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Guaranteed Cost Control of Uncertain Nonlinear Systems In this note, we derive LMI conditions for the guaranteed cost con-

Via Polynomial Lyapunov Functions trol problem for a class of uncertain nonlinear systems. These condi-
tions assure the regional stability of the unforced system and deter-
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lems based on Lyapunov functions which are polynomial functions of the the stater and uncertain parametefsthat may result in less conser-
state and uncertain parameters. The performance index is calculated over vative conditions. Second, the nonlinear system is modeled in an aug-
a set_of initial conditions. Also, we discuss the s_ynthesis problem for a class mented space in which all nonlinearities are taken into account by using
of affine control systems. Numerical examples illustrate our method. scaling matrices associated with them leading to a convex optimization
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nonlinear systems. The structure of this note is as follows. We state the problem of con-
cern and derive an upper bound on the two-norm of the output perfor-
mance for a set of initial conditions in Section Il. Section Il presents
an application of the derived method to the guaranteed cost control
The development of robustness and performance analysis, as "M?Hblem. Section IV presents some concluding remarks.
as design techniques for nonlinear systems, is an important field ofrhe notation used in this work is standard. For a real matris’
research. Despite the existence of powerful techniques to cope Wihotes its transpos$, > 0 means thatS is symmetric and posi-
these problems in the context of uncertain linear systems, the gg@e—definite, and HeS) = S + §'. The constant matrices, , 0,, xm
eralization to the nonlinear case is a difficult task that has motivatg@édo,, denoten x » identity matrix,» x m andn x n zero matrices
many researchers to study these problems. To deal with nonlinear s¢spectively. The time derivative of a functiof) will be denoted by
tems, many control design methods use linear control methodolog}g@ and the argumerit) is often omitted. For two polytopée3, C R"
applied to quasi-linear parameter varying (LPV) representations [bhdB, c R!, the notatiori3, x Bs represents thaf3, x Bs) C R0
or by means of polytopic differential inclusions [2]. For instance, thg a metapolytope obtained by the Cartesian product. The matrix and

works of [1] and [3] consider LPV techniques (gain-scheduling), angbctor dimensions are omitted whenever they can be determined from
[4] and [5] use robust controllers. However, these approaches may g8l context.

to conservativeness since the nonlinearities of the system are not taken

into account and they only consider quadratic Lyapunov functions [6]. || RosUSTNESS ANDPEREORMANCE OENONLINEAR SYSTEMS
Moreover, there are some shortcomings related with the quasi-LPV

form that may lead to an infinite-dimensional problem [7] or to the Consider the uncertain nonlinear system

& =f(x,6) = Az, §)x, x(0) = ao
Manuscript received August 22, 2001; revised January 1, 2002 and March 2 =h(x,8) = C(x,8)x (1)
19, 2002. Recommended by Associate Editor T. lwasaki. This work was sup- - ”’

ported in part by CAPES (Brazil) under Grant BEX0784/00-1, by CNPq (Brazi

| ) f .
under Grants 147055/99-7 and 300459/93-9/PQ, and by the Australian Resegfpﬁrem € R" denotes the state vectér,c R' denotes the uncertain
Council. parameters and € R” denotes the output performance vector.

D. Coutinho is with the Department of Automation and Systems, Univer- With respect to the system (1), we consider the following assump-
sidade Federal de Santa Catarina, 88040-900 Santa Catarina, Brazil, on Iggy§s:
from the Department of Electrical Engineering, PUC-RS, Porto-Alegre-RS

Abstract—in this note, we consider the problem of guaranteed cost con-

|. INTRODUCTION

90619-900, Brazil (e-mail: daniel@ee.pucrs.br). Al) u_ncertain parameter vectdrand its_ time_—derivativé lieina

A. Trofino is with the Department of Automation and Systems, Universi- given polytopel3s, with known vertices, i.e (6, &) € Bs;
dade Federal de Santa Catarina, 88040-900 Santa Catarina, Brazil (e-mail:A2) origin « = 0 of the system is an equilibrium point;
trofino@das.ufsc.br). A3) right-hand side of the differential equation is bounded for all

M. Fu is with the School of Electrical Engineering and Computer Sci-

ence, University of Newcastle, Newcastle, NSW 2308, Australia (e-mail: valges Ofil” 8,6 of interest; . i .
eemf@ee.newcstle.edu.au). A4) B, is a given polytope specifying a desired neighborhood of

Publisher Item Identifier 10.1109/TAC.2002.802737. the equilibrium pointz = 0 of the system.

