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Abstract: In this paper, we propose a new approach to the optimal control problem for linear
time invariant systems subject to input constraints. The input constraint is described by means
of integral quadratic constraints in order to obtain an accurate model for the nonlinearity. The
key point of this work is to use the IQC information on the design stage to improve the
closed-loop performance. We apply this strategy to the input saturation problem by using a
combination of multipliers and propose an algorithm to tune some parameters associated
with the IQC. Numerical examples show that this strategy can significantly improve the
performance of the system when compared with the circle and Popov criteria.
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1. INTRODUCTION

The linear optimal control is a well-established topic
of research and the textbooks (Anderson and Moore,
1989) and (Green and Limebeer, 1995) are good ex-
amples of this. However, in practical control prob-
lems the closed-loop system is subject to constraints
on the control input converting the linear behavior
of this system into a nonlinear one. The negligence
of this nonlinearity at the control design stage can
be a major source of performance degradation and
even instability of the closed-loop system. There has
been a lot of research devoted to the optimal input
constrained control problem, see the survey (Bernstein
and Michel, 1995). Basically, we have two approaches
for solving this problem: the optimization-based meth-
ods, where the goal is to optimize the performance of
the closed-loop system, and theAd-hocmethods, like
theanti-winduptechnique, that “de-tune” the optimal
control in order to preserve the stability of the closed-
loop system. The anti-windup methods only achieve
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the desired performance if the input is relatively small,
i.e. when the system has a linear behavior, and loose
their optimality as soon as the system turns nonlinear.

On the other hand, the regional stability problem of
input constrained linear system has been addressed
by some researchers via circle or Popov criteria and
LMI constraints, e.g. (Hindi and Boyd, 1998; Kapila
et al., 1999; Kiyama and Iwasaki, 2000). In this case,
it should be noted that the LMI framework is proba-
bly more appropriate than the Riccatti approach since
it enables the use of non-quadratic Lyapunov func-
tions and multipliers via numerical procedure reduc-
ing the conservatism. However, for the synthesis case,
(Kiyama and Iwasaki, 2000) proved that controllers
based on the circle criterion (saturated controllers)
or linear control (unsaturated controllers) achieve the
same domain of attraction. In other words, the circle
criterion and perhaps the Popov criterion are poten-
tially conservative for synthesis purposes.

The purpose of this paper is to develop a new strat-
egy to the linear optimal control with input constraint
using theAbsolute Stability Theoryand multipliers
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that characterizesthe saturationnonlinearitiesin or-
der to obtain lessconservative resultsthanthe circle
andPopov criteria.To this end,the“trouble-making”
componentis describedby meansof integralquadratic
constraints(IQCs)(MegretskiandRantzer, 1997),and
the IQC information is usedto improve the perfor-
manceof the closed-loopsystem.One of the most
importantpropertiesof theIQC framework is theeasy
way to combinemultipliers aiming an accuratede-
scription of the nonlinearity (Jonsson,1996). As a
result,we proposean IQC to describethe saturation
nonlinearitythatcombinesthecircle criterionandthe
multiplier proposedby (ZamesandFalb,1968).Then,
for a givenIQC theoptimalcontrolleris numerically
computedviaaconvex optimizationproblem(in terms
of LMIs). To tunesomeof theparametersassociated
with the IQC, we proposean iterative algorithm to
improve the closed-loopperformance.Via numerical
examples,we show thatour methodologycansignif-
icantly improve theperformancewithout degradation
of the domainof attractionwhencomparedwith the
circleandPopov criteria.

Thispaperis organizedasfollows.Section2 statesthe
problemof concernandsection3 shows themainre-
sultof thiswork.Section4 characterizestheinputsat-
urationby IQCsandproposesanalgorithmto designa
dynamicalcontrollaw. Finally, section5 givesillustra-
tiveexamplesandsomeconclusionsaredrawn in Sec-
tion 6.Becauseof spacelimitation,someof references
and resultsare omitted, for further details see (D.
Coutinhoand M. Fu, 2001) (available for download
at ftp://warhol.newcastle.edu.au/pub/Reports/EE01046.ps.gz).

