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Finite-horizon quantized estimation using sector bound approach
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( 1． School of Control Science and Engineering，Shandong University，Jinan 250061，Shandong，China;
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Abstract: This paper is concerned with the finite-horizon filtering estimation problem by using the reductive information
of the quantized innovations from the innovations． We consider the case where the quantizer is logarithmic，and an up-
per bound of the estimation error covariance is derived for all the quantized innovations． The calculation of the filter in-
volves solving a Riccati equation related to the quantized innovations．
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摘要:研究了具有对数量化器的离散时间系统的有限时间量化估计问题。利用扇形界的方法给出了量化误差，进

一步设计了有限时间的量化估计器，使得对于由所有的量化新息给出的量化估计误差都在一个有限界之内，并且

使得这个界在范数意义下尽可能的小。最后通过求解一个与量化新息有关的黎卡提方程得到了量化估计器。
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0 Introduction

Recently，quantized control and quantized estimation problems have been investigated abundantly due to the
development of networked control systems especially for industrial control and automation． Examples of quan-
tized feedback control problem include ［1］-［4］ and references therein． For its applications in the bandwidth-
constrained wireless sensor network，the coarsest quantizer that quadratically stabilizes a single input linear dis-
crete-time invariant system is proven to be logarithmic in［1］． In［2］the logarithmic quantizer is considered，it
is proved that the logarithmic quantizer performs better than the linear quantizer when it deals with the quantiza-
tion error，for logarithmic quantizer gives a multiplicative quantization error which reduces as the measurement
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becomes small，while the quantization error of linear quantizer is addictive and grows linearly as the measurement
becomes larger． What’s more for the the logarithmic quantizer，the quantized feedback control problems can be
converted into classical robust control problems with sector bound uncertainties［5］and so on． As in the classical
control and estimation theory，state estimation plays an critical role in control theory due to the separation theory
［8］． Though only a high resolution separation theorem holds，quantized estimation is also important to quantized
feedback control problems ［3］． In ［9］and ［10］，the quantized estimation using quantized innovations is de-
rived under the assumption that the conditional probability of the estimated state based on the innovations is the
same as that based on the quantized innovations． As in ［11］，the infinite-level and finite-level quantizers are
considered，but only the steady state quantized estimator is given． In this paper，we use the original innovations
to recover the logarithmic quantized information to design a state estimator for a single output linear discrete-time
invariant system，just as in［12］for the problem of control with communication constraints． ［5］proposes a new
quantization dependent Lyapunov function to study the problem of analysis and synthesis for quantized feedback
control system，which leads to less conservative results． ［6］ investigates the quantized H∞ control problem for
discrete-time systems with random packet losses． In ［7］ the optimal tracking design for a linear system with a
quantized control input is given． By using dynamic programming approach，the best attainable tracking perform-
ance is obtained，in terms of the space equation of given systems and the unique solution of the discrete-time al-
gebraic Riccati equation．
In this paper the quantized quadratic filter of logarithmic quantizer with guaranteed performance has been de-

signed． The paper is organized as follows，section 1 puts forward some assumptions and formulates the quantized
estimation problem． Section 2 presents the solution of the estimation problem using the quantized innovations． In
section 3，an example is given to show the effectiveness of the proposed approach． Finally，section 4 ends this
note with some conclusions．
Notations: Throughout this paper E［·］denotes the expectation and δtl denotes the Kronecker Delta．

1 Problem formulation

Consider the following linear discrete-time system :

x( t + 1) = Ax( t) + Bw( t) ， ( 1)

y( t) = Cx( t) + Dv ( t) ， ( 2)

where x( t) ∈Rn is the state vector，y( t) ∈R is the observation，A，B，C，D are matrices with proper dimen-
sions，w( t) ∈Rm and v ( t) ∈Rk are noises satisfying :

for all integers t and l≥0，

E［w( t) ］= 0，E［w( t) w T ( l) ］= Qwδtl，

E［v ( t) ］= 0，E［v ( t) v T ( l) ］= Qvδtl，

E［w( t) v T ( l) ］= 0．

( 3)