0018-9286/02$17.00 © 2002 IEEE



1576

The problem of concern in this work is to compute a bourah the
two-norm of the performance output signal, ijez]|3 < ¢ that holds
for all values of(6, §) € Bs and anyzo € R. whereR . is an invariant
subset of3,.. To this end, we shall define the output energy as

T
|E[E :111111 / Zzdt w0 € Re C B

)
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Remark 1: The representation (1) of nonlinear systems and its non-
linear decomposition (3) are not unique and, until now, there is no a
systematic way to compute them. As a result, a particular choice of
A(x, 6) may provide a poor performance. However, for a represen-
tation f(z) = Ao(z)x and some continuous matrix-valued function
Ao : R — R"*"™, any representation of(z) can be parameter-
ized asA(x) = Ao(xz) + M(x), whereM : R* — R"*" satisfies
M(x)x = 0 [12]. Hence, we can use this parameterization to reduce

In order to obtain a solution to the problem of concernin terms of LMIghe conservatism of choosingyz, §) via Finsler's lemma [2]. In par-

let us suppose that (1) can be decomposed as

& =A(x,0)x + Az (2, 0)7
=C(z,0)x 4+ Co(z, )7

0=Q(z,8)a 4+ Q(x,8)n (3)

where the vector € R™ is a nonlinear function ofz, §) and the
matricesA; (x,68) € R"*™, As(w,6) € R™*™, Ci(x,6) € R™*7,

Co(,6) € R™™, Qi(x,6) € R, andQx(z,6) € RZ*™ are
affine functions of(x, 6).

ticular, we apply this technique in Theorem 1 adding multipliers as-
sociated to the equality constraints, for further details see the proof of
Theorem 1 and [11]. A similar technique was proposed in [13] for the
"H control of nonlinear systems with quasi-LPV representatidn.

To analyze the stability of [3] and estimate its output energy, we use
in this note a Lyapunov function which is more complex than those
ones based on quadratic stability methods. With a more complex Lya-
punov function we have more degrees of freedom to be exploited and
the results are probably less conservative than the ones obtained from
the usual quadratic stability notion such as the LFR modeling [10],

Note that the system representation (3) is based on an auxiliary s@@in-scheduling [1], and polytopic differential inclusions [4]. In the se-

7 and the relationship betweenand(, §) is defined by means of the

quel, we define the class of Lyapunov functions to be considered in this

constraint2, (z, §)z + Qa(x, §)x = 0. Then, we assume for (3) that "°Ote:

A5) the representations (3) and (1) are equivalent, i.e., if the auxﬁlj

iary stater is replaced by its corresponding function(ef 6)
we recover the original system representation (1).

. . . .. v
To illustrate the aforementioned nonlinear decomposition, let us con-

sider the following example borrowed from [10].
Example 1: Consider the following uncertain system:

. [0 -1
T

— 1
6(1%—1):|T m_|::ng:|’ v €B,

(4)

with the performance variable=[1 0] = and suppose that the non-

. Lyapunov Function CandidateConsider the following Lyapunov
nction candidate:

(z,6) = ' P(x,6)x P(w,é):[@(lf:‘s)}/r{@%é)} (5)

where the matri®(z, §) € R"¢*" is a given affine function ofz, §)
and P is symmetric matrix to be determined. For convenience, let us
introduce the auxiliary vectaf defined as follows:

‘ |:(")(;U,§):| .

Rn«l»ng.
I, ¢€

(6)

linear damping factoe is constant, approximately known and repre-

sented by = ey + €16 whereeg = 0.8, ¢; = 0.2 and the unknown
termé satisfying|6| < 1.
For convenience, we rewrite the previous system as follows:
-1

Lo oy [0 0 .
Tl e(af —1)] 7 0 e(z?2-1)|"

whereé is the uncertain time invariant parameter boundedsby=
{6 : |6] < 1}. Note that in this case we have= 0. The aforemen-
tioned system may be represented in terms of (3) as follows:

. [0 -1 0 0 0 0
T —0.8}””“{—0.2 0 08 0.2}”
z=[1 0]z
) (5172
_ r1T2
= w3y
_6:1’?:52
ro 6
T2 O
521(.1‘,5): 0 T
0 0
0 0
r—1 0 0 0
0 -1 0 0
Qa(z,8)= 0 -1 0 0
0 - -1 0
L O 0 6 -1

With the aforementioned notation, it follows that(z,4)
2'P(z,8)z may be represented as(¢) & P¢. Then, the
time-derivative ofv(x,6) is given by o(x,6) = @'P(x,6)x +
2'P(x,6)d + «'P(x,8)z = ¢P¢ + ¢PE To compute the
term P(x,§) or, equivalently,¢, observe thatd/dt(O(x,6)x)
O(x,8)x + O(x,8).

