was shown to ef-
fectively reduce the cogging force by 90%. Recently, Sato also
reported a linear synchronous motor design with moving per-
manent magnet [8]; and it was demonstrated that the prototype
can achieve a much higher thrust density for ultrahigh accel-
eration over 100 G and velocity than conventional drives. On
the other hand, extensive research efforts have been devoted to
the control methods for the LMs to achieve the desired perfor-
mance. This is because the feedback control, as compared to the
open-loop control, has been widely recognized as being able to
provide more accurate and reliable performance. Moreover, on
LM direct drive systems both the payload variations and the dis-
turbances such as frictions from the guideways or cutting forces
in machine tools, are directly acting on the LM itself, making
the motion precision more likely to be deteriorated. This further
explains the importance of the motion controller for the LMs
to ensure the performance and robustness. For this purpose, a
variety of control techniques have been developed, for example,
relay control for ripple and friction compensation [9], multirate
control [10], adaptive control for cogging force compensation
[5], iterative learning control [11], H∞ optimal control [1], [12],
nonlinear control for reduced settling time [4], and nonlinear ro-
bust control using sliding mode [13]–[15], which we will also
focus on in this paper.

Sliding mode control (SMC) is a systematic and effective ap-
proach to robust control that maintains the system stability and
consistent performance in the presence of modeling uncertain-
ties and disturbances. Furthermore, it allows a design tradeoff
between tracking performance and smoothing control discon-
tinuity for practical implementation on most applications [16].
The SMC has been successfully applied to a lot of mechatronic
systems such as hard disk drive [17], permanent-magnet syn-
chronous motor [18], steer-by-wire system on vehicles [19],
and robotic hands [20]. The fundamental design procedure of
the SMC is to properly design a stable sliding surface s, which
satisfies the desired specifications, and then, select a feedback
control law u (typically discontinuous) such that the sliding sur-
face could be reached and retained in the sense of Lyapunov,
despite the presence of modeling uncertainties and disturbances
[16]. Since the designs of both sliding surface and control law
are not unique for a given control problem, a number of design
methods have been proposed since the initial idea of SMC began
in the late 1950s. A complete survey of these methods is intro-
duced in [21] and [22] and references therein. Among these
methods, the so-called terminal sliding mode (TSM) control
[23] proposed a nonlinear sliding surface design that guarantees
the reachability of the sliding mode s = 0 in finite time. This is a

1083-4435 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.



1744 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 4, AUGUST 2015

significant improvement compared with the conventional SMC
of linear sliding surface, which only ensures asymptotical con-
vergence of s [16]. Moreover, a discrete-time TSM controller
was proposed in [24] from the discrete-time point of view, which
was more practical for real-time implementation. To avoid the
singularity problem of control input associated with the TSM, a
nonsingular terminal sliding mode (NTSM) control method was
then presented in [25], which simply swaps the state variables
in the conventional TSM function while retaining the finite-
time convergence feature. However, the control discontinuity
problem still exists in the NTSM although it was recommended
in [25] that the boundary layer method [16] could be adopted
to reduce the undesired chattering of the discontinuous con-
trol. Alternatively, adaptive SMC [26] was proposed to reduce
the amplitude of chattering for systems whose parameters or
disturbances are slowly time varying. Recently, a new design
method [27] named as fast nonsingular terminal sliding mode
(FNTSM) control in this paper, was proposed to overcome the
disadvantages of the NTSM. The FNTSM control law involves
no switching elements, and thus, avoids the control chattering
in essence. Moreover, it incorporates an effective control law
in the reaching phase by using the fast-TSM-type model [28]
such that the exponential stability as well as faster finite-time
convergence than the NTSM control can be achieved. Motivated
by these benefits, we thus apply the FNTSM control technique
to a real LM positioner system and experimentally investigate
its design method and implementation, which is still rare in the
literature of the high-precision LM motion control.

In this paper, we first present the plant model of the LM setup
and its parametric uncertainties. Particularly, we formulate the
mass variations due to payload as multiplicative uncertainty that
can lead to a less conservative bound of the tracking error as
compared with the additive form of mass uncertainty in [27].
Next, we develop an FNTSM controller for the LM with the
proof showing its capability to drive the tracking error to con-
verge to a bounded region in finite time. Moreover, we discuss
the selection criteria of the controller parameters in terms of sys-
tem dynamic constraints and performance tradeoffs. Because in
our setup the position of the LM stage is the only measurement
for feedback control, we further design a sliding-mode-based ve-
locity estimator [29], which is shown to obtain robust velocity
estimation performance against the quantization noise from the
position measurements as well as velocity frequency changes.
Finally, we implement the FNTSM controller on the real LM
setup. The experimental results are shown to verify its superior
performance in terms of more accurate tracking and faster dis-
turbance rejection over a conventional NTSM controller and a
linear H∞ controller.