2. PROBLEM STATEMENT

In thiswork, weconsiderasystemgivenby

ẋ � Ax
�

bσ � u� , x � 0��� x0 (1)

wherex 	�
 n is thestate,u 	�
 is thecontrol input,
A 	
 n � n and b 	�
 n are constant,and σ ����� is a
nonlinearoperator.

We assumethat thepair � A � b� is controllableandthe
nonlinearoperatorσ ����� hasaboundedgainandcanbe
describedby

σ � u��� ρ1u
� δ � u� (2)

for a given positive scalarρ1 andan operatorδ ��� ��	
 that satisfiesthe following integral quadraticcon-
straint(IQC) �

∞

0
f � xπ � u � δ � dt � 0 (3)

where f ��� � is aquadraticform, andxπ is definedby

ẋπ � Aπxπ
�

Buu
�

Bδδ , xπ � 0��� 0 (4)

with xπ 	�
 nπ , andAπ 	�
 nπ � nπ is Hurwitz.

It is well-known thattheaboveIQC hasanequivalent
frequency domainform asfollows�

∞� ∞ ���u � jw��δ � jw���
�

Π � jw� ���u � jw��δ � jw� � dw � 0 (5)

in termsof a multiplier Π � jw� .
For convenience,let usrepresentthenonlinearsystem
(1) andIQC (3) in anaugmentedspaceasfollows:

˙̃x � Ãx̃
�

B̂u
�

B̃δ �"! δ :

�
∞

0
f � xπ � u � δ � dt � 0 (6)

where

x̃ � � x
xπ � ; Ã � � A 0

0 Aπ � ; B̂ � � ρ1b
Bu � ; and B̃ � � b

Bδ � .

To analyzetheregionalstability of above system,we
usethefollowing resultfrom theLyapunov theory, as
proposedin (KiyamaandIwasaki,2000).

Lemma1. Consider a nonlinear system ˙̃x � f � x̃�
where f : 
 ñ #$ 
 ñ is a continuousfunctionsuchthat
f � 0�%� 0. Let ˜&(' 
 ñ bea polyhedralsetcontaining
theorigin. Assumethatthedifferentialequationsatis-
fiestheconditionsfor theexistenceanduniquenessof
solutionfor any x̃ � 0�%	 ˜& . Supposethereexistsacon-
tinuouslydifferentiablefunctionV : ˜& #$ 
 satisfying
thefollowing inequalities,for somepositivescalarsε1,
ε2, ε3 andµ.

ε1x̃) x̃ * V � x̃�+* ε2x̃) x̃
V̇ � x̃�+*(, ε3x̃) x̃
V � x̃�+* µ2

- ./.0 ! x̃ 	 ˜&
ThenthesetX̃ 132 x̃ 	 ˜& : V � x̃�4* µ2 5 is a domain
of attractionfor thenonlinearsystem,i.e. x̃ � t � $ 0 as
t $ ∞ for any x̃ � 0�%	 X̃. 6
The proof of above lemma is verified straightfor-
wardlyfrom (KiyamaandIwasaki,2000)andtheLya-
punov theory.

As Lyapunov function candidate,let us considerthe
following quadraticfunctionin theaugmentedspace

V � x̃��� V � x � xπ �7� x̃) Px̃ � � x
xπ � ) P � x

xπ � (7)

whereP � P) 	8
:9 n; nπ < � 9 n; nπ < .
Now, considerthefollowing quadraticcostfunction

J � x0 � u��� �
∞

0
� x) Qx

�
rσ � u� 2 � dt (8)

for somematrixQ � C)C (C 	=
 m � n) andscalarr � 0.

Then,theproblemof concernin this work is to find a
dynamicalcontrollaw

u � K ) � x
xπ � (9)

for someK 	>
 n; nπ suchthat:? thecostfunction(8) is minimized;



? theclosed-loopsystemis regionallystablewith a
domainX, i.ex � t � $ 0 ast $ ∞ for any x � 0��	 X.