From the definition of the Lyapunov matrix in (5), the mat@éixz, &)
is an affine matrix function ofz, §). Then, we can represent it as
O(x,0) = 31_, T, +Z§.:1 U;6;+V, wherex;, 6; are the entries
of the vectors: andé respectively, and’;, U;, V' are constant matrices
of structure having the same dimensiongXfc, 6).

Consequently, we can rewrite the teél(l.r, 8)x as follows:

n !
O(x,6)x = (ZTm + ZU]-@>
7=1 7=1

n l
= ZijSjj? + Z Usbjz = O(x)i+ 08z (7)
j=1 7=1

wheres; is thejth row of the identity matrid,,, O (x) = S Tas;
andO(8) = 3L_, U;;.

From [2, Sec. 6.2] and [14], we can determine an upper-bound on
the output energy of (1) by requiring that

o1([lz]) < v(x, 8) < do(ll2|])
and

(2.8) < =2 2,V 2 € By, (8,6) € Bs (8)
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whereg; (-),fori = 1, 2, are clas¥ functions. In fact, these conditions TABLE |

imply that||z[13 < v(x0,8(0)). Sinces(0) may take any value iffs, DIFFERENT ESTIMATES OF THE
we get||z||3 < v(xzo,6), V¥ (6,8) € Bs. Moreover,z, has to belong UPPERBOUND ON |[=][2 FOR (4)
to an invariant subsé®.. of B,. To characterize the regioR., let us
define Upper-bound on ||z||3

Lyapunov Matriz
1.6 | 1.5 1.0

Re={z:v(x,8)<ec V6§€Bs, 0<c< "} 9) c= A1

herec” is a positive scalar given b
W ¢ 1S aposiv v y Example 2: Consider Example (1). Lét. be defined agz : |z;| <

) 0.8, i = 1,2}. Define the Lyapunov function candidate by consid-
ering@(x,8) =[x I x21]". Consequentlyd () = 0 andO(z) =
z 0

¢" = max ¢ such thatR.. C B,. (10

Observe that the inclusioR. C B5. in (10) jointly with (8) imply ,

the‘regioch is positively invariant. In addition, the upper bound on NoW, consider the following partition of the constant matfx=
|I2]15 will depend on the size of the particular invariant sulfgeto be P P
considered. For this reason, in this note, we will consider the problefyp,  p,
of estimating the upper bound for the largest possiblgi.e., withc  ered: i) P, 1, and P~ free, P(x, ) is quadratic in(x, 6); ii) P,

,with P, € R***. Three different cases will be consid-

being as close as possibledb. P, free, andP, = 0, P(z,6) is affine in(z, §); and iii)) P, = 0,
Now, with these definitions, we can state the main result of thiswolk, = 0, and P, is free,P(z, ) is a fixed matrix characterizing the
as follows. quadratic stability. Table | shows estimated upper boundk:¢in ob-

Theorem 1: Consider that system (3) satisfies A1)-A5). Betand  tained with Theorem 1 and (10) for three types of Lyapunov functions.
B; be polytopes with given vertices. Lét(x, §) be a given affine ma- As expected, more complex Lyapunov functions achieve less conser-
trix function of («, 6). Consider the definition db(«) and©(6) in (7)  vative results, thus justifying the required extra computation.

further defineG = [Ogxn, $u(x,6)] and Until now, we proposed a methodology for robust stability and per-
) N ) formance analysis for a class of uncertain nonlinear systems. In Sec-
g |Ine —(O)+6( 5))} tion 11, we will consider the synthesis problem for a class of affine
L 0 I, control systems.
vo|0 M
YL, -O(a, 5)} IIl. CONTROL
H= 0 } Consider the uncertain nonlinear system
| As(x,5)
0 6 & =A(x,6)x + B(x,6)u, 2(0) = 2o
F= L0 Al(,r,ﬁ):| z=C(x,6)x + D(x,6)u (14)
T2 0 0 whereu € RP denotes the control input arl(z, §) andD(z, §) are
) 0 @3 —xs : affine matrix functions of z, §) with appropriate dimensions.
M= . . . . .
0 In this section, we are concerned with the problem of determining a
0 .. 0 s —z . control law of the type