This paper is organized as follows. Section II presents the
plant model with the parametric uncertainties on the LM system
under study. The FNTSM control design method is described in
Section III where the selection criteria of the controller parame-
ters are discussed in details and a robust velocity estimator is also
presented for practical implementation of the state-feedback
based controller. Finally, Section IV presents the experimen-
tal results to verify the effectiveness of the FNTSM controller.
Section V concludes this paper.

Fig. 1. Experimental setup of an LM positioner control system.

II. PLANT MODELING

The experimental setup for the LM positioner system (by
Baldor Electric Company) is shown in Fig. 1. The positioning
stage is directly driven by an LM, which has a 500-mm travel
range and is equipped with a position encoder (by Renishaw
PLC) of a resolution of 1 μm. The voltage-to-current power
amplifier is used to convert the control input signals into current
commands to drive the LM. In our setup, the power amplifier has
a bandwidth of 400-Hz, which is much higher than that of the
LM dynamics. Thus, its model is simply regarded as a constant
gain.

In [30], we have reported a complete mathematical model for
the LM system. To proceed with the control design, we shall
give the plant model of the LM as follows:{

mÿ = u − f − d

f = kv ẏ + kcsgn(ẏ)
(1)

where y represents the position of the stage, u is the control
input, f is the friction force, d is the lumped uncertainties in-
cluding disturbance, measurement noise, and unmodeled system
dynamics, m is the moving mass of the positioner, kv is the vis-
cous friction coefficient, kc is the Coulomb friction level, and
sgn(·) denotes the standard signum function.

In this paper, we consider the parametric uncertainty as
follows:

1
τ
≤ m

m0
≤ τ (m0 = 3.31 kg, τ = 2)

|kv − kv0 | ≤ k̄v (kv0 = 8.6 Ns/m, |k̄v | = 1)

|kc − kc0 | ≤ k̄c (kc0 = 11.5 N, |k̄c | ≤ 3)

|d| ≤ d̄ (d̄ = 15) (2)

where m0 , kv0 , and kc0 denote the nominal model parameters,
and τ , k̄v , k̄c , and d̄ are the bounds of the uncertain parameters,
respectively. In particular, τ is also called the gain margin of the
control system because it measures the robustness of the control
law with respect to the control gain [16].
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Define δ as

δ = (kv − kv0)ẏ + (kc − kc0)sgn(ẏ) + d. (3)

Then, we have

|δ| ≤ δ̄ = k̄v |ẏ| + (k̄c + d̄). (4)

III. CONTROL DESIGN

Our control objective here is to design a robust controller such
that the LM positioner can track a reference command fast and
accurately in the presence of the model uncertainties and dis-
turbances. To achieve this goal, we will first present a controller
design method using FNTSM. It will be seen that the FNTSM
controller is constructed with the LM velocity as feedback sig-
nals, which is, however, not measurable in our setup. Hence,
we will then present a robust model-free velocity estimator to
estimate the velocity from the position measurements that are
contaminated by quantization noises.

A. FNTSM Controller for LM

Define the tracking error as

e = y − yr (5)

where yr is the reference command supposed to be twice differ-
entiable. Furthermore, define a sliding variable s as

s = e + λsig(ė)γ (6)

where λ > 0, 1 < γ < 2, and the notation sig(x)a as first intro-
duced in [31] is a simplified expression of

sig(x)a = |x|asgn(x). (7)

Note that the function sig(x)a , for a > 0 ∀x ∈ R is smooth
and monotonically increasing and always returns a real number.
Furthermore, according to [25], we know that the TSM function
as defined by

s = e + λsig(ė)γ = 0 (8)

for any initial conditions of e(0) and ė(0) can converge to zeroes
in a finite time ts given by

ts =
λ− 1

γ

1 − 1
γ

|e(0)|1− 1
γ . (9)

Next, we shall derive an expression of u0 , i.e., the so-called
equivalent control input [16], which would maintain

ṡ = ė + λγ|ė|γ−1(ÿ − ÿr ) = 0 (10)

if the plant model is in the absence of uncertainties. More spe-
cific, let the model parameters in (1) be their nominal values
and suppose d = 0, and replace u by u0 . Then, solving (10) for
u0 by using the nominal plant model leads to

u0 = m0 ÿr + kc0sgn(ẏ) + kv0 ẏ − m0

λγ
sig(ė)2−γ . (11)

Furthermore, we introduce a reaching control input u1 given by

u1 = −m0 [k1s + k2sig(s)ρ ] (12)

where k1 , k2 > 0, 0 < ρ < 1, and the sliding variable s is with
(6).

