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hinge compliances are one of the variables in the model. Researchers have an option of
selecting the most suitable flexure hinge compliance equations to calculate the kinetostat-
ics of the stage. Two cases are studied where two kinetostatic results are obtained using
two different sets of flexure hinge equations. The kinetostatic results are compared to

{g?]' thgg:ﬁc model the finite-element-analysis results to verify their accuracies.
3-RRR Crown Copyright © 2008 Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Micro-motion stages have emerged as an important technological advancement in the past three decades. The signifi-
cance of this advancement is highlighted in many applications where the positioning of components with micrometer or
nanometer accuracy is required. Examples include the positioning of samples in a scanning-electron-microscope (SEM),
the alignment of fibre-optics and lasers, the positioning of masks in lithography, the manipulation of cells in micro-biology
and the manipulation of micro-scale components in micro-assembly. Most of the micro-motion stages are designed based on
the compliant mechanism concept. Compliant mechanisms generate their motions through elastic deformations. Compliant
mechanisms eliminate problems such as wear, backlash, friction and needs for lubrication. Piezoelectric stack actuators,
hereafter referred to as piezo-actuators, are commonly used to provide fine resolution of input displacements to compliant
mechanisms.

Kinematic, static and dynamic models are needed to analyze and to synthesize the behavior of a particular compliant
stage design. The pseudo-rigid-body-model (PRBM) method is commonly used to predict the displacements of compliant
mechanisms with circular flexure hinges. The PRBM models a flexure hinge as a revolute joint (one-DOF) with an attached
torsional spring. Although the PRBM method is effective and it simplifies the model of compliant mechanisms, the PRBM
suffers some inaccuracies when it ignores the Ax- and Ay-deformation of flexure hinges [1-3] (see Fig. 1).

The kinetostatic model allows the fulfillment of both the kinematics and the force design criteria of micro-motion stages.
A precise kinetostatic model of compliant micro-motion stages will benefit researchers in at least the design phase where a
good estimation of kinematics, workspace or stiffness of a micro-motion stage could be realized. Jouaneh and Yang [4]
derived a kinetostatic model to predict the displacement and stiffness of a one-DOF, vertical motion compliant stage.
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Fig. 1. (a) Flexure hinge. (b) One-DOF model (PRBM). (c) Three-DOF model [19].

Fig. 2. Schematic of flexure hinge with dimensions, local coordinate, applied forces/moments and displacements.
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Fig. 3. Differences of various flexure hinge equations, Ac,/M, when compared to FEA results. These flexure hinge equations can be obtained in
[15,18,23,24,11,14].
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The developed equations modeled flexure hinges as having multi-DOF, which are the Ax-, Ay- and Ao,-deformation. The ana-
lytical results were in close agreement with the FEA results. However Jouaneh and Yang’s paper focused only on the mod-
eling of a one-DOF compliant mechanism. It was unclear if their modeling method would be applicable on compliant
mechanisms, which have more than one-DOF such as 3-RRR compliant micro-motion stages. Lobontiu and Garcia [5] formu-
lated an analytical method for displacement and stiffness calculations of a one-DOF planar compliant mechanisms with flex-
ure hinges. The closed-form formulations were based on Castigliano’s second theorem which considered all three in-plane
compliances of hinges. The closed-form equations were expressed as a load-deformation/displacement relationship. Park
and Yang [6] derived a kinetostatic model using the Castigliano’s second theorem for a six-DOF compliant mechanism.
The flexure hinges were modeled to have multi-DOF. The relationship between the input and the output displacements
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Fig. 4. Differences of various compliance equations, Ay/F, when compared to FEA results. SC is referred to shear compliance. These flexure hinge equations
can be obtained in [15,18,23].
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Fig. 5. Differences of various compliance equations, Ax/F, when compared to FEA results. These flexure hinge equations can be obtained in [15,18,23].
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was also derived. They compared the predicted displacements with that of the FEA results and the differences are within
29%. Stiffnesses of the compliant mechanism were not verified with FEA models. Choi et al. [7] derived a formulation using
the Lagrange’s equation to predict the amplification ratio of a one-DOF compliant mechanism with circular flexure hinges.
They modeled flexure hinges to have multi-DOF. It was unclear if their modeling method would be applicable on 3-RRR com-
pliant micro-motion stages.