w=K(z,0)r = Kix + Kym 15
Suppose there exist matrics= P’, R, andL;; (fori,j = 1,2,3) ' ’ (13)

that solve the optimization problem, shown in (11) and (12) at thehere the matrice&’; € R**" andK> € R**™ are fixed gains to be
bottom of the page, where the LMIs are satisfied at all vertices détermined in order to minimize an upper bound on the output energy
B, x Bs. Then,v(z,6) in (5) is a Lyapunov function for the systemof (14) (guaranteed cost control).
and the two-norm of the output signal satisfies To use Theorem 1 for synthesis purposes, we can replagce &)
) (for ¢ = 1,2) by their corresponding closed-loop form given by
lIzll3 < v(wo,8) < ¢ Vao € Rer and (6,6) € Bs (13) Ai(=x,6) + B(z,6)K;. As a consequence, the control gaikis will
appear only in the LMI (12) multiplying the scaling variablés;
whereR .~ andc¢™ are defined in (9) and (10), respectively. (for j = 1,2,3). Based on this property, we propose an iterative
By zeroing appropriate partitions &, Theorem 1 can recover the design procedure in which the gaih§ appear explicitly as decision
results from quadratic stability [10]. However, we will increase the comvariables in a convex LMI subproblem to be solved. More details
servativeness. To illustrate this point, let us consider the following eabout this design procedure will be given later in this section. Now, let
ample. us draw some remarks concerning the structure of the dains

min trace(P + RN + N'R') subject to:
P+RN+N'PR >0 (11)
—LoF Li1G+ LioF + LisN  L11Qa(2,6)+ LioH 0
P—LyE LG+ LooF+ LasN L3 Qo(x,6) + Lo H 0
—L3sE L3 1G+ LsaF + L3N L3 Qa(x,6) + Lso H 0
0 [Orsn, Cila,6)] Co(. 8) ~0.51,

He <0 (12)
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TABLE 1l

UPPERBOUNDS ON THECOST FUNCTION FORALGORITHM 1 WITH 2:(0) =

iterations
2nd
2.26

quadratic P(z, d)
v(z(0))

3rd
2.26

1st
5.23

Notice that the auxiliary state is a vector function containing non-
lineartermsir(z, 6). Let us consider the situation in which some of the
states are not available for feedback and the system has some uncert:
parameters. In this case, the control gains corresponding to the entrie
of = depending on these unavailable states and uncertain paramete
must be zeroed to remove them from the control law. In addition, we
may consider the control law (15) as parameter dependent if the paran
eters are available online as in LPV control [7]. Theorem (1) provides 12 -
the foundation for our synthesis framework. Suppose Haand K’

are given and consider the notation

Agi(x,6) =
Ago(z,6)
Cki(z,6) =
Cro(z,6)

Ai(x,6) + B(z, 6) K1
Az(x 8) 4+ B(x,6)K>
Ci(x,6) + D(z,86) K4
=C5%(z,6) + D(z,6)K>.

As a first step, apply Theorem 1 for closed-loop stability analysis
to obtain the upper bound on the output energy (guaranteed cos .
for we given control gains. Next, with the scaling matrides (for
j = 1,2, 3) fixed obtained in the previous step, use again Theorem 1

(16)
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++++ : LQR + nonlinear system

: proposed approach
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Zz(t)
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—— : proposed approach t(sec)

to improve the guaranteed cost by recomputing these control gains ar-120 +—— - T —r——— —

remaining free decision variables. The idea of the design procedure
is to iterate on these two above steps until the convergence to a lgegl ;.

o 5 (]

(a) LQR (plus sign). (b) Proposed controller (solid line).

optimum or to the achievement of an acceptable guaranteed cost.

Notice that each step consists of solving convex LMI problems.
Based on this observation, even if the design procedure is not globally
convexX the convergence to local optimum is guaranteed. This type of

ment of a satisfactory guaranteed
cost.

design procedure is not new from the literature, see, for instance, [16].

In the following, we summarize the design algorithm.
Algorithm 1:

Step 1) Determine a local stabilizing
controller for the nominal system
(14) with any standard stabiliza-
tion technique.