Assumption 1
( 1) E［x( 0) xT ( 0) ］= q0，where q0 = q T

0≥0 is a known matrix，

( 2) rank A BQ
1
2[ ]w = n． ( 4)

Consider the logarithmic quantizer with infinite levels as following :

U = { ± ui : ui = ρ
iu0，i = 1，2，…}∪{ ± u0 }∪{ 0} ，

0 ＜ ρ ＜ 1，u0 ＞ 0． ( 5)

where ρ is called quantized density of the quantizer． As illustrated in ［2］，using the sector bound approach the
quantization error satisfying :

y － Q( y) = δy，| δ |≤Δ． ( 6)
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where

Q( y) =
ui，if 1

1 + Δ
ui ＜ y≤ 1

1 － Δ
ui，y ＞ 0;

0，if y = 0;

－ Q( － y) ，if y ＜ 0
{

．

( 7)

with

Δ = 1 － ρ
1 + ρ

． ( 8)

Denote
ε( t) = y( t) － ŷ( t) ，

e ( t) = x( t) － x̂( t) ，

using the quantized innovations to design the filter，then the quantized innovation can be rewritten as:
z( t) = Q( ε( t) ) = ε( t) － δtε( t) = ( C － δtC) e ( t) + ( D － δtD) v ( t) ， ( 9)

where ‖δt‖≤Δ，hence ‖
δt
Δ
|≤1．

The quantized filter design problem can be stated as: Given the quantized innovations { z( 0) ，z( 1) ，…，z( t) } ，

design a filter
x̂( t + 1) = Ax̂( t) + Ktz( t) ， ( 10)

where Kt is a matrix to be determined in order that the variance of the estimation error is guaranteed，that is，
there exist a sequence of positive-definite matrices M( t) =M( t) T≥0 ( 0≤t≤N) satisfying:

E［( x( t) － x̂( t) ) ( x( t) － x̂( t) ) T］≤M( t) ，

and then minimize M( t) in the sense of norm．

2 Quantized filter design

It is noted that ( 9 ) and ( 10 ) involve uncertainties，thus the accurate error covariance is hard to be deter-
mined． In this section，we try to find an upper bound for the time-varying estimation error covariance．
By ( 9) the filter can be written as:

x̂( t + 1) = Ax̂( t) + Kt［( C － δtC) e ( t) + ( D － δtD) v ( t) ］=
Ax̂( t) + ( 1 － δt ) ( KtCe ( t) + KtDv ( t) ) ． ( 11)

Define a new state vector and noise，let

ξ( t + 1) 
x( t + 1)

x̂( t + 1[ ])
， ( 12)

η( t) 
w( k)

v ( k[ ])
． ( 13)

then by ( 1) ，( 11) and ( 12) ，( 13) ，the following auxiliary system holds:
ξ( t + 1) = ( Â t + Â et ) ξ( t) +珔Bη( t) ， ( 14)

where

Â t =
A 0

KtC A － Kt
[ ]C

， ( 15)

珔B =
B 0
0 ( 1 － δt ) Kt

[ ]D
， ( 16)

Â et =珟H( t) F( t) 珘E， ( 17)

with

珟H( t) =
0
ΔKt

[ ]C
，F( t) =

δt
Δ

，珘E = － In I[ ]n ． ( 18)
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It is straightforward to write the Lyapunov equation that governs the evolution of the covariance matrix of
( 12) :

珟Σt + 1 = E［ξ( t + 1) ξT ( t + 1) ］= ( Â t + Â et ) 珟Σt ( Â t + Â et )
T + G t， ( 19)

where
G t =珔BE( η( t) ηT ( t) ) 珔BT ．

According to ( 3) ，we have:

E［η( t) ］= 0，E［η( t) ηT ( l) ］=
Qw 0

0 Q[ ]
v

δtl， ( 20)

then G t is calculated as:

G t =珔BE［η( t) ηT ( t) ］珔BT =珔B
Qw 0

0 Q[ ]
v

珔BT =
BQwB

T 0

0 ( 1 － δt )
2KtDQvD

TK T[ ]
t

． ( 21)

Next，we want to find a series of positive-definite matrices Σt + 1 ( 0≤t≤N) ，satisfying :

珟Σt + 1≤Σt + 1 ． ( 22)

Lemma 1［11］ Given matrices At，Ht，Et，and Ft with compatible dimensions and FtF
T
t ≤I． Let Xt be a posi-

tive definite matrix and αt ＞ 0 be an arbitrary constant such that α － 1
t I － EtXtE

T
t ＞ 0，then the following inequality

holds:
( At + HtFtEt ) Xt ( At + HtFtEt )

T≤At ( X
－ 1
t － αtE

T ( t) Et )
－ 1A T

t + α
－ 1
t H tH

T
t ． ( 23)

Using Lemma 1，the following inequality holds:
珟Σt + 1 = ( Â t + Â et ) 珟Σt ( Â t + Â et )

T + G t≤Â t［珟Σ
－ 1
t － αt 珘E

T珘E］－ 1 Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + G t ． ( 24)

In order to deduce the matrices Σt + 1，the following definition is necessary．
Introducing the following Riccati equation:

珚Σt + 1 = Â t［珚Σ
－ 1
t － αt 珘E

T珘E］－ 1 Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + G t， ( 25)

where
α － 1

t I － 珘E 珚Σt 珘E
T ＞ 0． ( 26)

The design of the quantized quadratic filter ( 12) can be restated as: If there exist a sequence of numbers αt ＞

0，Σt = Σ
T
t ，( 0≤t≤N) satisfying the following Riccati equation

Σt + 1 = Â t［Σ
－ 1
t － αt 珘E

T珘E］－ 1 Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + Jt， ( 27)

where
α － 1

t I － 珘EΣt 珘E
T ＞ 0， ( 28)

with

J' t
BQwB

T 0

0 Kt ( D － δtD) Qv ( D － δtD) TK T[ ]
t

，

subject to | δt |≤Δ． The following inequality holds:

J' t≤Jt =
BQwB

T 0

0 ( 1 + Δ) 2KtDQvD
TK T[ ]

t

． ( 29)

The next lemma gives the properties of the solutions of the equations ( 25) and ( 27) which is useful in deri-
ving the upper bound of the quantized quadratic filter．
Lemma 2 If the equations ( 25) ( 27) have solutions 珚Σt Σt，trespectively with the initial states 珚Σ0 Σ0，satis-

fying 珚Σ0 = Σ0，then there holds:
珚Σt≤Σt ．

Proof For convenience of the proof，define the following operators:
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ht ( 珚Σt ) Â t［珚Σ
－ 1
t － αt 珘E

T珘E］－ 1 Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + G t，

St ( Σt ) Â t［Σ
－ 1
t － αt 珘E

T珘E］－ 1 Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + Jt，

so by ( 25) ( 27) the following holds
珚Σt + 1 = ht ( 珚Σt ) ，Σt + 1 = St ( Σt ) ，

with the initial condition that
Σ0 =珚Σ0，

we prove the lemma by induction． Obviously，

珚Σ0≤Σ0 ．
Suppose

珚Σt≤Σt，

then 珚Σt + 1 = ht ( 珚Σt ) ≤St ( Σt ) = Σt + 1 ． The proof is completed here．
From lemma 2，the upper bound of the estimation error is given as follows:
Lemma 3 For any t，the following inequality holds:

E［e ( t) eT ( t) ］≤ I －[ ]I Σt I －[ ]I T， ( 30)

where e ( t) = x( t) － x̂( t) is the estimation error．
Proof According to lemma 2 with the fact that 珟Σt + 1≤珚Σt + 1≤Σt + 1，the conclusion follows．
Let P( t)  I[ ]0 Σt I[ ]0 T，then by ( 27) the following recursions of P( t) holds:

P( t + 1) = AP( t) A T + AM( t) ［α － 1
t I －M( t) ］－ 1 ×M( t) A T + BQwB

T， ( 31)

The initial condition of the equation ( 31) is
P( 0) = q0， ( 32)

with q0 = E［x( 0) xT ( 0) ］and M( 0) = 0． where

α － 1
t I －M( t) ＞ 0． ( 33)

Lemma 4 Under the assumption 1，for a given filter ( 10) and for some scalar αt ＞ 0，the Riccati equation
( 27) has bounded solutions Σt over ［0，N］satisfying:

α － 1
t I － 珘EΣt 珘E

T ＞ 0，

then for the same Σt there exist bounded solutions P( t) to the Riccati equation ( 31) over ［0，N］satisfying:

α － 1
t I － P( t) ＞ 0．

Proof According to the matrix inversion lemma，( 27) can be converted into the following form :

Σt + 1 = Â t［Σt + Σt 珘E
T ( αt I － 珘EΣt 珘E

T ) － 1珘EΣt］Â T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + Jt =

Â tΣt Â
T
t + Â tΣt 珘E

T ( αt I － 珘EΣt 珘E
T ) － 1珘EΣt Â

T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + Jt ． ( 34)

Pre-and post-multiplying the Riccati equation ( 34) by ［I 0］and ［I 0］T，we obtain ( 31) ．
The next theorem presents a necessary and sufficient condition for the existence of a quantized quadratic filter

with an optimized upper bound of the error variance．
Theorem 1 Under Assumption 1，there exists a quantized quadratic filter that minimizes the bound of the er-

ror variance if and only if for some αt ＞ 0，the Riccati equation ( 31) has solutions P( t) = PT ( t) ＞ 0 over ［0，

N］． Under this condition，the quantized quadratic filter ( 10) with
Kt = AM( t) Q( t) C TW － 1 ( t) ， ( 35)

where
Q( t) = I + ( α － 1

t I －M( t) ) － 1M T ( t) ， ( 36)

M( t) = I －[ ]I Σt I －[ ]I T， ( 37)

W( t) = ( 1 + Δ) 2DQvD
T + Δ2α － 1

t CC T + CM( t) C T +
CM( t) ( α － 1

t I －M( t) ) － 1M T ( t) C T ． ( 38)

satisfies the optimized covariance bound is M( t) ．
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Proof Suppose there exists a quantized quadratic filter for the system． It follows from that there exists a
bounded solutions Σt≥0 to ( 27 ) and such that α － 1

t I － E( t) ΣtE
T ( t) ＞ 0 over ［0，N］． Thus，from lemma 4

there exist bounded positive definite solutions P( t) M( t) to the Riccati equation ( 31) satisfying α － 1
t I －M( t) ＞

0 over ［0，N］． From lemma 3，we know that E［e ( t) e T ( t) ］≤ I －[ ]I Σt

I
－[ ]I ． Next a necessary condition

for the quantized quadratic filter with guaranteed cost on the variance of the estimation error is derived．
M( t + 1) = I －[ ]I Σt + 1 I －[ ]I T = ( 1 + Δ) 2KtDQvD