Few researchers derived kinetostatic models for 3-RRR micro-motion stages. Ryu et al. [8] developed a XY0 compliant
stage which was driven by three piezo-actuators. The topology of this stage is similar to a 3-RRR compliant structure except
it consists of a double compound lever at each of the input links. They formulated a kinetostatic model to describe the rela-
tionship between input and output displacements, and stiffnesses of the stage by modeling flexure hinges to have multi-DOF.
They presented methodology of deriving the kinetostatic model is complicated and involves an intensive number of coordi-
nate transformations. Pham and Chen [9] derived analytical models to estimate the output stiffnesses of a three-DOF trans-
lational flexure parallel mechanism (FPM). This FPM consists of three double compound linear structures (one-DOF
mechanism) and three 3-RRR compliant mechanisms (three-DOF mechanism) in order to achieve three translational DOFs.
The method of deriving the stiffness model involves an intensive number of transformation matrices. This method could lead
to complications and difficulties when applied to other mechanisms. The input stiffness of the FPM was not presented and it
is not clear if this methodology can be used to estimate the input stiffness of compliant mechanisms. The prediction of the
input stiffness is particularly important for piezo-driven compliant mechanisms because the maximum displacement of a
piezo-actuator is governed by the structural input stiffness. High input stiffness will reduce the maximum displacement
of a piezo-actuator, which leads to the reduction of workspace of compliant mechanisms.

As a conclusion, the previously derived kinetostatic models for 3-RRR micro-motion stages are either complicated or do
not demonstrate the capability of estimating the input stiffness of the compliant mechanisms.

This paper presents a simple, closed-form kinetostatic model of 3-RRR compliant micro-motion stages which can be used
to predict the kinematics, and both the input and output compliances/stiffnesses of compliant mechanisms. Flexure hinges
are modeled as having three-DOF due to the fact that the 3-RRR compliant stage is a planar stage. Out-of-plane compliances
are very small for thick hinges (b is large) and are neglected. The closed-form kinetostatic model is expressed in terms of
flexure hinge compliances, material properties and geometrical parameters. Various flexure hinge compliance equations
were derived to predict the deformation and stiffness of a circular flexure hinge [10-15]. Most of the previously derived kine-
tostatic models were obtained using flexure hinge compliance equations derived by a particular research group such as Paros
and Weisbord [15]. However, depending on the geometrical ratio of flexure hinges, t/R (see Fig. 2 for hinge geometries),
some of these methods are more accurate than others [16,17]. Comparisons of results of various flexure hinge equations
were carried out by the authors to support the above statement. FEA (ANSYS) results were used as a benchmark for the com-
parison. The differences between the results of flexure hinge equations and the FEA are shown in Figs. 3-5. These figures
show that flexure hinge compliances determined using any single particular method may not be suitable for a large range

Table 1
Link length, flexure hinge dimensions and material properties of the 3-RRR compliant micro-motion stage

Material properties

E 71.7 GPa
Poisson’s ratio, v 0.33
Link length (mm) L L I3 Iy Is Is
47.9 22.2 0 30 4 12

Flexure hinge (mm) ty ty t3 Ry R R3 t1/Ry t2/Ry t3/R3 b

0.84 0.7 0.5 1.1 1.87 3 0.764 0.374 0.167 12.7
Table 2
Flexure hinge equations chosen for Case 1 and Case 2 for the kinetostatic derivation of the 3-RRR micro-motion stage

t/R Aoz /M, Ay/F, (without shear compliance) Ax/Fy

Case 1
Flexure hinge 1 0.764 PW (full) PW (simplified) PW (simplified)
Flexure hinge 2 0.374 PW (full) PW (simplified) PW (simplified)
Flexure hinge 3 0.167 PW (full) PW (simplified) PW (simplified)
Case 2
Flexure hinge 1 0.764 Schotborgh et al. [14] Lobontiu [18] PW (full)
Flexure hinge 2 0.374 Schotborgh et al. [14] Lobontiu [18] PW (full)
Flexure hinge 3 0.167 Schotborgh et al. [14] Lobontiu [18] PW (full)

PW is referred to Paros and Weisbord [15].
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of t/R ratio. Since flexure hinge compliances are one of the variables in the kinetostatic model derived in this paper, the most
suitable flexure hinge compliance equations can be chosen based on the t/R ratio of hinges to calculate the kinetostatic of 3-
RRR mechanism accurately. Two cases are studied where two Kkinetostatic results are obtained using two different sets of
flexure hinge compliance equations that derived previously by various research groups. The kinetostatic results of Case 1
were calculated by deliberately choosing the flexure hinge equations which have large differences when compared to the
FEA results (refer to Figs. 3-5). Meanwhile, the kinetostatic results of Case 2 were obtained by choosing the flexure hinge
equations which have small differences (refer to Figs. 3-5). Results of the kinetostatic models are compared to that of the
FEA in order to verify their accuracies, and the differences are discussed.

