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simple inequalities in terms of the largest open-loop pole and the packet loss rate.
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1. Introduction

This work is concerned with the networked state estimation
problem for a spatially large discrete-time linear system with dis-
tributed sensing. Each sensor provides a partial state measurement
with an additive noise, and each measured output is transmitted
to a remote (central) estimator through a lossy communication
network involving packet loss. The estimator computes a mini-
mum mean square error (MMSE) estimator of the system state us-
ing the received measurements. The configuration is illustrated in
Fig. 1, which is motivated by a wide range of applications including
networked control systems, multi-agent systems, smart electricity
networks and sensor networks. The main contribution of this pa-
per is to derive necessary and sufficient conditions for the stability
of the estimator in the sense that the mean of the state estimation
error covariance matrix is uniformly bounded.

With the rapid development of the sensor network and commu-
nication technologies, the problem of networked state estimation
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has received significant attention in the recent years (Hespanha,
Naghshtabrizi, & Xu, 2007; Schenato, Sinopoli, Franceschetti,
Poolla, & Sastry, 2007; Sinopoli et al., 2004). One of the major diffi-
culties comes from the packet loss in transmitting the sensor mea-
surements. By treating the received measurements as intermittent
measurements, the Kalman filter technique is applied to compute
the networked MMSE state estimate for the single sensor case (Si-
nopoli et al., 2004). However, the stability of the state estimator
is known to be seriously influenced by the packet loss model and
the algebraic structure of the system in a coupled and complicated
manner (Huang & Dey, 2007; Mo & Sinopoli, 2010; You, Fu, & Xie,
2011). Strictly speaking, it is still not well understood how they
jointly affect the stability of the networked MMSE state estimator.

Two frameworks for the networked state estimation are pro-
posed in the literature, by transmitting either the raw measure-
ments directly, or the processed one instead. The former approach
is easy to implement but the associated stability condition is dif-
ficult to establish, whereas the latter one yields simpler stability
conditions (Schenato, 2008; Sui, You, Fu, & Marelli, 2015) but adds
the processing burden to the transmitters. The latter one may not
be possible when considering the constraints of the hardware and
power in sensor networks. Especially, by transmitting the estimate
of state in sensor side, it typically has a higher dimension than the
raw measurement; the latter approach tends to transmit more data
through the network. Another major drawback is that in our dis-
tributed sensing setting, pre-computing the state estimate in each
sensor might not be sensible due to the access of only partial state
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Fig. 1. Networked state estimation under distributed sensing.

measurements in each sensor. In Sun and Deng (2004), each sen-
sor locally computes a state estimate and the central estimator ag-
gregates these local estimators. Such an estimate is typically not
optimal, and requires the stability of local estimators. This is an
unnecessarily strong assumption for the distributed setting. For
these reasons, it is preferable to directly transmit the raw measure-
ments. We will adopt this framework in this paper.

To quantify the effect of packet loss, two types of channel mod-
els have been widely adopted: (1) the independent and identically
distributed (i.i.d.) model where the packet loss process is mod-
eled as an i.i.d. process (Sinopoli et al., 2004); (2) the Markovian
model where the packet process is described by a binary Markov
chain (Huang & Dey, 2007), which is inspired by the so-called
Gilbert-Elliott (GE) channel. In the Markovian model, the packet
loss rate is temporally correlated, which is more complicated.

Under the i.i.d. model, Sinopoli et al. (2004), Mo and Sinopoli
(2008, 2010) and Plarre and Bullo (2009) focus on the stability
of an intermittent Kalman filter with only one sensor transmit-
ting its raw measurements, and there exists a critical packet loss
rate, above which the mean of the state estimation error covari-
ance matrix will diverge to infinity (Sinopoli et al., 2004). An up-
per bound and a lower bound for the critical packet loss rate are
also given in Sinopoli et al. (2004). For a generic vector system,
it is well known difficulty to explicitly express the critical packet
loss rate. Motivated but also inspired by the limitation of Sinop-
oli et al. (2004), the lower bound is shown to be tight in Plarre and
Bullo (2009) for the system with one-step observable, and the non-
degenerate systems (Mo & Sinopoli, 2010). However, a counterex-
ample in You et al. (2011) shows that the critical packet loss rate
strictly lies between the lower and upper bounds.

For the Markovian model, the filter stability analysis was initi-
ated in Huang and Dey (2007) where the only sensor transmits its
raw measurements to the remote estimator, and a stability crite-
rion was given in terms of an infinite sum. By exploiting the system
structure, the necessary and sufficient stability condition for the
second-order systems and certain classes of higher-order systems
are explicitly given in You et al. (2011). In Rohr, Marelli, and Fu
(2014), they derived necessary and sufficient stability conditions
for a class of degenerate linear systems.

In comparison, this paper studied the networked state estima-
tion problem with multiple sensors, with different sensors subject
to possibly different packet losses. This is of great importance in
many real-world scenarios where the system covers a large spatial
domain, and is widely studied by many researchers (Deshmukh,
Natarajan, & Pahwa, 2014; He, Wang, Wang, & Zhou, 2014; Hu,
Wang, & Gao, 2013; Hu, Wang, Gao, & Stergioulas, 2012; Quevedo,
Ahlén, & Johansson, 2013; Wei, Wang, & Shu, 2009). The stability
analysis of the resulting networked MMSE estimator is challenging
and Deshmukh et al. (2014), Quevedo et al. (2013) and Wei et al.
(2009) worked on the sufficient condition for the estimation sta-
bility. The main difficulty caused by multiple sensors is that mea-
surements at each sampling time may be partially lost, instead of
either no loss or complete loss as in the case of single sensor.

