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It can be shown thdtL P|| > 1 for h > 0.115. Hence the test fails
to detect the stability of this uncertain delay system.

[15]

[16]
IV. CONCLUSIONS

All results presented in the previous section can be generalized 7]
synthesis of uncertain delay systems. In fact, we can also include other
types of uncertainties and disturbances easily using the general linear
fractional framework [24]. It is also clear that the problems consid-
ered in [4] and [11]-[14] are special cases in our framework. Soméls]
additional details can be found in [6]. We would also like to point out[1g)
that many other control problems, such as the guaranteed cost control
problem considered in [3] and [13], can be easily handled using this
framework. Finally, we would like to point out that in our opinion, one
should only use these conservative conditions derived in this paper or
other papers for robust synthesis purpose rather than for checking the1]
stability of uncertain delay systems, which can be done more accurately
by using methods like that in [1]. It is also obvious that other approxi-[22
mation methods can be used to obtain possibly improved bounds. We
shall not pursue this issue further here. [23]

[24]
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tain parameters; see, e.g., [4]-[7], [9], and [16], for motivations arid knowing how good an estimate can be obtained fousing a

references. polynomial algorithm (polynomial im). To be more precise, we have
Given a matrixM € C"*" and a sefA described by the following definition:
Definition 1.1: An estimatqt is called arns-approximation of: for
A ={A =diag{6:1Ix,, . 6mlr, }|6: € R}, somes > 0if |ji — p| < p.
To motivate this problem, we return to the standargroblem and
ki >0, Zl ki =mn (1.1) note several known results. First, Coxson and DeMarco [3] shows that

e-approximation ofu with arbitrarily smalle > 0 is an NP-hard
the realu problem is to compute the value pf (). This value is problem, following a well-known result on the inapproximability of the
defined to be 0if,, — A M is nonsingular for alA € A, or otherwise so-called maxcut problem. A more negative result is offered by Toker
[13] showing that computing an upper boumavith the guarantee that
pa(M) = (inf{a > 0|det(I, — AM) =0, [|§]l < a})™' i < < Cm'~“u(M) for some (very large) constait > 0 and
(1.2) (verysmall}e > 0isan NP-hard problem. Recently, it is shown by Fu
[6] that computing a-approximation problem remains to be NP-hard

where|| - || denotes thé., norm and evenfor anyé = K (m), whereK (m) is any prescribed positive func-
o ) tion of m, including exponential functions. The second result in this
6 = diag{ér, -, om}. (1.3) paper shows that this negative result is still valid for the generalized
problem.

Henceforthm will denote thesize of the problemit is known that
the problem of determining ifia (M) < 1 is NP hard; see Poljak
and Rohn [12], Braatet al. [2], Nemirovskii [11], and Coxson and
DeMarco [3]. This negative result means that finding an algorithm for Define ¥ = max{k1,---, k. }, which is the largest size of the re-
computingua (M) is very unlikely if the algorithm is forced to require peated blocks, and dengtg by 11, (%), an explicit function of. Then,

a number of computations that increases at most polynomially,in our main results are as follows.
i.e., the problem needs to be solvecpislynomial time Theorem 2.1: Given any (fixed): > 2 andp € [1.2c), the problem

In this paper, we study a generalizegroblem by allowing the norm of determining ifu, (k) < 1 is NP-hard. Further, the problem of de-
oné to be an’,, norm for anyp € [1, oc]. More precisely, giveiZ, A, termining if 1. (1) < 1 is also NP-hard.
andyp € [1, 0], we defineua , (M) to be zero iff, — AM isnonsin-  Theorem 2.2:Let any (fixed)k > 2 andp € [1, o] be given (in-
gular for all A € A, or otherwise cludingp = o). The problem of determining jf, (k) = 0is NP-hard.
Subsequently, for any (arbitrarily large) prescribed funcfiofin) >
0, wherem is the dimension of the., (k) problem, the problem of
(1.4) finding an upper boung guaranteeing:, (k) < @ < K(m)u,(k)
is NP-hard. Similarly, for any (arbitrarily small) prescribed function
K(m) > 0, the problem of finding a lower bound guaranteeing

Il. MAIN RESULTS

pfia (M) = (inf{o > 0| det(l, — AM) =0, ||6]l, < a})™".