2. Derivation of the kinetostatic model

The kinetostatic model of a 3-RRR micro-motion stage is shown below (refer to nomenclature in Appendix A for the def-
inition of symbols),

Table 3

Design guideline of choosing a flexure hinge equation for a particular t/R range [16]

Research o, /M, % Error Ay/Fy (with SC) % Error Ax/Fx % Error

Group t/R range Min. Max.  Ave. t/R range Min. Max.  Ave. t/R range Min. Max.  Ave.
PW? (full) 0.05 < t/R<0.1 1.8 5.0 3.5 0.05<t/R<01 2 4 3.1 025<t/R<065 03 49 24
PW? (simpl.) 0.05 <t/R<0.2 1.2 4.9 3.1 0.05 < t/R<0.1 3 5.6 43 Not recommended

Lobontiu 0.05<t/R<0.1 1.8 5.0 3.5 0.05 < t/R<0.1 2 3.9 29 025<t/R<065 03 49 24
Wu and Zhou  0.05 < t/R < 0.1 1.8 5.0 35 0.05<t/R<0.1 2 4 3.1 025<t/R<065 03 4.9 24
Tseytlin 04 <t/R<06 0.7 4.5 2.5 NA NA NA NA NA NA NA NA
Smith 0.2 <t/R<0.65 0.8 3.7 24 NA NA NA NA NA NA NA NA
Schotborgh 0.05<t/R<065 0.03 2.5 1.2 NA NA NA NA NA NA NA NA
This article NA NA NA NA 005<t/R<08 O 2.7 0.07 0.05<t/R<0.8 0 1.1 0.08

4 Paros and Weisbord.

Table 4
Case studies - analytical matrices of the kinetostatic model of the 3-RRR micro-motion stage

Analytical results

Case 1
Cor, 10.486 0 0
(um/N, prad/N 0 10.486 0
pm/Nm, prad/Nm) 0 0 24,747
CoF, 0.810 0.229 -1.039
(um/N, prad/N) 0.732 —1.068 0.335
-30.924 -30.924 -30.924
Cinr, 0.152 —-0.018 —-0.018
(um/N) -0.018 0.152 -0.018
-0.018 -0.018 0.152
Janalytical 4.749 1.345 —6.093
4.294 —6.260 1.965
—266.749 —266.749 —266.749
Case 2
CoF, 12.215 0 0
(um/N, prad/N 0 12.215 0
pm/Nm, prad/Nm) 0 0 27,335
CoF,y 0.943 0.267 -1.211
(um/N, prad/N) 0.853 —1.244 0.390
—34.159 —34.159 —34.159
Cinr,, 0.175 —0.024 —0.024
(um/N) —0.024 0.175 —-0.024
—0.024 —0.024 0.175
Janalytical 4.749 1.345 —6.093
4.294 —6.260 1.965

—266.743 —266.743 —266.743
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There are assumptions made throughout the derivation of the kinetostatic model in this paper, which are (a) the structural
deformations only occur at flexure hinges and no deformations occur at rigid-linkages, and (b) the translational and rota-
tional displacements are small enough to be linearized. Similar assumptions were also made in other research work to sim-

plify analytical models [18].
The derivation of Cof,, CoF,,» Cinf, and Cip,, can be found in Appendix B.

3. Derivation of the closed-form kinematic model
The closed-form kinematics of the 3-RRR micro-motion stage is obtained by calculating the relationship between the in-

put and output displacements using Eq. (1). Assuming there is no external output force acting on the stage, which F, = 0, Eq.
(1) gives,

U, = Co.Fi,l x Fin (2)

Fin =Cop x Up 3)
and

Uin = cin.Fm X Fin (4)