The main contribution in our paper is to develop a new regres-
sion matrix technique to study the necessary and sufficient stability
condition for the minimum mean square state estimator (MMSE),
which is suitable for both single sensor and multi-sensor cases. Un-
der the Markovian model, we establish a necessary and sufficient
condition for the stability of the networked state estimator for di-
agonalizable systems with multiple sensors, which is able to char-
acterize how the largest open-loop pole and the packet loss pattern
jointly affect the stability of estimator. For a better verification, an
efficient algorithm is designed to check the condition. We demon-
strate, through a second-order system under the i.i.d. model, that
the stability condition reduces to simple inequalities.

The rest of the paper is organized as follows. In Section 2, the
problem formulation is described and the MMSE estimate for the
system with multiple sensors over a lossy channel is derived. In
Section 3, the stability condition for the MMSE estimator of a
diagonalizable system is given. For second-order systems, stability
conditions are given by simple inequalities in Section 4. Concluding
remarks are drawn in Section 5. To improve the readability, some
of the proofs are given in the Appendix.

Notation. x’ is the transpose of vector x and A* is the conjugate
transpose of matrix A. Tr(-) denotes the trace of a matrix, and
col{Cq, ..., G} = [C], C, ..., C]. The sets of real number and
non-negative integer are represented by R and N, respectively. For
two discrete random vectors X € X and Y € ¥, let P{X|Y} denote
the conditional probability mass function of X with the knowledge
of Y,e.g,P{X =x|Y =y} foranyx € X andy € ¥.

2. Problem formulation

Consider a discrete-time stochastic system
Xky1 = AX + wy, (M
where x, € R" is the system state and wy is a white Gaussian noise
with covariance matrix Q > 0. The initial state xo is a Gaussian
random vector with mean Xy and covariance matrix Py > 0. To
remotely estimate the system state, we use a sensor network in
Fig. 1 with d > 2 sensors to take noisy measurements, i.e.,

Vi =Cxx+uv, i€{1,2,...,d}, (2)
where v}, € R™ is a white Gaussian noise of sensor i with covari-
ance matrix R; > 0and ZL m; = m. In addition, xq, wy and v,'; are
mutually independent.

All the random variables in this paper are defined on a common
probability space (£2, P, ), where 2 is the space of elementary
events, ¥ is the underlying o-field on £2, and P is a probability
measure on ¥ . Throughout the paper, we denote
ye=col{yp, yi,....¥i},  C=col{C;, Gy ..., Cq}, and
R:diag{R1,R2,...,Rd}. (3)

We are concerned with a networked system, where each sensor
and the central estimator are linked through a communication
network. Due to the channel unreliability, the transmitted packets
may be randomly lost. We use a binary random process y; to
describe the packet loss process. That is, y, = 1 indicates that the
packet transmitted from sensor i is successfully delivered to the
estimator at time k, and y; = 0 if the packet is lost. The implication
of packet loss is that the estimator may fail to generate a stable
state estimator.

Our objective is to study how the packet loss will affect the sta-
bility of the MMSE estimator. To this end, we denote

,vila} € D, (4)

where I; € R™*™ js an identity matrix, and D consists of 2¢
elements.
Define the packet arrival matrix

Sk = diag{Yy, 11, ..., Tie1} € S (5)

Ty = diag{y,'I1, . . .
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The information available to the estimator at time k is then given
by

Fi. = {(Yo, Yoyo), (Y1, T1y1), ..., Vi, Tiyw)}- (6)
Denote the MMSE (one-step-ahead) predictor and the MMSE
estimator by

Xik—1 = E[x| Fi1]l and Ry = E[x| F],

respectively. Their corresponding estimation error covariance ma-
trices are defined by

Puk—1 = E[(Xk — Rige—1) (X — Rie—1)'| Fie—1]

and

P = E[(xk — Rigr) (e — Rig) | Fi .-

In this paper, a Kalman like algorithm is developed to recur-
sively compute the MMSE estimate, and we establish the packet
loss condition under which the mean of the state estimation error
covariance matrix is uniformly bounded, i.e.,

lim sup E[Py] < o0, (7)
k— o0

where the expectation is taken with respect to the random process
{Yi}. Here (7) is interpreted that there exists a positive-definite
matrix P > 0 such that E[Py,] < P forall k € N.

As in one sensor case (Sinopoli et al., 2004), the loss of sensor
measurement is equivalent to that the measurement noise level
goes to infinity. Then, a Kalman like estimator is optimal under
multiple sensors as shown below.

Estimator 1. The MMSE estimate for the networked systemin (1)-(2)
is recursively computed by

Xk = Rigk—1 + K Ve — CRig—1); (8)
Pyk = Pijk—1 — K YiCPi—1, (9)
where

K = Pik—1C Ve (ViCPype—1C' Vi + R 15 (10)
Rer1k = ARk (11)
Pip1e = APgiA’ + Q. (12)

Remark 1. For the multi-sensor case, the structure of K, depends
on 7T explicitly, which is different with that of Sinopoli et al.
(2004). This stochastic dependence makes the stability analysis
more complicated.

In the sequel, we shall study the stability of the networked
MMSE estimator in Theorem 1 under the following Markovian
packet loss model.

Assumption 1. The packet receival process 7} has Markovian
property of order v in the sense that P{Y}|Yi_1,..., Ty} =

P{Y%|Yx—1, ..., Yo}, and has a homogeneously positive transition
matrix, i.e., there exists a function f such that f(7y, ..., Yx_,) =
P{’rknﬂk—]a ) T‘kfv} > 0.

Note that the above Markov process contains the one in Huang
and Dey (2007) as a special example. For brevity, there is no loss of
generality to assume that 7, = 0ifk < 0.

3. Stability analysis of the MMSE estimator

To establish the stability condition for the MMSE estimator
(8)-(9), we define an N-step regression matrix

Oy = L(Sycol{C, CA, ..., cAN"1)D, (13)

where .£(A) removes all possible zero row vectors of matrix A. That
is, there is no zero row vector in .£L(A).