Now, we have the following theorem regarding the form of
the FNTSM controller.

Theorem 1: Consider the LM system in (1) with the parametric
uncertainties in (2). Then, under the FNTSM control law

u = u0 + u1 (13)

where u0 , u1 is with (11), (12), respectively, the following track-
ing performance can be guaranteed.

(1) The sliding variable s converges to the region of

|s| ≤ Φ = min(Φ1 ,Φ2) (14)

Φ1 =
(τ − 1)|ÿr − 1

λγ sig(ė)2−γ | + 1
m 0

δ̄

k1
(15)

Φ2 =
[ (τ − 1)|ÿr − 1

λγ sig(ė)2−γ | + 1
m 0

δ̄

k2

] 1
ρ

(16)

in a finite time, where δ̄ is given in (4).
(2) As a result of 1), the tracking error e and its velocity ė

converge to the region of

|e| ≤ 2Φ

|ė| ≤
(Φ

λ

) 1
γ

(17)

in a finite time.
Proof: Choose the Lyapunov function V = 1

2 s2 . Evaluating
the derivative of V along the trajectories of the system in (1)
with u in (13) yields

V̇ = Γs − Ψ1s
2 − Ψ2 |s|ρ+1 (18)

with

Γ =
(m0

m
− 1

)
(λγ|ė|γ−1 ÿr − ė) − 1

m
λγ|ė|γ−1δ

Ψ1 =
m0

m
λγ|ė|γ−1k1

Ψ2 =
m0

m
λγ|ė|γ−1k2 . (19)

It is obvious that the last two terms in (18) are both nonnegative
and the term Γ stems from the system uncertainties, namely,
we can see from (19) that Γ reduces to zero in the absence of
uncertainties. Next, we shall derive the condition for (18) to
satisfy the finite-time stability [32]. There exist two different
cases.

Case 1) Rewrite (18) as the following form:

V̇ = −
(

Ψ1 −
Γ
s

)
s2 − Ψ2 |s|ρ+1 . (20)

Hence, if ė �= 0 and Ψ1 − Γ
s > 0, then there exists ε1 , ε2 > 0

such that

V̇ ≤ −ε1s
2 − ε2 |s|ρ+1

= −2ε1V − 2
ρ + 1

2 ε2V
ρ + 1

2 (21)

which apparently leads to the finite-time stability (see
the Appendix). Furthermore, the convergence time can be



1746 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 4, AUGUST 2015

obtained as

tr ≤ 1
(1 − ρ)ε1

ln
[
1 +

ε1

ε2
(2V0)

1−ρ
2

]
(22)

where V0 = V (s(0)) is the initial condition.
From the aforementioned analysis, to achieve the property of

finite-time stability, we shall proceed to find the region of s that
guarantees Ψ1 − Γ

s > 0, which can actually result from

|s| >
|Γ|
Ψ1

=

∣∣∣∣(1 − m
m 0

) [
ÿr − 1

λγ sig(ė)2−γ

]
− 1

m 0
δ

∣∣∣∣
k1

. (23)

Using the bounds of the system uncertainties, we have

|Γ|
Ψ1

≤
(τ − 1)|ÿr − 1

λγ sig(ė)2−γ | + 1
m 0

δ̄

k1
= Φ1 . (24)

Therefore, the condition Ψ1 − Γ
s > 0 is guaranteed only if

|s| > Φ1 . (25)

In other words, the region

|s| ≤ Φ1 (26)

can be reached under the FNTSM control law in a finite time as
given by (22).