Fin = G, % Uin (5)
By equating Egs. (3) and (5),

U, = Co.Fi,I X Ci;:]:i“ x Uip (6)
Table 5

FEA compliance and Jacobian matrices of the SEM micro-motion stage

FEA results

CorF, 11.498 0 0
(um/N, prad/N 0 11.476 0
pm/Nm, prad/Nm) 0 0 27,966
Cof,n 0.879 0.257 -1.136
(um/N, prad/N) 0.803 -1.162 0.357
—32.141 —32.245 —-32.115
Cinr,, 0.182 -0.024 —-0.024
(um/N) —0.024 0.182 —0.024
—0.024 —0.024 0.182
Jeea 4.259 1.250 —5.499
3.897 —5.645 1.734
—240.768 —241.315 —240.481
Table 6

Kinetostatic results of the 3-RRR micro-motion stage and their differences compared to FEA results

% Diff. compared to FEA

Kinetostatic model - Case 1 Kinetostatic model - Case 2
Co‘l-',, -8.8 - - 6.2 - -
(um/N, prad/N - -8.6 - - 6.4 -
pm/Nm, prad/Nm) - - -11.5 - - -23
CoF,y -7.9 -10.9 -85 73 3.8 6.6
(um/N, prad/N) -8.8 -8.1 -6.0 6.3 7.1 9.5
-3.8 —4.1 -3.7 6.3 5.9 6.4
Cinr,, -16.3 -25.5 -25.5 -3.8 -3.7 -3.7
(um/N) -25.5 -16.3 —25.5 -3.7 -3.8 -3.7
-255 -255 -16.3 -3.7 -3.7 -38
Janalytical 11.5 7.6 10.8 11.5 7.6 10.8
10.2 10.9 13.3 10.2 10.9 133
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Therefore, the matrix relates the input and output displacements, which is termed the Jacobian matrix J in this work, is de-
rived as follows:
J=Cor, % Cip,. (7)

The analytical results of Co,, CoF,,» Cinfor Cinr,, and J obtained using Eqs. (1) and (7) will be compared to the FEA results in
Section 5.

4. Case studies of a 3-RRR compliant micro-meotion stage

A 3-RRR compliant micro-motion stage which was designed for the positioning of samples in a scanning-electron-micro-
scope [19] is studied in this paper (see Fig. 12). It is a monolithic compliant mechanism with circular flexure hinges and was
manufactured using the wire-electric-discharge-machining (wire-EDM) technique. This stage is actuated by three
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piezo-actuators. It has planar motions along the x and y axes and rotations about the z-axis. The link length, flexure hinge
dimensions and material properties of the mechanism are shown in Table 1.

Two cases were studied where analytical matrices of the kinetostatic model of Case 1 were calculated by deliberately
choosing the flexure hinge equations which have large differences when compared to the FEA results (refer to Figs. 3-5).
Meanwhile, analytical matrices of Case 2 were obtained by choosing the flexure hinge equations which have small differ-
ences. Table 2 shows the flexure hinge equations chosen from various published research studies for Case 1 and 2, respec-
tively. Note that for the interests of readers, Table 3 provides a design guideline of choosing a flexure hinge equation for a
particular t/R range, and their minimum, maximum and average percentage differences. Related work regarding the devel-
opment of the guideline can be found in [16]. Table 4 shows the analytical results of Case 1 and 2, respectively.

4.1. Discussion

It can be observed that the off-diagonal terms of compliance matrix, Co, are zero. This is expected as the 3-RRR compli-
ant stage has a remote-centre-of-compliance (RCC) configuration and deformations occur only along the direction of the ap-
plied force/moment [20]. The 3-RRR stage was designed to have a somewhat decoupled characteristic where the input

z-axisis @
out of page

Fig. 7. Parallel spring model of 3-RRR micro-motion stages.
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displacements on one link have small effect on the input displacements of the other links. This characteristic can be observed
in Ciyf,, . The off-diagonal terms of Ciyf,, are approximately a factor of 8 smaller than its diagonal terms. It can be observed
that the analytical results of Case 1 and 2 are noticeably different except for the Jacobian matrix and the reason will be ex-
plained later in this paper. The differences between Case 1 and 2 results suggest that the choice of flexure hinge compliant
equations affect the accuracy of the kinetostatic model. Since the kinetostatic model is derived to have flexure hinge com-
pliances as one of the variables, the most suitable flexure hinge equations can be selected by referring to Figs. 3-5 in order to
obtain an accurate kinetostatic model. The modeling results of Case 1 and 2 are compared to the FEA results in order to verify
their accuracies.