Actually, Oy determines the observability of the associated sys-
tem under packet loss and is central to the stability of the net-
worked MMSE estimator. Specifically, the larger the number of
packet loss is, the higher probability Oy becomes column rank de-
ficient, which may result in the instability of the MMSE estimator.
Thus, we extensively explore the full column rankness of Oy. To
this purpose, the system (1)-(2) involving packet losses is rewrit-
ten as

xy = AVxo + GW, (14)
YN :ONXO+FW+V, (15)
where G = [AV"1,...,A I, W = col{wg, ..., wn_1}, Yy =
GC(SNCOI{yo, ey nyl})v V= DC(SNCOI{'U(), ey 'UNfl}) and
0 0 0 O
C 0 0 0
F=r|sy CA C 0 0
CAN=2  cAN-3 c 0

Since xo, W and V are Gaussian, the estimation error covariance
matrix of the MMSE estimate of xy using Yy is given in a compact
form as

Puin—1 = CEwG" + Zgy — Zpyy 2;;2* (16)

XN Yy’
where X, = AVPo(AV)*, Sy, = ANP,O}, + GEwF*, Zy, =
ONPOO?\{[ +FEQF* + Ev, EW = IN ®Q and 2\/ = OC(SN(IN ®R)S::I)
Note that (9) and (12) can recursively compute (16).

To establish the stability condition, we study an upper bound of
Pyn—1 first. Denote Py := Pyx—1; we have the following results.

Lemma 2. Assume that Oy has full column rank. There exists a posi-
tive definite matrix Py, independent of Py, such that

Py < Py. (17)
Proof. Consider a direct estimate of xy using Yy as follows
Xy = AV0 Yy, (18)

where OL is the Moore-Penrose inverse (Horn & Johnson, 1985) of
Oy. Since Oy has full column rank, then

ohoy =1. (19)
By (14) and (15), it yields that
Yy = ONXO +FW +V. (20)

Substituting (20) into (18), it follows from (19) that
Xy = AVO} [Onxo + FW + V]

= Ao + AVl [FW + V]

= xy — [(G— A0l F)w — A0l V1. (21)
The estimation error of the least square estimate in (18) is com-
puted by ey = xy—Xy = (G—A"O},F)W—AN0}, V. This implies that
Py = Eley (@) | #n]

= (G— A0 F)Zy (G — ANOLF) + (AVol) =y (a0, (22)

which only associates with noises, and is independent of the initial
estimation Py. Since Py is achieved by the MMSE estimate using Yy,
itis trivial that Py > Py. ®

With the initial packet arrival process defined as S_, o = 0, we
define the set of all Sy leading to column rank deficient Oy (i.e., not
having full column rank) by

Ry = {Sn|Oy is column rank deficient}, (23)
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and the probability of this set is
P(Ry) £ B(Sy € Ry) = ) P(Sn). (24)
SNERN

This quantity is important to stability analysis as it characterizes
the probability of the regression matrix Oy losing observability.
Two cases under different system structures are discussed in the
sequel.

3.1. Single eigen-block

For a system having a single eigen-block, all the open-loop poles
are with the same magnitude. In particular, it has the following
structure.

Assumption 2. A = « diag(e'™1, ei%2, ..., e'") for some magni-

tude o > 0, and (C, A) is observable.

Now, we are in the position to deliver our main result for the single
eigen-block case.

Theorem 3. Under Assumptions 1 and 2, the necessary and sufficient
condition for lim supy_, o, E[Pn] < oo is that

o lim sup(P(Ry) VN < 1. (25)

N—oo

By (23), the inequality in (25) implies that the stability of the
MMSE estimator is determined by the probability of packet loss
patterns leading to the column rank deficiency of Oy.

Two lemmas below are needed to prove Theorem 3.

Lemma 4. Suppose that Oy is column rank deficient. Under Assump-
tion 2, it holds that Tr(Py) > pa®N for any p > 0 satisfying pI < Py
and pI < Q. B N B

Proof. Consider a special case that wy = 0 and v}, = Oforallk € N
andi € {1,2,...,d}. The error covariance matrix of the MMSE
estimate is denoted by P, and is computed by (16) as

Py = A"Py(A")* — ANPoOf, (OnPoO) TONPo (AY)*. (26)
Obviously, Py, < Py. Since the right-hand side (RHS) of (26) is
monotonically increasing in Py (Sinopoli et al., 2004), it follows that
Py = pAN(I — 0 (0n03) TON) (AY)*. (27)
By the singular value decomposition (Horn & Johnson, 1985), it
holds that Oy = U [g g] V, where U and V are unitary matrices,
and D is an a x a invertible matrix with a = rank(Oy) < n.
Subsequently, 0% (OyO0;,) Oy = V* [lg g] V. Together with (27),
it follows that

.o o
Py > pA"V [0 1”] v(Ah*. (28)

By Assumption 2 and that Tr(AB) = Tr(BA) for any compatible
matrices A and B, it implies Tr(Py) > pa®"Tr(I,_) > pe®™. The
proof is completed by noting that Tr(Py) > Tr(Py). ®

To explicitly express the dependence of Py on Sy and Py (the co-

variance matrix of x ), we denote it by ¢ (P, Sy).Let Py = xI forx >
0, and write the associated E[Py] as &y (x) := E[Py], it follows that

Ev(x) = ) E[PyISyIP(Sy)

SNESN
= Z d (I, SY)P(Sy). (29)
SNESN

Then, we introduce following result.

Lemma 5 (Sui, You, & Fu, 2014). For any Py > O, if there exists
No > Oand X > O such that XI > &y (X) and XI > Py, then
lim supy_, o, E[Py] < 00.

Proof of Theorem 3. Necessity: Denote the complement of Ry in
(23) by Ry, which contains all Sy leading to the full column rank-
ness of Oy.

Let £ be the minimum integer such that P(R;) > 0.Sucha finite
£ must exist. Indeed, it follows from Assumption 1 that the prob-
ability of receiving packets up to time n is positive. Since (C, A) is
observable, it implies that P(R;,) > 0.

Given a sufficiently large integer N, considering a time horizon
from 0 to N¢, we shall use Tr(E[Py,]) to derive the necessary con-
dition for stability.