In this paper, observe that we areconsideringa level
surfaceof V � x̃ � , representedby X̃, asan estimateof
thedomainof attractionof theclosed-loopaugmented
system(6) with u � K ) x̃. For the original system
(1), we will estimateits domain of stability as the
projectionof X̃ in the sub-space� x � xπ � 0� that we
denoteby thesetX.

3. CONTROL DESIGN

In this section,we proposea solutionto theproblem
statedin section2. To this end, let us considerthe
augmentedsystem(1) and denotethe following (to
relaxtheinfinite dimensionalproblem):

J � x0 � u � T ��� �
T

0
� x) Qx

�
rσ � u� 2 � dt � T $ ∞ (10)

Fromthedefinitionsof theLyapunov function(7) and
the augmentedsystem(1) and keepingin mind that
x � 0�@� x0 and xπ � 0�@� 0, we can rewrite above, for
T $ ∞, asJ A x0 B u B T CED V A x0 B 0CGF V A x A T C B xπ A T CHCHIKJ T

0 A V̇ A xB xπ CGI
xL Qx I rσ A uC 2 C dt M V A x0 B 0CHI+J ∞

0 A V̇ A x B xπ CNI xL Qx I rσ A uC 2 C dt.

It is clearthat if O ∞
0 � V̇ � x � xπ � � x) Qx

�
rσ � u� 2 � dt * 0,! x � xπ satisfying(6), then

J � x0 � u�%* V � x0 � 0��� � x0

0 � ) P � x0

0 �@P
Fromtheaboveanalysis,wecanreformulatetheprob-
lemof concernin thispaperasfollows

Problem2. Determinea Lyapunov function in the
augmentedspaceand designa control law u given
by (9) such that: � i � minimize V � x0 � 0� subject toO ∞

0 � V̇ � x � xπ � � x) Qx
�

r � ρ1u
� δ � u�G� 2 � dt * 0, for all

x � xπ andδ ����� satisfying(6); and � ii � the closed-loop
systemis regionallystablewith adomainX. 6
To solve the above problem,we have the following
constraintsO ∞

0 � V̇ � x � xπ � � x) Qx
�

r � ρ1u
� δ � u��� 2 � dt *

0 for all δ : O ∞
0 f � xπ � u � δ � dt � 0.

Using the well-known Q -procedure,the above is sat-
isfied if andonly if thereexists a scalarτ1 R 0 such
that �

∞

0 S V̇ � x � xπ � � xT Qx
�

r � ρ1u
� δ � 2 (11)� τ1 f � xπ � u � δ �G� dt * 0

Noteby definitionthat f � xπ � u � δ � is a quadraticform.
In the sequel,we considerthe following quadratic
form for f � xπ � u � δ �UV

xπ
u
δ

WX ) UV
F11 F12 F13

F )12 F22 F23

F )13 F )23 F33

WXYUV
xπ
u
δ

WX
(12)

whereF11 � F )11 	=
 nπ � nπ , F12 	=
 nπ , F13 	Z
 nπ , F22 	
 , F23 	>
 andF33 	>
 .

Beforewe statethemain resultof this section,let us
definethefollowing auxiliary variablesfor simplicity
of notation.

F̃11 � � 0
τ1F11 � ; F̃12 � � 0

F12 � ; F̃13 � � 0
F13 � ;

C̃ �\[ C 0 ] ;τ1 �^, r
F33

; α � rρ2
1
� τ1F22 (13)

and β � rρ1
� τ1F23 P

Theorem3. Considerthe augmentedsystem(6), the
IQC (3) satisfying(12), thecostfunction (8) andthe
auxiliary notation(13). Let ˜& be a given polyhedral
setcontainingthe origin. Let � x0 � 0�@	 ˜& be a given
initial conditionfor the augmentedsystem(6). Let λ
andSbethesolutionto thefollowing problem:

min λ subjectto:

S R 0 � S � S) (14)U_V λ ` x)0 0 a� x0

0 � S

WcbX � 0 (15)U__V Ω � S� � Ψ � S� SC̃) SF̃13

C̃S , Im 0

F̃ )13S 0 , β2

ατ2
1

W bbX * 0 (16)

whereΩ � S� andΨ � S� aregivenby

Ω � S��� SÃ) � ÃS , 1
β d B̃B̂) � τ1SF̃13B̂) � B̂B̃) �

τ1B̂F̃ )13Se � α
β2 d B̃B̃) � τ1B̃F̃ )13S

� τ1SF̃13B̃) e, τ1

β d SF̃12B̃) � B̃F̃ )12Se ; (17)

Ψ � S��� SF̃11S , τ2
1

β
� SF̃12F̃ )13S

�
SF̃13F̃ )12S� (18)

Then,thecostfunction(8) is minimizedandsatisfies

J � x0 � u�f* λ for thecontrollaw u ��, 1
β d B̃) P � τ1F̃ )13e x̃.

Moreover, if x � 0�g	 X thenthe trajectoryx � t � $ 0 as
t $ ∞ for someµ R 0, whereX is the intersection
of � x � xπ � 0� sub-spacewith the set X̃ 1h2 x̃ 	 ˜& :
x̃) S� 1x̃ * µ2 5 . 6
The proof of above theoremwasomittedbecauseof
spacelimitation. See(D. CoutinhoandM. Fu, 2001)
for furtherdetails.

Observethattheoptimizationproblemin theorem3 is
notconvex on thedecisionvariableS. However, aswe
will seesubsequently, it is possiblefor someclasses
of IQCs that this problemis convertedinto a convex
one. To illustrate this point and the potentialof the
proposedcontroller, in thenext sectionwe apply this



framework to thecontrolof linearsystemswith input
saturation.

4. IQC CHARACTERIZATION

Considerin system(1) thatthenonlinearoperatorσ �����
is theunit saturationfunction,i.e.

σ � u�i� j.k .l 1 u R 1

u for m u mn* 1, 1 u op, 1

By assumption,theoperatorσ ����� canbedecomposed
into linearanduncertainnonlinearparts.Thus,thefirst
problemof concernin this sectionis how to bound
by a sectortheuncertainnonlinearpartcausedby the
saturation.

With thisaim,let usdefinethelevelof over-saturation
as d � u�q� max 2 0 , m u m�, 1 5 for agivencontrolu,
andsupposethat thecontrol law is suchthat d � u�r*
ρ and m δ � u�Ems* ρ2 m u m for ρ � ρ2 � 0. From these
definitionandassumption,we canstatethefollowing
problem.

Problem4. Whatis theoptimalsectorthatboundsthe
nonlinearitycausedby thesaturation?,i.e.how to find
min ρ2 suchthatδ � u�f� σ � u�s, ρ1u, m δ � u�Emt* ρ2 m u m for
all m u mu* 1

� ρ. 6
Recently, in the work (Fu, 2000), M. Fu proposed
a solution for this problem that is summarizedas
follows.

Lemma5. (Optimal sector bound, (Fu, 2000)) The
optimalsectorboundto theproblem4 is obtainedfor
thefollowing valuesof ρ1 andρ2

ρ1 � 2
� ρ

2 � 1 � ρ � , ρ2 � ρ
2 � 1 � ρ � . (19)

Now, wehaveto find asuitabledescriptionin termsof
integral quadraticconstraintsfor the saturationnon-
linearity with the optimal sectorbound(19). To this
end,we will usethestrongresultobtainedby (Zames
and Falb, 1968) for the unit saturationfunction. By
their statement,the stability problemis describedby
theIQC:�

∞� ∞ � �u � jw��σ � jw� �
�

fZF � H � � �u � jw��σ � jw� � dw � 0

where fZF � H � is givenby

fZF � H ��� � 0 τ2
�

H � jw�
τ2
�

H ��, jw�v, 2 � τ2
�

ReH� jw��� � �
τ2 � 0 is a scalarto be determinedand the transfer
functionH � jw� is suchthatReH� jw�w* τ2.