5. Finite-element-analysis (ANSYS)
A two-dimensional FEA model of the 3-RRR compliant stage was generated using ANSYS for comparison purposes. The

stage was modeled using 8-node, plane elements (PLANE82) with two-DOF on each node, which are the nodal x and y-direc-
tions. This element type is suitable to model irregular shapes and curved boundaries without much loss of accuracy [21].

Rigid link
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Fig. 9. Ay! -displacement caused by the amplification of link, /;. Dashed lines represent initial position of the RRR structure. The flexure hinge is drawn as a
solid line and the rigid-link is drawn as a block.
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The thickness of the model was taken into consideration by using the plane stress element type with thickness option.
Plane stress elements were used instead of plain strain elements because plane stress elements provide a safer situation
with a possibility of 5-10% underestimation of stiffnesses, while plane strain elements could possibly provide a greater over
estimation [14]. To ensure that the mesh size was fine enough, especially near the flexure hinge locations, a number of ana-
lyzes were carried out where different mesh sizes were used. The output was checked each time the mesh size was de-
creased. When a consistent output was obtained, it implied that the mesh was fine enough. When nodal displacements
were read from the same node to which forces would be applied, pressures were applied on a line instead to avoid inac-
curacy of results associated with singularities on nodes. Meshes and constraints of the FEA model of the 3-RRR micro-mo-
tion stage are shown in Fig. 13. The following procedures were carried out to obtain the compliance and Jacobian matrices
of the stage:

(1) To obtain the compliance matrix CoF, of the stage, forces F,, and F,, were applied at a distance from Point o but along
the same lines of action as F,, and F,, (see Fig. 13). The corresponding nodal deformations (Ax,, Ay,, Ao,) at Point o
were measured. In order to obtain the compliances corresponding to a unit moment, two equal but opposite forces,
Fn, were applied as shown. Rotational deformation (Aa,) cannot be measured directly from the node at Point o because
the nodes of element type PLANE82 do not have the rotational DOF. However, Ao, can be easily calculated.

(2) To obtain the compliance matrix Co,, of the stage, pressures (Piin, Pain, P3in) corresponding to unit input forces were
applied on lines where Points 1;,, 2;, and 3;, are located as shown in Fig. 13, and the corresponding nodal deformations
(AX,, AY,, Adl,) at Point o were measured.

S 7'y
AYOL AN Is Ao
6 0

e

}4 Ayo'

Beeg

Rigid link

—

Flexure
hinge

Fig. 11. Calculation of compliances at Point 0. Dashed lines represents initial position of the RRR structure. The flexure hinge is drawn as a solid line and the
rigid-link is drawn as a block.

Fig. 12. 3-RRR compliant micro-motion stage.
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(3) To obtain the compliance matrix Ciyr, Of the stage, unit input forces were applied at Point o and the corresponding
nodal deformations (uyin, Uin, Usin) at Points 1;,, 2i, and 3, were measured. Moment was applied using two equal

but opposite forces, Fy,.
(4) To obtain the compliance matrix Ci,, of the stage, pressures (Pyiy, Pain, P3in) corresponding to unit input forces were

applied on lines where Points 1;,, 2;, and 3;, were located, and the corresponding nodal deformations at these points

were measured.
(5) To obtain the Jacobian matrix, pressures (Pqin, Pain, P3in) Were applied independently on lines where Points 1, 2, and

3in were located. The corresponding input displacements (uin, Uzin, Usin) at Points 1, 2;, and 3y, and the output dis-
placement (Ax,, Ay,, Aa,) at Point o were measured. The Jacobian matrix was obtained where the output displace-

ments were divided by the input displacements.

Table 5 shows the results of the compliance and Jacobian matrices of the micro-motion stage. Cipf, is the transpose of
CoF,,. Therefore, the results of Ciyf, are not repeated in Table 5.

5.1. Comparison of analytical results with FEA

The results of kinetostatic models of Case 1 and 2 obtained in Section 2 were compared to the FEA results. Table 6 shows
the differences of the kinetostatic results when compared to that of the FEA.

5.1.1. Discussion
By comparing the kinetostatic results of Case 1 and 2 of the 3-RRR compliant micro-motion stage to the FEA results, it can

be noted that the differences of the output (C,,) and input (Ciyr,,) compliance matrices are significantly reduced for Case 2.
The choice of flexure hinge compliance equations, in these case studies, only slightly varies the accuracy of CoF, . The same
is true for the Jacobian matrices of Cases 1 and 2. This is because the Jacobian matrix represents the kinematics of the
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micro-motion structures, and therefore it is independent to the compliances or stiffnesses of flexure hinges. The choice of
flexure hinge equations used to calculate the analytical results has minimal effect on the results of the Jacobian matrix. Nev-
ertheless, the compliance results of Co, and Ciyf,, are improved significantly when the suitable flexure hinge equations are
used (Case 2).