For 0 < kq < k;, define a regression matrix O, x, by

Ok, ky = L(Sk; k,c0l{C, CA, ..., cake—ki=1y).
Accordingly, let

Riy.ky = {Sky.ky |0y .k, is column rank deficient},
and its complement

Ry ky = {Sky ky |0ky k, 1s full column rankj}.

Define P(Ri,k,) Zskl,kzeﬂkl,kz P(Sk,.k,) and similarly for

IP’(,REI,,< ). LetIbe any integer with 0 < | < £.The set of all possible
Sine is divided into the following disjoint subsets.

e Subset 1: Oy, is column rank deficient.
e Subset 2: Oy y, has full column rank but Oy ¢ is column rank
deficient.

e Subset N: On—_2ye+1,n¢ has full column rank but Og_1y¢4in¢ iS
column rank deficient.

Then, the probability of events in Subset 1 is given by P(R n¢),
and that i.n Subset j 4+ 1 is given by ]P(R,»H,,NZ)IP’(:RE;UHLM|
Rjerine),j=1,...,N—1.

In view of (5) and (23), it implies that Ry = Ro y and P(R;) =
P(Ro.:|S—v,0 = 0). By the homogeneity in Assumption 1, it follows
that foranyp, t € N,

IF)(C‘R[) = P(Rp.p+t|spfu,p = 0)- (30)

Since P{Y%| k-1, - - ., Yk—v} > 0, there exists a positive g indepen-
dent with t and p such that

Sl‘l‘lil‘l P(Rp.p+t|sp7v,p) > ﬂP(‘RP,PwLHSpfv,p = 0)
P—Vv.p

= PP(Ry). (31)

Then, we obtain that

P(Rppr) = Y P(RpprelSp-vp)P(Sp-vp)

Sp—v.p€Sy
> BP(R) Y P(Sp-up)
Sp—v.p€Sy
= BP(Ry). (32)

Using the above decomposition and denoting by {i} the Subset i,
we further obtain that

Tr(E[Pye]) =Tr( > ¢(Po,sm)w>(sw)>

SN¢ESNe

= Y Tr(@(@(Po, So.), Sne))P(Sne) + -+

Sneell}

+ Z Tr(¢p(¢(Po, So,1+(N-2)¢) s Sirn—2)¢,N2) ) P(Sne)
Sne€{N}
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> > T, Sine))P(Swe) + -+

Sneefl}

+ ) Tr(@(Q, Siyv-2ene))P(She).- (33)

Sne€{N}
Based on Lemma 4, with pl <Py and pl <Q, it follows that

N—2
TrE[Pye]) = pa” ™M PP(Rne) + Y po® D
=
X PRt NP(RG1ye41.ne | Ric+ne)
N-2
> pBa’ M IP(Rye) + Zgﬁaz((’v‘m—’)
=

X P(RN—e-DP(RG_1yp 11 ne| Rie+ne)- (34)

Similar to (32), there exists a positive 8; such that

P(R(_1yoinel Rierine) = P1P(RY) > 0. (35)

Let B, = Bﬂﬂﬂ?’(.ﬂﬁ), it follows from (34) and (35) that

N—-1
Tr(E[Pye]) = B2 ) o VB(Ry ).
j=2

Note that 8, is independent of N. By
lim sup Tr(E[Pn¢]) < o0,

N—oo
it implies that o2 lim sup;_, o, (P(Rje—)) /9" < 1. Since I is ar-
bitrarily selected from the set {0, ..., £ — 1}, we conclude that
a? lim supy_, oo P(Ry)VN < 1.
Sufficiency: Let SI?, be the event that there is no packet received
up to time N, i.e, 7, = Oforall0 < k < N — 1. Take any scalar q
and x satisfying gl > Q and x > 0, it follows that

N—1
P(.S3) = A AY) %+ ) AQA)
j=0

J

N-1
<012Nx + Z azfq> I

=0

o <x+ q 1)1. (36)

IA

IA

a? —

Without any measurement, the resulting estimator cannot be bet-
ter that using measurements. This implies that for any Sy € Ry,
P(, Sy) < (L, Sy). (37)

Splitting the set Sy into Ky and its complement R, it follows from
Lemma 2 that

) = D (I, SNP(SK)

SNERNURY,
P(RPy + Y ¢(xI, Sy)P(Sy)
SNERN

P(RS)Py + P(Ry)P (I, SY)

IA

IA

IA

P(R{)Py + P(Ry)a™” (x + zq )1.
as—1

Since lim supy_, o @?"P(Ry) < 1, it is clear that for sufficiently
large x > 0, we have &y(x) < xI and xI > P, for some N.
By Lemma 5, it follows that lim supy_, ., E[Py] < oo for any Py
>0. 1

3.2. Extension to multiple eigen-blocks

We now generalize the result on single eigen-block to the mul-
tiple eigen-blocks, which includes any diagonalizable system.

Assumption 3. A = diag{A;, Ay, ..., A} € R™", where A; = q;
diag{ei®t, ez, ... e'%ni} has a single eigen-block with «; > 0, o;
# ajforany i # j,and (C, A) is observable.

In light of the structure of A with multiple eigen-blocks, we de-
compose Oy into Oy = [0y O ... Of], where O isamN
X n; matrix corresponding to A;. The main result for the multiple
eigen-blocks case is given below.

Theorem 6. Under Assumptions 1 and 3, the necessary and sufficient
condition for lim supy_, o, E[Py] < oo is that

o limsup(P(Ry ()N <1, Vie(1,2,...,g}, (38)
N—>oo

where Ry (i) = {SN|O§V is column rank deficient}.

Remark 7. It is clear that Theorem 6 covers the result in Theo-
rem 3. However, its proof is very tedious and technical. Since the
idea of proof is the same as that of Theorem 3, we only provide the
sketch of proof in Appendix A.