Step 2) Replace the matrices
Al(l’,é),AQ(J},(S),Ol(J},(S),02(.7},6) in
Theorem 1 by their corresponding
closed loop form in (16). Compute
the guaranteed cost (13) by
solving Theorem 1 for suitable
polytopes B, and Bs.

Step 3) For fixed matrices Lo,
L3> obtained from the previous
step, consider the control gains
K, and K, as decision variables.
Then, recompute the control gains
and the guaranteed cost by solving
the optimization problem in The-
orem 1.

Step 4) lterate over Steps 2) and 3)
until convergence or the achieve-

Los, and

At each step of the previous algorithm, the regional stability of the
closed-loop system and the nonincreasing of the guaranteed cost are as-
sured. As previously mentioned, this algorithm will always converge to
a local minimum. To overcome the problem of finding an initial stabi-
lizing controller [Step 1)], we may use the classical LQR technique [2]
applied to the linearized model of the nominal nonlinear system. Then,
in the next step, we use Theorem 1 to estimate the polyt8pes;
for the uncertain nonlinear system.

Let us illustrate the aforementioned design algorithm through a nu-
merical example where we consider the cost function for a given initial
conditionz(0) = x¢ and a linear state feedback.

Example 3: Consider the following uncertain nonlinear system:

L_fo 1 e 197,
-1 (0.8+0.28)(1—=a7)]" 1
T = i :| € B,
T2
1oy, L0
=1y ol?
f 1 |
rg = _1} 6] <1 (17)
where$ is a time-invariant parameter aft). = {z : |¢;| < 5, i =

1,2}.
Also, consider the following nonlinear decomposition of (17):

INotice that the matrix inequality in (11), for the design case, is indeed a

bilinear matrix inequality (BMI) [15].

i=A(6)r+ A2(6)r+ Bu z=Cix+ Du (18)
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where the matrices and vectors are givenlby= [0 1], D =
[0 1], and

0 1 0
A41(8) = {_1 (0.8+0.25)} r {

Ao (6)

0 0 0
0 —(0.840.26)

1 0 X1
a=lo o] ==[)

To stabilize (18), we used LMI-LQR techniques from [2] applied to
the linearized model of the nominal systém = 0) yielding X' =
[—0.4 —2.1 ]. Then, this state-feedback is used as starting point
of Algorithm 1. Table Il shows the value of () for each iteration of

21
algorithm 1, by considerin®(z) = | 0 =
0 T2

After three iterations, we obtainddy, = [—0.8 —3.5] in which
v(xo) = 2.26. For comparison purposes, Fig. 1 shows the trajectories
x1(t) andxx(t) for the following controllers: a) LQR (obtained from
the linearized model) and b) proposed method.

IV. CONCLUDING REMARKS

The purpose of this note was to show that by using polynomial Lya-
punov functions we get less conservative LMI conditions for analysis
and design of guaranteed cost control. To ascertain the system stability
and performance criterion, we used Lyapunov functions of the type
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Step 2) Applying theSchurcomplement on (12), we can rewrite it

as follows:

r 0

0 0
0 CiCy C1Cx
0 Cien i

0 G Qo
+He [Lij]i,j:1,2,3 -E F H <0.
0 N 0
Pre- and postmultiplying the aforementioned LMI by
[¢ ¢ «']andits transpose, respectively, leads to
1% 0 %o 0 ¢
et L) cjcl} {cjcz} &) <0
Q0 0 [0 CiCy) C5Cs T
. —BE+ FE4+ Hr =0
V(2,6,6) €EBy xBs: ¢ Ne=0 (29)
Qx4+ Qer =0

Consider the following partiton of the vector
¢ = [& &, whered, = Ox andg, = x. Taking
the time derivative of, yields&, = Oz 4+ (0 + O)i.
It is easy to verify that the above equality has the
following compact form—-FE¢ + F¢ + Ha = 0.
Then, it is possible to write (19) as follows:
EPE+ E'PE < —(2/CLCLw + 22/ CLCom + 7' CLChomr),

v(x,8) = 2'P(x, )z, where the matri?(x, §) is a quadratic func-

tion of  andé. Based on the analysis results, an iterative technique for
the synthesis problem was also presented. An interesting point of the
design technique is that it can be us_.ed to dete_rmine different types of B, x Bs.