The derived kinetostatic model in this paper is capable of providing good predictions of the kinematics, and both the input
and output compliances when compared to the FEA results. The kinetostatic model in Case 2 predicts (a) the kinematics of
the 3-RRR mechanism to be within 13%, (b) the input compliances to be within 4%, and (c) the output compliances to be
within 6% when compared to the FEA results. These differences could be attributed to the assumption made in deriving
the kinetostatic model. The kinetostatic model assumes that the deformation of rigid-links of the micro-motion stage is small
and can be ignored. This assumption is made because the 3-RRR compliant structure is not an over-constrained structure.
Therefore, deformations are not expected at rigid-links [22]. However, the small differences between the kinetostatic results
and the FEA results could be due to these unmodeled rigid-link deformations. The differences between the kinetostatic and
the FEA results could also be attributed to the errors of the flexure hinge compliance equations chosen (see Figs. 3-5).
Although flexure hinge compliance equations which have small differences when compared to FEA results were chosen in
Case 2, these small differences could be enlarged through linkages of the 3-RRR compliant structure.

6. Conclusions

A kinetostatic model of a 3-RRR compliant micro-motion stage, which allows the fulfillment of both the kinematics and
the force design criteria of compliant micro-motion stages, is derived and presented in this paper. The derived kinetostatic
model in this paper can be used to predict the kinematics, and both the input and output compliances/stiffnesses of 3-RRR
compliant mechanisms. The kinetostatic model has closed-form equations, and circular flexure hinge compliances are one of
the variables in the model. Therefore, researchers can choose the most suitable flexure hinge compliance equations in order
to calculate the kinetostatics of compliant stages accurately. Two cases of the kinetostatic results of a 3-RRR compliant
mechanism were studied in this paper. The kinetostatic results of Case 1 were calculated by deliberately choosing the flexure
hinge equations which have large differences when compared to FEA results. Meanwhile, the kinetostatic results of Case 2
were calculated by choosing the flexure hinge equations which have small differences. It can be observed that the kineto-
static results of Case 1 and 2 were noticeably different. These results suggest that the choice of flexure hinge compliance
equations affects the accuracy of the kinetostatic model of the 3-RRR mechanism. The modeling results of Case 1 and 2 were
compared to the FEA results in order to verify their accuracy. The comparisons show that the differences of the output and
input compliances (Cof, and Ciyf,, ) were reduced significantly for Case 2. The differences of Jacobian matrices of Case 1 and 2
were the same. Jacobian matrices represent the kinematics of the micro-motion structures, and the choice of flexure hinge
equations used to calculate the analytical results has minimal effect on the results of the Jacobian matrix.

The derived kinetostatic model was capable of providing good predictions of the kinematics (within 13%), and both the
input (within 4%) and output (within 6%) compliances when compared to the FEA results. The accuracy of the kinetostatic
model will be experimentally verified in near future.
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Appendix A. Nomenclature

Nomenclature Note: Vectors and matrices are shown in bold face.
Subscripts

1, 2, 3, 01, 0 Point 1, 2, 3, 0/, 0

XY,z reference axes

h1, h2, h3 Hinge 1, 2, 3

Ly, Ly, L3 Links 1, 2, 3

Superscript

1,2,3 reference axes of flexure hinges

Symbols

X,y reference axes

Ax, Ay translational displacements in the x-, y-axis, also named as Ax-displacement and Ay-displacement

Ao rotational displacements along the z-axis, also named as Ax-displacement
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Appendix A (continued)

Nomenclature Note: Vectors and matrices are shown in bold face.
C compliance matrix
F, M forces, moment

0Ax/OF, 0Ax /oM
Ay /oF, dAy/oM
0Ac/0F, 0Ao /oM
[0t/ M, ];,[AY /Fy)j
[Ax/Fy];