Case 2) Alternatively, rewrite (18) as the following form:

V̇ = −Ψ1s
2 −

[
Ψ2 −

Γ
sig(s)ρ

]
|s|ρ+1 . (27)

Similarly, letting Ψ2 − Γ
sig(s)ρ > 0, for ė �= 0 suffices to achieve

the finite time stability of V . Hence, performing the similar
analysis as that in Case 1 yields the region given by

|s| ≤ Φ2 =
[ (τ − 1)|ÿr − 1

λγ sig(ė)2−γ | + 1
m 0

δ̄

k2

] 1
ρ

(28)

which can also be reached under the FNTSM control law in a
finite time.

Finally, we shall show that ė = 0 for the aforementioned two
cases is not an attractor in the reaching phase. Substituting (13)
into (1) for ė = 0 yields

ë =
(m0

m
− 1

)
ÿr −

δ

m
− m0

m
[k1s + k2sig(s)ρ ]. (29)

Then, for any ė = 0, we have

ë =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−m0

m

⎡
⎣k1 −

(
1 − m

m 0

)
ÿr − 1

m 0
δ

s

⎤
⎦ s − m0

m
k2sig(s)ρ

�= 0, for |s| > Ψ1 ,

−m0

m
k1s −

m0

m

[
k2 −

(
1 − m

m 0

)
ÿr − 1

m 0
δ

sig(s)ρ

]
sig(s)ρ

�= 0, for |s| > Ψ2

which implies ė = 0 is not an attractor for |s| > Ψ1 or |s| > Ψ2 .
Hence, for ė = 0, the finite-time reachability of s can also be
guaranteed.

By far, combining the results in (26) and (28) yields that the
sliding variable s under the FNTSM control law in (13) can
converge to the region with |s| ≤ Φ = min(Φ1 ,Φ2) in a finite
time.

To get the result of (17), rewrite (6) as

e +
[
λ − s

sig(ė)γ

]
sig(ė)γ = 0. (30)

Then, letting |ė| > (Φ
λ
)

1
γ implies λ − s

sig(ė)γ > 0 since |s| ≤ Φ.
As such, the function (30) keeps the same property of finite-time
stability as that in (8), which reversely means that the velocity
of tracking error converges to the region

|ė| ≤
(

Φ
λ

) 1
γ

(31)

in a finite time. Accordingly, from (30), we can deduce that the
tracking error converges to the region

|e| ≤ λ|ė| 1
γ + |s| ≤ 2Φ. (32)

in a finite time as well. The proof is thus completed.
Remark 1: By expressing the perturbed mass m as the

bounded multiplicative uncertainty in (2) instead of the additive
form [27], we have a tighter bound of the uncertainty, which con-
sequently leads to less conservative bounds of the convergence
regions in (15) and (16).

Remark 2: To compare the benefits of FNTSM control with
the conventional NTSM control, we also present the form of
a conventional NTSM controller based on the boundary layer
method as follows:

uN = u0 − m0k2sat
(

s

Δ

)
(33)

where s, u0 , and k2 are the same as those in (6), (11), and
(12), respectively, for a fair comparison; sat(x) is the saturation
function defined as sat(x) = sgn(·)min{1, |x|}, which replaces
the original signum function to reduce the control chattering;
and Δ is the boundary layer thickness. It has been reported in
[25] that the tracking error under the NTSM control law (33)
will also converge to the bounded region given by

|s| ≤ Δ ⇒ |e| ≤ Δ (34)

in the finite time

t∗r <
|s(0)|

k2
. (35)

Apparently, the NTSM controller (33) can be approximated
from the FNTSM controller (13) by setting k1 = 0 and ρ = 0.

Remark 3: The FNTSM control law is substantially continu-
ous (i.e., chattering free) and singularity free, and therefore, it
could be easily implemented on the real LM system. Further-
more, for a nominal LM system, the FNTSM control can still
guarantee the tracking error to converge to zero in a finite time,
which can be seen from (14) by setting τ = 1 and δ̄ = 0. Com-
paratively, the NTSM control law can eliminate control chatter-
ing by choosing a sufficiently thick boundary layer. However,
for the nominal system, it can only guarantee that the tracking
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error converges into the boundary layer rather than zero in a
finite time [27].

Remark 4: Comparing the convergence time under the
FNTSM (22) with that under the NTSM (35), we can see that
the FNTSM has a faster convergence rate because of its implied
exponential stability. This means that the FNTSM control can
settle the tracking error significantly faster than the NTSM in
the presence of an external shock disturbance as will be demon-
strated in Fig. 9 later.