3.3. Computation of P(Ry)

In Theorem 3, the key factor to check the stability condi-
tion for systems satisfying Assumption 2 is to compute P(Ry).
We design an algorithm to do this in this subsection. Since the
column part Oy,i = 1,2,...,g is independent with struc-
tures Aj,j # i, the studied system in the computation of
lim supy_, o (P(Rn ()N is A;, which follows Assumption 2. By
computing all lim supy_, ., (P(Ry ()N withi = 1,2, ..., N, the
stability condition under Assumption 3 can be done similarly. To
this end, we only study the case under Assumption 2 as an exam-
ple and the period of a matrix is introduced.

Definition 1. If there exists a finite positive integer t such that
A" = oI and  is the minimum one, we say that A is periodic with
a period of t. If T does not exist, A is aperiodic, and set T = oo.

If A has a period 7, then CA*** = «"CA* for all k. The
contribution of yj to the rank of Oy is the same as that of y ., if k <
N — t. This observation enables us to work on a finite-length
sequence in Algorithm 1.

Algorithm 1 (Boolean Operation).
Step 1: Foranyk € {1,2,...,t},define i =y} vyl Vv -V
Vismnjeye and Yy = diag(%/ L, . . ., %{1a), where V is a Boolean

OR operator, and [-] is the standard ceiling function.
Step 2: Let Sy = diag(Ty, ..., 1y).

It is clear that EN € R, is equivalent to that of Sy € Ry. Note
from (23) that the cardinality of R, is finite, and it allows us to ex-
plore its structure. In particular, P(Sy € R.) will be expressed via
a specially designed matrix in this subsection and can be explicitly
derived for some systems. To this purpose, we use ¢ (-) to count the
number of measurements being received by the estimator at time
7,ie,

T d
£ =Y > v (39)

k=1 i=1
Assume that R, has r elements, e.g. R, = {s1, ..., S} where s; is
given in an ascending order in terms of ¢ (s;). Particularly, if i < j,
then ¢ (s;) < ¢(sj).By Algorithm 1,itimplies that P{Sy,, = s;|Sy =
Sj} =0.



6 T. Sui et al. / Automatica 53 (2015) 1-9

Let M;; be a matrix with (11, q)th element given by IP’(§<N+1), =
Sis SN+t —v,(N+1r = SuP)ISNe = Sj, SNe—vne = Sy(q)) where
S, (p) is the pth element of S,. By the homogeneity of the packet
loss model in Assumption 1, Mj is time-invariant, and Mj; is a zero
matrix if j > i. Then, we obtain a lower triangular matrix M with
r x r blocks

M1 o ... O
My; My, ... O

M= . : . (40)
Mr] Mr2 e Mrr

The stability condition can be characterized by the maximum
eigenvalue of M in the following result; see Appendix B for proof.

Theorem 8. Under Assumption 1 and that A has a period t, then

P(Ry:) = uMNv (41)
for any integer N > 0, whereu = [11 ... 1],v =[10 ... 0].
Moreover,

lim sup(P(Rx )N = (Amax(M))/*

N—>oo

max {Amax (Mi) "}, (42)

where Amax (M) and Anax(Mj) are the largest eigenvalues of M and
M;; in magnitude, respectively.

Remark 9. Since M is a lower triangular matrix, its eigenvalues are
the diagonal elements and much easier to get.

4. Second-order systems with multiple sensors

In this section, the necessary and sufficient stability condition
for the MMSE estimator of a second-order system, i.e. A € R?*?,
with multiple sensors is explicitly given by simple inequalities
under i.i.d. packet loss model. For brevity, we make the following
assumption.

Assumption 4. (1) {y,j} is an i.i.d. process with its packet arrival
ratep; = E{y} = 1},and {y,'}, ..., {7} are spatially independent;
(2) rank(col{G;, GG}) = 2forany 1 <i#j<d.

Remark 10. Ifrank(col{C;, G;}) = 1and rank(G;) # O for somei #
Jj,then G and G are dependent. This means that receiving the packet
from sensor i is equivalent to that of sensor j when concerning the
rank of regression matrix in Eq. (13). We can combine sensors i and
Jj» and endow a smaller packet loss probability (1 — p;)(1 — p;).

Obviously, there is no loss of generality to renumber the sensors
in three groups.

Group 1: For 1 < i < dy, (G, A) is observable and rank(C;) = 1.
Group 2: For d; < i < d,, (G,A) is unobservable and
rank(G) = 1.

Group 3: Ford, < i < d, rank(G) = 2.

Remark 11. The sensors in Group 1 are observable; it is proved in
Lemma 15 that col{C;, GA'} forany 1 <i <d;and 1 <j < tisof
full rank. This implies that any two packets received from the same
sensor within a period result in a full column rank Oy. In contrast,
any number of packets from the same sensor in Group 2 will lead
to a column rank deficient Oy. The sensors in Group 3 are one-step
observable, implying that single received packet is sufficient to get
a full column rank Oy. As demonstrated before, the full rankness of
Oy is essential to the stability of the networked MMSE estimator.
This motivates us to divide the sensors in the above three groups.

For each sensor in Group 1, a Congruent Set is introduced, which is
key to the rank analysis of Oy.

Definition 2. For any sensor from Group 1, e.g. sensori € {1, ...,
dq},acongruentset ;isdefined as g; = {j|3k; € N, s.t.span{G;} =
span{CAi}}.

Since i € g;, the congruent set is not empty. The probability that
all sensors in g; lose their packets at the same time is given by

pi=[]a-p. (43)
jegi

Note that if the magnitudes of two eigenvalues of A are different,
0, and 0, defined in Section 3.2 are all column vector, leading to
one-step observability, an easier case to handle. In view of this, we
study the case having a single eigen-block.

By Theorems 3 and 8, the stability condition for the case
of second-order systems can be explicitly expressed as simple
inequalities as below; see Appendix C for proof.

Theorem 12. Consider the second-order (A € R?>*2) system (1)-(2)
under Assumptions 2 and 4.