control laws, such that nonfragile, gain-scheduling apd outp_utfeedbacléte|o 3) From the previous analysis and [14], (1) is locally exponen-
controllers. Numerical examples showed the potential of this approach tially stable and:(z, §) = 2'P(x, §)a is a Lyapunov func-

as well as a comparative study among constant, affine and quadratic tion for the origin. kéep in mind that, e’z < v(2,8) <
Lyapunov matrices demonstrating that more complex Lyapunov func- ey’ w andi(z,§) < —='= for all & € b and_(b' 5)"6 B;
tions can lead to less conservative results. Future research will be con- Moreover fro,m (9) and (10)R..- is a ;ositivefy invariant
centrated on the design problem in order to obtain globally convex LMI set. In othler words, for alk E Rc  (t) approaches the

conditions. origin ast — oc.

Step 4) Integratingi(z,5) < —z'z from 0 to T, we have
w(2(T),6(T)) — v(2(0),8(0)) < — [ 2’2 dt,¥T >0
andzo € R.«. AsT — oo, the previous expression leads
to ||z||3 :11111; fol 2z dt < v(we,8) < ¢, Vao € Rer

and(é,6) € Bs.

YV (2,6,8) € B. x Bs. Sincez = Cyx 4 Cy, the above
expression is equivalent idz, §) = a’ (A(x,8) P(x,6),
+P(z,6) Az, 6) + P(’E,(S)) v < =2z V(2,66 €

APPENDIX

A. Proof of Theorem 1

Suppose that the (11) and (12) have a solution at all verticBs of
Bs. Then, by convexity, itis also satisfigth: € 5, andV (6, 6) € Bs.
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Task-Space Adaptive Control of Robotic Manipulators and Jacobian matrix to guarantee the stability.
With Uncertainties in Gravity Regressor

Matrix and Kinematics Il. PROBLEM FORMULATION

H. Yazarel and C. C. Cheah We consider a class of robotic manipulators with all revolute joints.
These are sometimes said to be articulated robots since their configu-
ration of links and joints corresponds to that of a human arm. In most
Abstract—Thus far, most research in adaptive control of robotic manip-  applications, a desired path for the robot end effector is specified in task

ulators has assumed that models of regressor matrix and klr_lemr—_.ltlcs are space such as visual space or Cartesian spacé le?™ represents
known exactly. To overcome these drawbacks, we propose in this note a
a task-space vector [16]

task-space adaptive law for setpoint control of robots with uncertainties

in gravity regressor matrix and kinematics. In addition, we investigate the

stability problem when an estimated task-space velocity is used in the feed- X =n(q) 1)

back loop. Sufficient conditions for choosing the feedback gains, gravity

regressor, and Jacobian matrix are presented to guarantee the stability. wherem < n andh(-) € R" — R™ is generally a nonlinear transfor-
Index Terms—Setpoint control, stability, task space, uncertain kine- Mation describing the relation between the joint space and task space.

matics, uncertain regressor. The task-space velocity is related to joint-space velocityas [16]

X =J(9)q )
I. INTRODUCTION
rv@ere.](q) is a Jacobian matrix of the mapping from joint space to

In most applications of robots, a desired path of the end effecto K N ha a7 . i f .
usually specified in task coordinates. However, a majority of the robBSK Space. : ote t (q_) and/{q) are tr_lgonometrlc “T‘C“F’”S Qf -
The equation of motion for the robotic manipulator is given in joint

controllers in the literature were joint-space controllers [1]-[10]. In 6
order to control the robot with these controllers, an inverse kinematiceac® s [6]

problem should be solved to generate a desired path in joint coordi- 1.
nates. M+ (Bo+ i) +S.i) )it o =7 @

whereq € R" denotes joint angles; denotes degrees of freedom
' _ ' of the robot,M(g) € R"*" is an inertia matrixBo € R."X” de-
Manuscript received February 20, 2001; revised February 27, 2001 and Apfites a diagonal viscous friction matri%(q. ¢)¢ = (1/2)M(q)¢ —

24, 2002. Recommended by Associate Editor K. M. Grigoriadis. AT N N 1 N n :
The authors are with the School of Electrical and Electronic Engineerin ’/2){(6/@q)q “’7\'[71(‘1)(1} ,g(q) - (O_P(q)/@q) € R 1S agra\/'tfa'
Nanyang Technological University, Singapore 639798. ional force,r € R™ denotes control inputs, and(q) is the potential
Publisher Item Identifier 10.1109/TAC.2002.802735. energy due to gravitational force. The gravitational force can be com-
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