B. Selection of Controller Parameters

To this end, we have shown that the FNTSM control has
several advantages over the conventional NTSM control. How-
ever, without exception, the selection of its controller parameters
should be carefully investigated when practically applied to the
LM because the ideal tracking performance is generally compro-
mised with measurement noise characteristics, limited control
efforts, and particularly, with unmodeled system dynamics.

1) Selection of λ: The parameter λ critically determines the
control bandwidth of the sliding mode dynamics as can be im-
plied from (8). Clearly, a smaller λ leads to a larger bandwidth,
indicating a faster response speed and higher tracking accuracy.
However, the minimum λ applicable to our case is dominated by
the measurement noises (detailed in Section III-C) and the time
delay associated with the LM. More specific, the experimental
frequency response of the LM system as we reported in [4] has
shown that the LM dynamics are affected by continuous phase
drops (equivalent to a time delay) from 50 Hz relative to its
rigid-body model. After evaluation of these factors, we choose
a λ = 0.016 in practical implementation.

2) Selection of γ: The defined range with 1 < γ < 2 avoids
the singularity problem [25] of the control input, which can be
seen from the last term in (11). From the point of view of the
performance, a larger γ leads to a smaller convergence time (9)
but at the cost of amplifying the velocity measurement noises
(or estimation errors), which may consequently introduce extra
control chattering in u0 (11). Hence, we choose γ = 1.4.

3) Selection of ρ: Compared with the standard NTSM con-
trol without using the boundary layer [25], the index ρ is intro-
duced to eliminate the control chattering. We can observe from
(12) that a larger ρ in (0, 1) leads to a smoother control signal
u1 but at the cost of weaker robustness. From the actual im-
plementation, a value of ρ = 0.8 shows an acceptable balance
between robustness and control smoothness.

4) Selections of k1 and k2: The positive gains k1 and k2 can
be made either constant or time varying. Implied by the results
in (14)–(17), we intuitively choose

k1 = 5 × 104
[
(τ − 1)|ÿr −

1
λγ

sig(ė)2−γ | + 1
m0

δ̄

]

k2 = 650
[
(τ − 1)|ÿr −

1
λγ

sig(ė)2−γ | + 1
m0

δ̄

]

so as to easily predict the bound of the tracking error, i.e.,
40 μm for these selections.

C. Velocity Estimator

It can be seen from (11) and (12) that the FNTSM controller
relies on both the position and velocity of the LM as feedback
signals. However, in our setup, only the position measurement
is available. Hence, a velocity estimator is essential for prac-
tical implementation of the controller. There have a variety of
state estimation approaches reported in the literature such as
the well-known Luenberger observer, Kalman filter, and their
many variations [33]. The accuracy of these estimators gener-
ally depends on the extent to which the exact information of
the plant model is known. However, this is not applicable in
our case where the LM contains nontrivial uncertainties. Thus,
a model-free velocity estimator is more suitable for our appli-
cation also because velocity is naturally the differentiation of
position signals.

For this goal, the backward differentiator (BD) is the most
popular model-free velocity estimator due to its simplicity,
which is given by

ˆ̇yBD(n) =
ym (n) − ym (n − 1)

Ts
(36)

where ˆ̇yBD(n) is the estimated velocity at the time step n, ym

is the measured position signal, and Ts is the sampling period.
Note that the measured position signal ym contains quantization
noise due to the employed position encoder [30], which when
differentiated would induce significant estimation error. Recall
that the measurement noise including the velocity estimation
error is involved in the lumped uncertainty d in (1). It can be
seen from (4) that a higher level measurement noise causes
a larger bound of the uncertainty δ̄, which in turn results in
a larger tracking error according to (14)–(17). Moreover, the
measurement noise may also introduce extra chattering in the
control input signal as can be seen from (11) and (12). Such
control chattering may excite the unmodeled system dynamics
and deteriorate the tracking performance.

To effectively reduce the velocity estimation error, we adopt a
model-free robust exact differentiator (RED) using sliding mode
technique [29]. The structure of the RED is given by

ˆ̇yRED = z − η1 |ŷ − ym | 1
2 sgn(ŷ − ym ) (37)

ż = −η2sgn(ŷ − ym )

where z ∈ R is an auxiliary state variable, ˆ̇yRED is the estimated
velocity, and η1 , η2 > 0. It was proved in [29] that the velocity
estimation error under the RED (37) can converge to the region

|ˆ̇yRED − ẏ| < σν
1
2

in a finite time, where ẏ is the actual velocity, σ > 0 is a constant
determined by η1 and η2 , and ν is the quantization noise level.