(a) If min?:l1 pi < min2 +1(1—=py)7, the MMSE estimator is stable

—=d
if and only if =
d
[11—p)*
Efﬂ—rff<1 (44)
min;_, p;

(b) If min{", p¥ > minj‘.iidlﬂ(l — pj)*, which obviously holds for an

aperiodic A (i.e., T = 00), the MMSE estimator is stable if and
only if

d
[1(1=p»
';l—az < 1. (45)
ind2

min;Zy (1 —p))
Remark 13. Substituting d = 1 into Theorem 12, our result is the
same as Theorem 7 in You et al. (2011) for i.i.d. packet loss model.
Thus, it generalizes a result in You et al. (2011) to the multiple
Sensors case.

5. Conclusion

In this paper, we have studied the networked estimation prob-
lem of a stochastic discrete-time system with multiple sensors.
The networked MMSE estimator is recursively computed using a
Kalman like algorithm. Then, we studied the stability of the MMSE
estimator under a Markovian packet loss process, and derived the
necessary and sufficient condition for the stability of MMSE es-
timator for diagonalizable systems. Moreover, for second-order
systems under the i.i.d. packet loss model, the stability condition
can be given by simple inequalities.

Appendix A. Proof of Theorem 6
We first introduce the following preliminary result, where Oy
is defined in (13).

Lemma 14. Let & = {e;q, €2, ..., €y} With e;; being a column
vector with its (Z;l ng + j)th element equal to 1 and all the other
elements equal to zero. Suppose Assumption 3 holds and there exists
1 <i < g such that Ker{Oy} N span{§;} # {0}. For any scalar p > 0
satisfying pl < Po and pl < Q, it follows that

IPyIl = oi"p, (A1)

where || - || is the induced Euclidean norm.
Proof. By (27), it is straightforward to show that

Py > pAV (I — Of,0y) (AY)*.
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By the property of Moore-Penrose inverse, it holds that (I —
0L,0N)? =1 — 0},0y. Thus,

IPy Il = plIAN (I — O 0n) I (A2)

Take a nonzero vector x € Ker{Oy}Nspan{§;}; it follows that Oyx =

0, (I — 0},0y)x = xand Ax = diag{01, ..., 0;_1, A;, Oiy1, . . ., Og}x.
This implies that
IAN (1 — Ofow)xll = AVX]| = af [Ix]|. (A3)

Together with ||AN (I — 0f,0n)x|| < [|AN(I — O}, 0x)]|[IX], we obtain
that |A¥(I — 0},05) || > «V. Substituting the above into (A.2) leads
to (A.1).

Now, we are in the position to prove Theorem 6.

Necessity: It is clear that

IEIPII = 1| ) ¢(Po, S\P(SW)

SNESN

1
nTr( > ¢(Po,sN)P(sN)>

SNESN

v

HD DEECTORMICN!

SNESN

v

1
— 2 I(Po, SIBGS). (A4)

SNESN

Takeanyi € {1, 2, ..., g}, and denote

Ry (i) == {Sn|On (i) is of full column rank}.

Asin the proof of Theorem 6, there must exist a minimum and finite
¢ € Nsuch that P(Ry(i)) > Oforalli = 1,2,...,g. If On(i) is
column rank deficient, Ker{Oy}Nspan{§;} # {0}. By Lemma 14 and
following similar arguments in the necessity proof of Theorem 3,
we obtain that

N—1
Bl > 22 37 020 D20y ) (A5)
n =

forany !l € {0, 1,...,£¢ — 1}. Again, B, is independent of N. This
implies that (38) holds if lim supy_, ., E[Py] < 00.

Sufficiency: The main idea is the same as that of Theorem 3.
However, it is more involved and tedious, we do not repeat here
for saving space. W

Appendix B. Proof of Theorem 8

Let
Wy = col{PGye = 51, Sne—vive = Su(1)),
P(Sne = S1, Sne—vne = Su(2)),
oo  P(Sne = $1, Sne—vive = 5,2)),
o PG = 50 Svevne = S, ™)) (B.1)

By the definition of M and let v = [10 ... 0], we have that Wy,
= MWy, and Wy = (M)Nv. Since the sum of all elements of Wy is
P(Sy: € R.), it follows that

P(SNZ (S fRNl—) = P(ENZ S er) =uWy = UMNU.

And the proof of (42) is divided into two parts:

(1) Find an upper bound of lim supy_, o WuMNy:

By a similarity transformation (Horn & Johnson, 1985), we have
that

M = Vdiag{Bi, B,, ..., B}V, (B.2)
f

where V is a non-singular matrix, B; is a b; x b; Jordan block with
eigenvalue A; and Z{:] b=, t.

In light of the structure of A, we decompose vectors uV and
VvasuV = [U; U, U] and V=v = col{Zy, 2, ...,
Zs}. This implies that

!
uMMv = " U;Bl'Z;. (B.3)
j=1

Since B; is in a Jordan form, the (p, q)th element ofB]’-" (p, q) is given
by

N

N+p—q
N _ A ifp<gq
B'(p,q = gq—p> J

ifp>q,

(B.4)

where ( qﬁ p) is the combination number that selects g—p elements
from N elements. Rewrite U;B'Z; as U;B}'Z; = A¥;(N) with
bj b
W(N) =Y UdZ(@B) (o, px ™,
p=1 g=1

where Uj(p) is the pth element of U; and Z;(q) is the gth element of
Z.

Note that the magnitude of BY (p, g)1 ™" is (q’jp) AL W(N)
# 0, it follows that

limsup "/ @;(N) = 1.

N—oo

Subsequently, lim supy_, . 'VuMNv < Y/Amax(M).