FromtheaboveIQC, thefollowing holds�
∞� ∞

Re � �u � jw��σ � jw� �
�
gZF � �u � jw��σ � jw� � dw � 0 (20)

wheregZF is givenby

gZF � � 0 τ2
�

H � jw�
0 ,x� τ2

�
H � jw��� �

Define a new signal as y � jw�:�y� τ2
�

H � jw��� σ � jw�
andconsiderthe following realizationof the transfer
functionτ2

�
H � s�

τ2
�

H � s�i� Cπ � sI , Aπ � � 1Bπ
�

Dπ
� τ2 (21)

Thus the time-domainsignal y � t � is given by the
following stateequationsz

ẋπ � Aπxπ
�

Bπσ � u�
y � Cπxπ

� � Dπ
� τ2 � σ � u� (22)

wherexπ 	{
 nπ . Note from (4) that Bu � ρ1Bπ and
Bδ � Bπ.

With thesignaly � t � , wecanwrite thefollowing time-
domain form of the condition (20) O ∞

0 2�� u) , σ � u� ) �� Cπxπ
� � τ2

�
Dπ � σ � u�G� � � x)πC)π � � τ2

�
Dπ � σ � u���%� u ,

σ � u�G� 5 dt � 0.

Consider the optimal sector bound condition, i.e.
σ � u�|� ρ1u

� δ � u� and m δ � u�}m * ρ2u, and above in-
equality. Then, we can state the following time-
domainIQC for saturatedsystems�

∞

0

UV
xπ
u
δ

WX )
fa � ẋπ � y� τ2 � τ3 � UV xπ

u
δ

WX
dt � 0 (23)

where fa � ẋπ � y� τ2 � τ3 � is givenbyU____V 0 � 1 , ρ1 � C)π , C)π� 1 , ρ1 � Cπ ~ 2ρ1ρ2 � Dπ
� τ2 �� τ3ρ2
2 � ~ � 1 , 2ρ1 �� Dπ

� τ2 � �, Cπ � 1 , 2ρ1 ��� Dπ
� τ2 � ~ , 2 � Dπ

�
τ2
�

0 P 5τ3 � �
WcbbbbX

andτ3 � 0 is a freeparameterto betuned.

Remark 1. Controllersbasedon circle and Popov
criteria canbe viewedasspecialcasesof theorem3.
To illustratethis point, considerthefollowing IQC to
describethesaturation:�

∞

0 � uδ � ) � ρ2
2 0

0 , 1 � � uδ � dt � 0 (24)

i.e. the IQC (23) with τ2 � 0, τ3 � 1 and H � jw�:�
0. Note that controllers designedwith above IQC
correspondto the ones obtainedby the technique
proposedin (Fu,2000)(usingthecirclecriterion).In a
similar way, we canalsorecovercontrollersbasedon
Popov (e.g.(Kapila et al., 1999))andZames& Falb
criteria if we chooserespectively: � a� τ2 � 1, τ3 � 1
andH � s��� s; and � b� τ2 � 1 andτ3 � 0. 6
In orderto designthecontrollaw, weneedto obtaina
convex form for theoptimizationproblem(16).From
theIQC (23)observethatF̃11 � 0, F̃12 ��,x� 1 , ρ1 � F̃13

anddefineanauxiliary matrix asF̃ ��� 0 Cπ � ) . Then,

we can write F̃12F̃ )13 ��,x� 1 , ρ1 � F̃F̃ ) and statethe
following theorem.



Theorem6. Considerthesameconditionsof theorem
3, the IQC (23) andtheabove analysis.Let x0 be the
initial conditionof thesystem(1). Let λ andSbethe
solutionto thefollowingconvex optimizationproblem

min λ subjectto:

S R 0 � S � S) ; (25)U_V λ ` x)0 0 a� x0

0 � S

W bX � 0 ; (26)U______V Ω � S� SF̃ SC̃) SF̃13

F̃ ) S , β
τ1 � 1 , ρ1 � 0 0

C̃S 0 , Im 0

F̃ )13S 0 0 , β2

ατ2
1

W bbbbbbX * 0 (27)

whereΩ � S� is givenby (17).