For simplicity, we will denoteua ,(M) by p,. Our objective is to
analyze the computational complexity of thg problem. i N
The motivation for considering the, problem is that there are manyl‘ (m)up(k) < p < pp(k) is NP-hard.

applications where the uncertainty set is not a hyper-rectangle. In this Proof: The two theorems above are Fo be proYed together. First,
case, a Nome-norm can be a better norm to use. In fact, spheric?ﬂe note that the second part of Theorem 1 is known; see, e.g., [11]. Sec-

uncertainty sets have been studied by many researchers; see, e_gp’rﬁlly, we show that the second part of Theorem 2 is implied by the first

Ch. 15, 16]. part of the theorem. Let us prove the resultfdsy contradiction. Sup-

One might hope that the techniques used in [2], [3], [11], and [1PPS€ there e><.|stﬁ’(m) > 0 and a polynomial tlrr]e algorithm which
for showing the NP-hardness of the, problem is generalizable to the Produces & with the guarantee that, (k) < 7 < K (m)u, (k). Then,
11, case. Unfortunately, this is not the case. Examining [2], [3], [11}» (k) = 0 if and only if 7z = 0. Hence, this algorithm will be able to
and [12], we find that all the NP-hardness proofs for fhe problem solve theu, (k) = 0 problem in polynomial time, which contradicts the
rely (directly or indirectly) on a well-known fact that the following first part of Theorem 2. A similar argument holds for the lower bound.
guadratic program is NP-hard for = oc: Given a positive-definite Now let us turn to the first part of Theorem 1 and the first part of

and symmetric rational matri, determine if Theorem 2. As in almost all NP-hardness analysis cases, our basic idea
’ is to polynomially transform a known NP-hard problem to the problem
A Qv < L (1.5) of determining ifu, (k) < 1. Two problems are said to be related by
Tllp>

a polynomial transformation if: i) a polynomial number of operations
(See Vavasis [14, Exercise 4.3, p. 101].) However, whef oo, itis  can be used to transform the first problem to the second and ii) the size
not clear whether the problem remains NP-hard. Further, it is knowifthe first depends polynomially on the size of the second.
that forp = 2 the quadratic program above is in the class of P, i.e., aThe 0-1 Knapsack ProblemGiven an integer vector =
ploynomial time algorithm can be formulated to provide its solutior(ic1,- - -, cm )T, determining if there exists a binary vector
see Ye [15] for such an algorithm. Hence, a new technique is neededte: (1, -, ,,)" € {—1,1}" such that:” = = 0.
investigate the computational complexity of thg problem. The dif- It is well known that the Knapsack problem is NP-hard; see, e.g.,
ficulty with the 1, problem,p # oo, is that there is a single constraintGarey and Johnson [8].
on 6 rather than multiple constraints as in the case. Let ¢ be the integer vector in the Knapsack problem. Two cases are
Despite the differences between the, problem and they, considered:il < p < oo andii)p = oo.
problem,p # oo, as discussed above, we present two negative For Case i), we denote= 3/«, wherew andg are coprime positive
results for the generalized problems. The first result shows that theintegers. Without loss of generality, we assume that thersiz# the
generalized: problem remains to be NP-hard. Knapsack problemis such that the numbbn)‘l/” is rational. If this
The second result, which strengthens the first one, deals withnot the case, one can augment enough number of zero components
the approximability of the generalized That is, we are interested to the vector: such that the new size, say, is such that2:) ="'/ is
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rational. One particular choice @f is given by = (2m)? /2. Note and
that such augmentation does not alter the solvability of the Knapsack 1 =bmys O 0
problem and that the new size is polynomial inm. D - 0 1 0 0
Definen = 2m and N I F 1 1 =24 -1
m 0 1 0 1
) =j i (0i — bt i
18 =] ; el +i) Further define
) s 0 ) I
+ Z [(8i 4 Smgi)” + (8:6mai +d°)7] (2.6)
i=1
. T _1/, h1 D1
wherej = /=1,86 = (61,---,6,)" andd = (2m)~/? > 0. A(8) = L D
For Case ii), i.e.p = oo, we simply takei» = m andd = 1. This 2 2
can be viewed as the limiting casejof~ >. The same definition for :
F(6) will be used. T D,
Obviously, necessary and sufficient conditions f@6) = 0 for )
somes € R" are that Observe, for each € {1,---,m}
b= —bmri Il=d. i=loem@7) det(D) = 1.
and Further
m 1 (Swn-‘ri 0 0
Z c;i6; = 0. (28) i1, 0 1 0 0 ‘
e 9D hi==gi| s s a2 1 2a41 |
0 -1 0 1

Relatingz; in the Knapsack problemtg,i =1,---,m, by

ri= 2

T d Thus
we know that the Knapsack problem has a solutiog {—1,1}" if ; L,
and only if f(§) = 0 for some||6||, < 1. Since the former problem is det(A(8)) = — Z gD hi
NP-hard, it follows that the problem of determiningfif(é) # 0 for i=1

all ||5]], < 1is NP-hard.
Now we need to transforrfi(6) to somedet(I — AM) with k = 2. ’
Define for alli € {1,---,m} m
gi=[-1 1-d"+je; & 1-dY
hi =[1 bpmyi —1—2d° —je; 1] =f(6).