(2) Find a lower bound of lim supy._, o, uMNv:
We first note that
P(Rn:) = ]ﬂg?}r{ﬂ”(sm =S, SN—1)r =Sis ..., St =S} (B.5)

Deleting the zero rows and columns in Mj;, it becomes 1VIU Based
on the properties of Mj; in Section 3.3, it implies that

~7:§‘L’ =5

N-1 ~ SIN—1r7 =~
=M~ Mjpjvy = My~ Mjp vy,

P(Sn, = si»E(Nfl)r =5si,..
(B6)

whereu; = [11 ... 1] € R"?” vy = [10 ... 0] € R*"*],
and 11;, U1 are with the similar structure as u;, v, with appropriate
dimensions.

Using Assumption 1 and noting the definition of M;; and M;;, we
obtain that the first column of M;; is a positive vector and M;; is a
positive matrix. By the Perron-Frobenius Theorem (Gantmacher,
1959), the eigenvector of the maximum eigenvalue of M;; is posi-
tive. Then, replace v and u in (B.3) by M;;9; and 1;, both of which
are positive vectors. Then, it follows that ¥;(N) associated with the
maximum eigenvalue of Mj; is positive. Thus

lim sup N\T/P(gNt = Si, §(N—l)r = Siy .y ET = Si)
N—oo
= \T/ }\max(Mii = \/T }\max(Mii)~

Substituting (B.7) into (B.5) leads to that

lim sup N\/T IP)(&QNr) = maXi<i<r \/T )Lmax(Mii)-

N—oo

(B.7)

Since M is a lower triangular matrix, it is obvious that maxj<;j<r
S hmax M) = /Amax(M). In addition, P(Ry) is a decreasing func-
tion of N. This implies that
lim sup VP(Ry) = limsup "V/P(Rn:).

N—oo N—oo

Combining (1) and (2), (42) is proved. ®
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Appendix C. Proof of Theorem 12

We introduce three technical Lemmas for the second-order
system and their proofs are trivial and omitted.

Lemma 15. Under Assumption 2 and (A, G;) is observable, then for
any A € R?>*? with period T and k # ht, h € N, it holds that

G
rank |:C;Aki| =2.

Lemma 16. Suppose Assumptions 2 and 4 hold and that (A, G;) is not
observable. Forany A € R>*?,1 < i #j < dandk € N, it holds that

CA
rank |:ij"1<} =2.

(C.1)

(C2)

Lemma 17. Suppose that Assumption 2 holds, both (A, G;) and
(A, G) are observable and A € R?*2, There exists at most one positive
integer 1 < k;j < t such that

G
rank |:CjA""f:| =1.

Proof of Theorem 12. Since the i.i.d. packet loss process satisfies
Assumption 1, we use Theorems 3 and 8 here.

Recall that R, = {sq, S2, ..., S;}, each of its element makes the
regression matrix column rank deficient. In particular, the order of
the elements are detailed below:

Let s; denote that no packet has been received, and by
Lemma 16, {s3, ..., s;} is divided into two sets: {s;,s3, ..., Sz}
denote the events that the received measurements are from sensor
1to sensor dy. Similarly, {s3, ,, S3.3, - - - , S} denote the events that
the received measurements are from one of sensor d; + 1 to sensor
d,. Note the received measurement cannot be from any sensor d,
to sensor d. - -

By ii.d. packet loss process, P(Sy: = SilSw—1: = Sj) is
independent of Sy_1)r—y,(v—1)r» Where Sy is given by Algorithm 1.
In light of Lemmas 15-17, the diagonal elements of M in Theorem 8
can be given below:

(a) Amax(M11) = P(s1ls1) = [Tq_y (1 — po)".

(C.3)

d d
(b) max) Amax(Mi) = max) P(sils) = maxi {[o_, (1
—Ppg)" /P }- ;
(c) max;:a+2 Amax(Mj) = maij:ElJr2 P(sils) = max;2,, ([ 1,41
— P}

Using Theorem 8, we obtain that

lim sup /P(Ry) = v/ Amax(M).

N—oo

(C.4)

Combining the above, we obtain that Apax (M) = max]_; Amax(Mj).
This implies that

(a) Ifmin®, pr < minfid1+1(1 — pj)°, then
d
[T(1—p)*
i=1
Amax(M) = IT
*
min;_q p;

(b) If min®, p¥ > minj‘ZdIHU — pj)°, then

d
[10—p)"
i=1
d,

Amax(M) = - dy .
min;Z, (1 —pj))

Following Theorem 3, it completes the proof. ®

References

Deshmukh, S., Natarajan, B., & Pahwa, A. (2014). State estimation over a lossy
network in spatially distributed cyber-physical systems. IEEE Transactions on
Signal Processing, 62(15), 3911-3923.

Gantmacher, R.(1959). Applications of the theory of matrices. New York: Interscience.

Hespanha, J., Naghshtabrizi, P., & Xu, Y. (2007). A survey of recent results in
networked control systems. Proceedings of the IEEE, 95(1), 138-162.

He, X, Wang, Z, Wang, X., & Zhou, D. (2014). Networked strong tracking
filtering with multiple packet dropouts: algorithms and applications. Industrial
Electronics, IEEE Transactions on, 61(3), 1454-1463.

Horn, R,, & Johnson, C. (1985). Matrix analysis. Cambridge University Press.

Huang, M., & Dey, S. (2007). Stability of Kalman filtering with Markovian packet
losses. Automatica, 43(4), 598-607.

Hu, J., Wang, Z,, & Gao, H. (2013). Recursive filtering with random parameter
matrices, multiple fading measurements and correlated noises. Automatica,
49(11), 3440-3448.

Huy, J., Wang, Z., Gao, H., & Stergioulas, L. K. (2012). Extended Kalman filtering
with stochastic nonlinearities and multiple missing measurements. Automatica,
48(9), 2007-2015.

Mo, Y., & Sinopoli, B. (2008). A characterization of the critical value for Kalman
filtering with intermittent observations. In 47th IEEE conference on decision and
control (pp. 2692-2697).

Mo, Y., & Sinopoli, B. 2010, Towards finding the critical value for Kalman filtering
with intermittent observations, http://arxiv.org/abs/1005.2442.