TK T
t + Δ

2α － 1
t K tCC

TK T
t + BQwB

T +
( A － KtC) M( t) ( A － KtC) T + ( A － KtC) M( t) ( α － 1

t I －M( t) ) － 1M( t) ( A － KtC) T =
Kt［( 1 + Δ) 2DQvD

T + Δ2α － 1
t CC T + CM( t) C T + CM( t) ( α － 1

t I －M( t) ) － 1M T ( t) C T］K T
t －

AM( t) ［I + ( α － 1
t I －M( t) ) － 1M T ( t) ］C TK T

t － KtC［I +M( t) ( α － 1
t I －M( t) ) － 1］M T ( t) A T +

BQwB
T + AM( t) A T + AM( t) ( α － 1

t I －M( t) ) － 1M T ( t) A T =
( Kt + K * ( t) ) W( t) ( Kt + K * ( t) ) T － AM( t) ［I + ( α － 1

t I －M( t) ) － 1M T ( t) ］C TK T
t －

Kt［CM( t) TA T － CM( t) ( α － 1
t I －M( t) ) － 1M T ( t) A T］+

BQwB
T + AM( t) A T － KtW( t) K T

* ( t) + AM( t) ( α － 1
t I －M( t) ) － 1M T ( t) A T －

K * ( t) W( t) K T
t － K * ( t) W( t) K T

* ( t) ， ( 39)

where K * ( t) = － AM( t) Q ( t) C TW － 1 ( t) ． It can be seen that chosen Kt = － K * ( t) ，then M ( t + 1 ) will be
minimized． Under this condition

M( t + 1) = BQwB
T + AM( t) A T + AM( t) ( α － 1

t I －M( t) ) － 1M T ( t) A T －
AM( t) Q( t) C TW － 1 ( t) CQ T ( t) M( t) A T， ( 40)

where the initial value of M( t) is M( 0) = 0．
By Lemma 4 there exists a bounded solution P( t) = PT ( t) ＞ 0，let

Σt =
P( t) P( t) －M( t)

P( t) －M( t) P( t) －M( t[ ])
．

Then by some manipulations，it follows that
At［Σt + Σt 珘E

T ( αt I － 珘EΣt 珘E
T ) － 1珘EΣt］Â T

t + α
－ 1
t Ĥ( t) Ĥ T ( t) + Jt =

Â tΣt Â
T
k + Â tΣt 珘E

T ( αt I － 珘EΣt 珘E
T ) － 1珘EΣt Â

T
t + α

－ 1
t Ĥ( t) Ĥ T ( t) + Jt ．

which equals to Σt + 1 ． By ( 27) ，we know ( 10) with the optimal gain ( 35) is quantized quadratic filter with an
upper bound of error covariances M( t) ． The proof is completed here．
Remark 1 It can be seen that M( t) also depends on the time-varying parameter αt，so in order that M( t) is

minimized in the sense of matrix norm，we can applying a similar technique as in ［13］ to find the best αt ．

3 Simulation

In this part，an example is given to verify the obtained theoretical results．

Consider the following system : A =
0. 2 1[ ]0 1. 05

，B = [ ]21 ，C = [ ]11 ，D = 1，the statistical properties of the

noises w( t) v ( t) are Qw = 0. 04，Qv = 0. 01，the quantization density is taken as ρ = 0. 25，Δ = 0. 6，αt is chosen

to be a constant with α = 0. 2，the initial state of the system is x0 =
0. 5[ ]0. 5

，using the approach discussed in the

paper，we get the gain with the error covariance as M( t) ，what we want to show is that the covariance is guaran-
teed with the upper bound W( t) ，that is the W( t) ≤M ( t) ． The following two figures show the eigenvalues of
M( t) －W( t) ，from which it is easily to know that the M( t) －W( t) is semi-positive definite which is equivalent
to W( t) ≤M( t) ．
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Fig． 1 The first set of eigenvalues of the 2 × 2
matrix M( t) －W( t)

Fig． 2 The second set of eigenvalues of the 2 × 2
matrix M( t) －W( t)

4 Conclusion

In this paper，the sector bound approach is used to characterize the quantization error caused by a logarithmic
quantizer． An algorithm which only involves solving two related Riccati equations has been given to guarantee
that the covariances of the quantized estimation error of the finite-horizon estimator is bounded． This approach
can also be extended to systems with norm-bounded parameter uncertainties and missing measurements．
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