=J Z ci(6i — Smti)
=

:jci(éi - 6777+i) + (61 + 6777,+i)2 + (6i6777,+i + d2)2-

+ Z [(86 + 8msi)® + (8:6mys + d*)?]
=1
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Since eacl$; appears in only two rows ifl(é) and that too in an and use the symbal(X') to denote the boundary of a s&t We ask

affine fashion, for each € {1,---,2m}

rank |:0161(b):| < 2.

?

Thus we can writed($) as follows:

2m

A(8) = Ao = 3 8:B:iC!

=1

(2.9)

whereB; and('; are matrices with two columns only. Further
det A(0) = £(0) =Y d* =md" #0.

=1

It follows that

2m
£(8) = det A(0) det <I -3 5i(A;lBi)G}'> :
=1

Let
B=[4;"'B Ag'Bom], C=[Cy Ciorn]
M=c"B, A = diag{b1 1, -+, 6o o }.

Then

f(8) = md* det(I — BAC") = md* det(I — AM).

So,det(I — AM) # 0 for all |§]], < 1ifand only if f(6) # 0 for

all ||4]|, < 1, which is NP-hard to determine. Hence, the problem of [1]

determiningu, (k) < 1is NP-hard for all; = 2 and rationap > 1.

The fact that the same applies when the> 2, follows by taking the
above constructed! and suitably augmenting it with zero rows and [3]

columns.
Note in the construction ak andM above thatlet(I — AM) # 0
for all ||6]], < 1l ifand only if det(I — AM) # 0 for all 6. This

is becausef: (6) # 0 if [|6]], > 1. It follows that the problem of

determining ifp, (k) = 0 is also NP-hard. ]

Ill. SOME REMARKS

The result in Theorem 1 leaves one question unanswered: |Is theh]

problem of determining whether,(1) < 1 NP-hard forp # co?
In the following, we offer some remarks on this problem whes 2
and everyk; = 1.

First, we note thaf (6) = det(I — AM) is a multilinear function

in § whenk = 1. If either: i) £(6) is real and bilinear ir#; or i) f(6)

is complex and linear id;, then checking if:2(1) < 1 is a special

quadratic problem witlp = 2. This is clear form Case i) because a
bilinear function is a special quadratic function. In Case ii), we simply
need to look at thef (6)|* which is quadratic. In these cases, one can
apply the polynomial algorithm in [15] (or other similar algorithms) to [12]

compute the worst cas& §) over a given ball (provided that/ is ra-

tional). This can be thus be combined with a bisection on the size of thE3]
ball to estimatg:;. Unfortunately, this observation does not generalize

to a more complex structure ¢f6).
Secondly, we define the unit ball

B ={6:[|6]]- < 1}
F(B)={det(I - AM): 6 € B} € R’

(3.10)
(3.11)

the following question: I9F(B) C F(9B)? The motivation of this

question is simple because an affirmative answer to this question would

make it sufficient to considerB alone to solve thg: (1) problem. Un-

fortunately, the following example shows that the answer is negative.
1) Example: Take

0.3846 4 1.9231:
A= diag{ﬁl N 52}

vy (03846 +1.9231
R —1.9231 + 0.3846i

0.0769 + 1.3846i>

(3.12)

Both F'(B) andF(9B) are illustrated in Fig. 1 by dots and asterisks,
respectively. It is clear thalF'(B) ¢ F(dB) in this case. Also ob-
served in this example is thate F(B) but0 ¢ F(9B).

IV. CONCLUSION

Two results have been presented for the generalizegirpedblem
where the uncertain parameters are measured I8y aarm. Our first
result shows that computing the generalizegroblem is NP-hard re-
gardless what, norm is used to measure the uncertainty block, as
long as the minimum block size is 2. This result is strengthened by
our second result which shows that the generalizguoblem is also
very hard to approximate in general. Thus, the difficulty in computing
or approximating: is not unique to thé., measure of the uncertainty.
The case wheh = 1 remains unsolved apart from the usuadroblem
(p = oc). A nice feature of a subset of this case, namely when each
k; = 1, is thatdet(I — AM) is multilinear ins. Nevertheless, diffi-
culties exist in dealing even with this special case, as illustrated in the
example in Section Il
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