Plarre, K., & Bullo, F. (2009). On Kalman filtering for detectable systems with
intermittent observations. IEEE Transactions on Automatic Control, 54(2),
386-390.

Quevedo, D. E., Ahlén, A., & Johansson, K. H. (2013). State estimation over sensor
networks with correlated wireless fading channels. Automatic Control, IEEE
Transactions on, 58(3), 581-593.

Rohr, E., Marelli, D., & Fu, M. (2014). Kalman filtering with intermittent
observations: On the boundedness of the expected error covariance. IEEE
Transactions on Automatic Control, 59(10), 2724-2738.

Schenato, L. (2008). Optimal estimation in networked control systems subject to
random delay and packet drop. IEEE Transactions on Automatic Control, 53(5),
1311-1317.

Schenato, L., Sinopoli, B., Franceschetti, M., Poolla, K, & Sastry, S. (2007).
Foundations of control and estimation over lossy networks. Proceedings of the
IEEE, 95(1), 163-187.

Sinopoli, B., Schenato, L., Franceschetti, M., Poolla, K., Jordan, M., & Sastry, S. (2004).
Kalman filtering with intermittent observations. IEEE Transactions on Automatic
Control, 49(9), 1453-1464.

Sui, T, You, K., & Fu, M. (2014). Stability of Kalman filtering with multiple sensors
involving lossy communications. In 19th IFAC world congress (pp. 116-121).
Sui, T., You, K., Fu, M., & Marelli, D. (2015). Stability of mmse state estimators over

lossy networks using linear coding. Automatica, 51(1), 167-174.

Sun, L., & Deng, Z. (2004). Multi-sensor optimal information fussion Kalman filter.
Automatica, 40(6), 1017-1023.

Wei, G., Wang, Z., & Shu, H. (2009). Robust filtering with stochastic nonlinearities
and multiple missing measurements. Automatica, 45(3), 836-841.

You, K., Fu, M,, & Xie, L. (2011). Mean square stability for Kalman filtering with
markovian packet losses. Automatica, 47(12), 2647-2657.

Tianju Sui received B.S. degree from Zhejiang University,
Hangzhou, China, in 2012. He is currently a doctoral
candidate at Zhejiang University. He was the winner of
the National Energy Saving Equipment Design competition
and Outstanding Youth of Zhejiang Province, China, in
2012. He won the Chunhui Scholarship and Outstanding
Graduate Award from Zhejiang University in 2012. His
main research area includes networked estimation and
distributed estimation.

Keyou You was born in Jiangxi Province, China, in 1985.
He received the B.S. degree in statistical science from Sun
Yat-sen University, Guangzhou, China, in 2007, and the
Ph.D. degree in electrical and electronic engineering from
Nanyang Technological University, Singapore, in 2012. He
was with the ARC Center for Complex Dynamic Systems
and Control, the University of Newcastle, Australia, as a
visiting scholar from May 2010 to July 2010, and with
the Sensor Network Laboratory at Nanyang Technological
University as a Research Fellow from June 2011 to June
2012. Since July 2012, he has been with the Department
of Automation, Tsinghua University, China, as a Lecturer. From May 2013 to
July 2013, he held a visiting position in The Hong Kong University of Science
and Technology, Hong Kong. His current research interests include control and
estimation of networked systems, distributed control and estimation, and sensor
network. Dr. You won the Guan Zhaozhi best paper award at the 29th Chinese
Control Conference, Beijing, China, in 2010, and was selected to the “National 1000
Young Talents Plan” in 2013.


http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref1
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref2
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref3
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref4
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref5
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref6
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref7
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref8
http://arxiv.org//abs/1005.2442
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref11
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref12
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref13
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref14
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref15
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref16
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref18
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref19
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref20
http://refhub.elsevier.com/S0005-1098(14)00601-3/sbref21

T. Sui et al. / Automatica 53 (2015) 1-9 9

Minyue Fu received his Bachelor’s Degree in Electrical En-
gineering from the University of Science and Technology
of China, Hefei, China, in 1982, and M.S. and Ph.D. degrees
in Electrical Engineering from the University of Wiscon-
sin-Madison in 1983 and 1987, respectively. From 1987
to 1989, he served as an Assistant Professor in the Depart-
ment of Electrical and Computer Engineering, Wayne State
University, Detroit, Michigan. For the summer of 1989, he
was employed by the Universite Catholoque de Louvain,
Belgium, as a Maitre de Conferences Invited. He joined the

““! Department of Electrical and Computer Engineering, the
University of Newcastle, Australia, in 1989 and was promoted to a Chair Professor
in Electrical Engineering in 2002. He has served as the Head of Department for Elec-

trical and Computer Engineering and Head of School of Electrical Engineering
and Computer Science over a period of 7 years. In addition, he was a Visiting
Associate Professor at University of lowa in 1995-1996, a Visiting Professor at
Nanyang Technological University, Singapore, 2002, and Visiting Professor at Tokyo
University in 2003. He has held a ChangJiang Visiting Professorship at Shandong
University, a visiting Professorship at South China University of Technology, and a
Qian-ren Professorship at Zhejiang University in China. He was elected to Fellow
of IEEE in late 2003. His main research interests include control systems, signal
processing and communications. His current research projects include networked
control systems, multi-agent systems, smart electricity networks and super-
precision positioning control systems. He has been an Associate Editor for the
IEEE Transactions on Automatic Control, I[EEE Transactions on Signal Processing,
Automatica, and Journal of Optimization and Engineering.



	Stability conditions for multi-sensor state estimation over a lossy network
	Introduction
	Problem formulation
	Stability analysis of the MMSE estimator
	Single eigen-block
	Extension to multiple eigen-blocks
	Computation of  P (RN) 

	Second-order systems with multiple sensors
	Conclusion
	Proof of Theorem 6
	Proof of Theorem 8
	Proof of Theorem 12
	References