Definea setXρ asfollows:

Xρ � z
x : � x

0 � ) S� 1 � x
0 � * µ2

ρ � (28)

whereµ2
ρ � β2 9 1; ρ < 2

B̃) S� 1B̃; τ1 9 B)δF13 ; F )13Bδ < ; τ2
1F̃ )13SF̃13

.

Then,for u �^, 1
β d B̃) P � τ1F̃ )13e x̃ andany x � 0�w	 Xρ,

the following conditionshold: � i � J � x0 � 0��* λ; � ii �
x � t � $ 0 ast $ ∞; and � iii �gm u � t �}m�* 1

� ρ. 6
PROOF. Theproof of item � i � follows directly from
theorem 3 and the Schur complementapplied to
(27). Now, define the following polyhedral ˜& ρ �2 x̃ : mKx̃ mu* 1

� ρ 5 , where K � 1
β � B̃) P � τ1F̃ )13 � . Let

X̃ρ be a level surface of the Lyapunov function
V � x̃�K� x̃) S� 1x̃, i.e. X̃ρ ��2 x̃ : x̃) S� 1x̃ * µ2

ρ
5 . From

the Lyapunov theory, the set X̃ρ will be invariant if
the relation X̃ρ

' ˜& ρ is satisfied.From (Luenberger,
1989)and(Doná, 2000),lemma3.6.1.,theminimum

V � x̃� that satisfiesabove is given by µ2
ρ � 9 1; ρ < 2

K ) SK
�

β2 9 1; ρ < 2
B̃) S� 1B̃; τ1 9 B)δF13Bδ < ; τ2

1F̃ )13SF̃13
. Therefore,for any x̃ � 0�4	

X̃ρ thetrajectoryx̃ � t � $ 0 ast $ ∞. Keepin mindthat
xπ � 0�%� 0 by definition.Then,for any x � 0�r� x0 that
belongsto thesetXρ asdefinedin (28), thetrajectory
x � t � $ 0 ast $ ∞. Moreover, for any x0 	 Xρ theover-
saturationconstraintm u � t �}mn* 1

� ρ is alwayssatisfied
(sinceXρ

'
X̃ρ

' ˜& ρ). 6
Thekey pointof theproposedmethodis thechoiceof
the transferfunction H � s� . Unfortunately, until now,
thereis no a systematicway to computeit. To over-
comethis difficulty, we proposethe following Algo-
rithm to helpon thecontroldesign.

Algorithm1. Considertheorem6, the IQC (23) and
definethestructureof Sasfollows:

S � � S11 S12

S21 S22 �
wherethepartitioncorrespondsto thepartitionof x̃.

STEP 1 ChooseH � s� to havethefollowing structure

H � s�7�^, cn � 1sn � 1 � PGP�P � c0

sn � an � 1sn � 1 � P�PGP � a0
(29)

andthefollowing statespacerealization

Aπ �
U_____V 0 1 0 �G��� 0

0 0 1 �G��� 0
...

...
...

...
...

0 0 0 �G��� 1, a0 , a1 , a2 �G���x, an � 1

W bbbbbX � Bπ �
U_____V 0

0
...
0, 1

W bbbbbX �
Cπ ��� c0 ���G� cn � 1 � , andDπ � 0. Initialize a0 � PGP�P �an � 1 and c0 � PGP�P � cn � 1 arbitrarily but with A being
Hurwitz;

STEP 2 Choosethescalarτ2 suchthatτ2 � O ∞
0 m h � t �}m dt;

STEP 3 Determineτ3 andS, to minimizeλ;
STEP 4 Fix S12, S21, S22, andtunea0 � P�PGP � an � 1 and

c0 � P�PGP � cn � 1, to minimizeλ;
STEP 5 Iteratebetweensteps2 and4. 6
For each iteration i, note in above algorithm that
the closed-loopsystemis regionally stableand the
performanceboundsatisfiesλi * λ 9 i � 1< . As a result,
thisalgorithmconvergesona localminimum.