To verify the velocity estimation performance by using BD
and RED, we carry out comparative simulations, where the
estimator parameters are chosen as Ts = 0.2 ms, η1 = 2.25, and
η2 = 0.0023, respectively. Moreover, we use a first-order low-
pass filter with cut-off frequency 100 Hz to further smooth the
estimated velocities of each estimator. The results are presented
in Fig. 2, where the top plot shows the actual position signal y
with varying frequencies, and the position measurement with a
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Fig. 2. Comparison of velocity estimation performance using BD and RED.

quantization noise level 0.5 μm (i.e., half of the position encoder
resolution). The middle plot shows the estimated velocity signals
from ym . We can see from the bottom plot that the estimation
error obtained by RED is significantly smaller than that by BD,
and this benefit is robust along the velocity profile with different
frequencies. However, the RED still contains a small level of
errors due to the fact that it is impossible to eliminate them
completely in practice. As such, when the RED is applied to the
FNTSM controller, these errors will induce a certain level of
tracking error and chattering in the control input as will be seen
from the experimental results in the next section.

IV. EXPERIMENTAL RESULTS

To verify the performance of the designed FNTSM controller
with the velocity estimator using RED, experiments are con-
ducted on the real LM positioner system. For comparison, we
also carry out the experiments, respectively, under the presented
conventional NTSM controller (33) by setting Δ = 40, and un-
der a linear H∞ controller

uH = 3.31ÿr + 8.6ẏ − 3.27 × 105e − 2112ė. (38)

Note that the H∞ controller is designed based on a state-space
approach as given in [1], which guarantees an optimal bounded
tracking error for the uncertainties among all the linear state-
feedback controllers.

All the designed controllers were implemented on a real-
time DSP system (dSPACE-DS1103) with the sampling period
of 0.2 ms.

A. Swept Sinusoidal Tracking Performance and Robustness

We first evaluate the tracking performance in response to a
swept sinusoidal reference of an amplitude of 1000 μm and
whose frequency varies linearly with time from 0.5 to 1.0 Hz.

Fig. 3. Tracking responses to a swept sinusoidal reference without payload.
(a) Position profiles; and tracking errors of (b) FNTSM, (c) NTSM, (d) H∞
control.

Fig. 3 shows the time responses of the position profiles and
tracking errors under the three controllers without extra pay-
loads applied to the LM stage. We can see that the FNTSM
controller achieves the smallest tracking error bound (TEB),
i.e., max(|e|) = 24 μm, along the profile, which is only 2.4%
of the reference amplitude. In this case, the tracking error pro-
file under the NTSM controller is close to that under FNTSM.
Note that the obtained TEBs under the FNTSM and NTSM are
consistent with the initial designs that aim for |e| < 40 as can
be seen from (17) and (34), respectively. Comparatively, the
H∞ controller has the largest TEB and tends to induce more
oscillations when the reference frequency increases indicating a
common feature of the linear control. Among the controllers, the
maximum tracking errors that exhibit as spikes/jumps all occur
at the points where the reference velocity changes its sign, e.g.,
at t = 0.86 s. These errors are mainly caused by the insufficient
compensation for the friction force, which results from the diffi-
culty of estimating velocity accurately from quantized position
measurements at the zero crossing of velocity (see Fig. 2). Fig. 4
also shows the reasonably smooth control input signals under
the FNTSM and NTSM except a small amount of chattering due
to the measurement noises.

To further verify the robustness against the payload change,
we place a 3.5-kg payload on the LM stage, i.e., making m

m 0
≈ 2.

We can see from the results in Fig. 5 that the FNTSM and
NTSM both maintain the tracking performance properly, but
the H∞ controller gets worse performance with a larger TEB of
50 μm as compared with the result of 44 μm without payload
in Fig. 3(d). Moreover, the control input signals as shown in
Fig. 6 indicate that the H∞ controller contains larger oscillations
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Fig. 4. Control input responses to a swept sinusoidal reference without pay-
load. (a) FNTSM; (b) NTSM; (c) H∞ control.

Fig. 5. Tracking responses to a swept sinusoidal reference with payload.
(a) Position profiles; and tracking errors of (b) FNTSM, (c) NTSM,
(d) H∞ control.

(e.g., at t = 3.9 s) because of its decreased stability margin with
the applied payload.

B. Triangular Tracking Performance and Robustness

Next, we evaluate the tracking performance in response to
another commonly used reference, i.e., a slope-varying trian-
gular waveform of an amplitude of 1000 μm. Not surprisingly,

Fig. 6. Control input responses to a swept sinusoidal reference with payload.
(a) FNTSM; (b) NTSM; (c) H∞ control.

Fig. 7. Tracking responses to a slope-varying triangular reference without
payload. (a) Position profiles; and tracking errors of (b) FNTSM, (c) NTSM,
(d) H∞ control.

the results in Figs. 7 and 8 show that the FNTSM controller
achieves the best performance in the case either without pay-
load or with payload in comparison with those under NTSM
and H∞ control. This verifies that the FNTSM can maintain the
tracking performance and robustness against different types of
references as well.
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Fig. 8. Tracking responses to a slope-varying triangular reference with pay-
load. (a) Position profiles; and tracking errors of (b) FNTSM; (c) NTSM;
(d) H∞ control.

Fig. 9. Tracking responses to an external shock disturbance. (a) Position
profiles; (b) Trajectories of sliding variable s(t).

C. Fast Rejection of External Disturbance

As we have discussed in Remark 3, comparing with the
NTSM control, apart from the property of chattering free, the
most important benefit the FNTSM control can provide is its
faster convergence rate in response to an external disturbance.
To verify this benefit, we carry out the experiments using a
shock disturbance with a duration of 20 ms, which is acting on
the LM stage periodically for easy observation. Fig. 9(a) shows

Fig. 10. Summary and comparison of the experimental results. (a) Swept sinu-
soidal tracking; (b) slope-varying triangular tracking; (c) disturbance rejection.

the time responses under the three controllers. It is clear that the
FNTSM control takes the least settling time with 25 ms for the
position to converge within 10 μm. Comparatively, the NTSM
control is disturbed with the largest error magnitude and takes
58 ms to settle down; while the H∞ controller takes the longest
time of 150 ms to settle due to its weakest robustness. Fur-
thermore, the time trajectories of the sliding variables s(t) are
shown in Fig. 9(b), which also indicate the faster convergence
rate achieved by the FNTSM control.

D. Summary and Comparison

The foregoing experimental results are summarized and com-
pared in Fig. 10, where we also compare the root mean square
(RMS) of the sampled tracking error e(i) as defined by

RMS(e) =

√√√√ N∑
i=1

e2(i)
N

(39)

where N is the number of the samples. We can see that the
FNTSM control achieves the smallest max(e) and RMS(e) in
all cases. For the NTSM control, it obtains similar max(e) with
the FNTSM control, but has larger RMS(e). Comparatively, the
H∞ control gets the worst performance, especially when with
payload. Moreover, the FNTSM control has a significantly least
settling time in rejecting the external disturbance as shown in
Fig. 10(c). Therefore, the results evidently demonstrate that the
FNTSM control can be easily implemented in practice, and also
provides both stronger tracking robustness and faster response
to disturbance rejection.
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V. CONCLUSION

In this paper, we have developed a robust LM controller using
FNTSM. In particular, the selection of the controller parame-
ters are discussed by considering the unmodeled time delay
associated with the LM dynamics, measurement noises, and the
tradeoffs between robustness and tracking accuracy. We also
present a velocity estimator, which is model free and is robust
against the quantization noises in the position measurements.
It is demonstrated that the FNTSM controller is easy to imple-
ment only with a small amount of control chattering, which is
inevitably due to the measurement noises rather than the con-
trol law. Moreover, experimental results show that the FNTSM
controller achieves better tracking accuracy and considerably
faster disturbance rejection than the conventional NTSM con-
troller and H∞ controller. The superior performance is also
retained under the payload variation. Therefore, the FNTSM
control method is suitable for the applications, where the per-
formance criteria with strong robustness, fast convergence rate,
and easy implementation are all essential.

APPENDIX

Giving the following first-order nonlinear differential in-
equality

V̇ (x) + αV (x) + βV γ (x) ≤ 0 (40)

where V (x) represents a positive Lyapunov function with re-
spect to the state x ∈ R, α, β > 0, and 0 < γ < 1, then for any
given initial condition V (x(0)) = V0 , the function V (x) con-
verges to the origin in the finite time as follows:

T ≤ 1
α(1 − γ)

ln
αV 1−γ

0 + β

β
. (41)

See [27] and references therein for more details.
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