5. NUMERICAL RESULTS

To demonstratethe potential of our approach,we
considertwo examplesto comparethe closed-loop
performance,wherethe first one is from (Fu, 2000)
(circlecriterion)andthesecondoneis from (Kapilaet
al., 1999)(Popov criterion).

Example 1. Considerthe following open-loopunsta-
ble linearsystemswith inputsaturation(Fu,2000):� ẋ1

ẋ2 � � � 0 1, 1 P 25 1 � � x1

x2 � � � 01 � σ � u� (30)

and definethe cost function J � x0 � u� with r � 1 and
C �3� 1 0 � .
To allow a comparative study, we will considerthat
thesaturationis describedby thecircle criterionwith
optimal bound sector, i.e. IQC (24), and by IQC
(23). Also, we will usethreedifferentlevelsof over-
saturation.Notefor thecirclecriterionthatwecanap-
ply directlyTheorem6 with F12 � 0, F13 � 0,F23 � 0,
τ2 � 0 andH � s��� 0.

Now, we startalgorithm1 from the following condi-
tions:

Aπ � � 0 1, 1 , 1 � ; Cπ ��� 1 0 � ; τ2 � 1 and τ3 � 1 P
After five iterations,wegot thefollowing

H � s�"�p, 0 P 5 s
�

2
s2 � 0 P 5s

�
5 P 1 � τ2 � 1 P 3 and τ3 � 10.
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Fig. 1. Domainof stability for differentlevelsof over-
saturationconsideringcircle criterion and IQC
(23).

The table1 andfigure1 summarizethe results(cost

Level of Multiplier
over-saturation IQC (24) IQC (23)

ρ D 0 1.58/ Xe 1.05/ Xf

ρ D 1 1.73/ Xc 1.18/ Xd

ρ D 10 4.18/ Xa 2.43/ Xb

Table1. Optimalcostsanddomainsof sta-
bility.

functionanddomainof stability), for aninitial condi-
tion x0 ��� 0 P 5 0 P 5 � ) . The resultsshowedclearly that
theproposeddynamicalcontrollaw improvedtheper-
formanceof theclosed-loopsystemwithout degrada-
tionof thedomainof stabilitywhencomparedwith the
circlecriterion(eventhelinearcontroller, i.e.ρ � 0).

Example 2. Considerthe following LTI systemwith
inputsaturation(Kapilaetal., 1999):

ẋ � UV , 0 P 2 1 0
0 , 0 P 2 1
0 0 0 P 1

WX
x , UV

0
0

0 P 35

WX
σ � u��� x � 0��� x0

(31)

andthatthecostfunction(8) is definedby Q � I3 and
r � 1. The objective in this example is to designa
state-feedbackcontrollerthatminimizesthecostfunc-
tion definedabove for a level of over-saturationρ �
0 P 25 andinitial conditionx0 ��� 2 , 4 P 5 1 P 3 � ) . Using
theorem6, we obtaineda costof 47P 63. To illustrate
thepotentialof our approach,thecontrollerproposed
in (Kapila et al., 1999) (using the Popov criterion)
obtainedacostof 652for thesameconditions.

6. CONCLUSION

Thispaperpresentedanew methodologyto designop-
timal controllersfor lineartimeinvariantsystemswith
input constraintsthat achieves a betterperformance
than the circle and Popov criteria. The saturationis
describedby meansof integral quadraticconstraints.
Thekey contributionsof thispaperaretheuseof IQC
information to improve the closed-loopperformance

(in otherwords,weconstructadynamicalcontrollaw
usingthe time-domainform of the IQC), andtheex-
tensionof the Zames& Falb criterion to the optimal
sectorboundproblemproposinganiterativealgorithm
to make easierfor thedesignerto choosethesuitable
multiplier. Futureresearchwill beconcentrateon the
tuningof parametersassociatedwith theIQC.
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