G

R;
Uo
Uin

Fo
Fin
co.Fo
Co,F
in,Fo

cin.Fi,,
D

in

the change of Ax-displacement due to forces/moments (compliance)
the change of Ay-displacement due to forces/moments (compliance)
the change of Aa-displacement due to forces/moments (compliance)
compliances of flexure hinge j, where j =1,2,3

smallest thickness of flexure hinge j, where j =1,2,3

radius of flexure hinge j, where j =1,2,3

3 x 1 matrix representing the output displacements (Ax,, Ay,, Ad,) of the stage

3 x 1 matrix representing the input displacements (u;in, Usin, Usin) Of the stage. The input
displacements are along the direction of the input forces

3 x 1 matrix representing the output forces/moments acting at Point o (Fox, Foy, Moz)

3 x 1 matrix representing the input forces (Fiin, Fain, F3in)

3 x 3 compliance matrix relating the output displacements to the output forces/moments
3 x 3 compliance matrix relating the output displacements to the input forces

3 x 3 compliance matrix relating the input displacements to the output forces/moments
3 x 3 compliance matrix relating the input displacements to the input forces
displacement matrix

Appendix B. Derivation of output compliance matrix, C, r,

The schematic of a 3-RRR compliant micro-motion stage is shown in Fig. 6. Due to the symmetrical structure of the 3-RRR
compliant micro-motion stage, the 3-RRR structure can be divided into three links in order to calculate the C,f, matrix. Each
link consists of a RRR topology which has three circular flexure hinges. The flexure hinge compliances are [Ac;/M,];, [Ay/Fy);
and [Ax/F);, where j = 1,2, 3. The RRR compliant structure is shown in Fig. 6b together with its dimensions, displacements,
local coordinates of flexure hinges and the applied forces/moments. The compliances at Point o/ contributed by each flexure
hinge in the structure are firstly calculated. These compliance matrices are named Cyq, Cpz and Cys. The three flexure hinges
of the RRR structure are arranged in series; therefore the compliance matrix of the RRR structure at Point o/ can be obtained
by summing Cpq, Cnz and Cy3. The compliance matrices of the three RRR links are referred to as Ci,of,, Cryo, and CioF,,
respectively. The three RRR links of the 3-RRR compliant structure are arranged in parallel; therefore C,r, matrix in Eq.
(1) is calculated by summing C,oF,, C0r, and Ci,op, using the rule of parallel connection of springs (see Fig. 7).

B.1. Compliances of the RRR mechanism due to Hinge 1

The compliance matrix of the RRR mechanism due to Hinge 1 is expressed as,
0Ax), JoFyx  0AX) JOFy, 0AX) /OMy,
Ch = aAy;’/aFO/X aAy};'/aFu’y aAy})'/aMo/z (B-8)
0Aw) JoFyx  0Adl JOFyy 0AdL /OMy,

where the partial derivative terms in Eq. (B.8) are derived as follows:

B.1.1. Derivation of 0Aa], /oFyx, dAdl, /oFy, and dAwl, /oMo,
From Fig. 8, forces/moments acting at Point or and Point 1;, can be resolved into forces/moments acting at Point 1 as

shown below,

le = Fo’x

Fly:Fu’y*Flin

M, = —Foxls + Foyli + Mo, — Fuinls
The rotational displacements along the z-axis, Ao} at Point 1 can be calculated as shown below,

Ao, Ao,

= ] M 3] For

Aa
_ [ } {~Foxla + Foy(l +R1) + My — Frin(ls + Ri)} (B.9)
1

M,

The Aol-compliances of Hinge 1 caused by F, Fy and M, are obtained by taking the partial derivatives of Aol with respect
to the forces/moments acting at Point o/,
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dAal {Aocz}

=1 B.10
Fox M, (8.10)
dAa} {Aocz}

=(; +R B.11
oy~ TR, (B.11)
dAal {Aocz}

= B.12
alV[o’z Mz 1 ( )

The results of the partial derivatives of Aa} in Eqgs. (B.10), (B.11) and (B.12) describe the relationship between the Ao}-dis-
placement and the forces/moments.

The Ac},-displacement at Point or is the same as the Aol-displacement at Point 1. Therefore, dAa], /oFgx, dAa), /OFy, and
dAarl, /oMy, are the same as Eqgs. (B.10), (B.11) and (B.12).

B.1.2. Derivation of dAy!, /OFx, 8AYl, /oFy, and dAyl, /oM,
The translational displacements along the y-axis, Ay} at Point 1 can be calculated as shown below,

A Ao A Ao
Ay} = [F_ﬂ 1F‘1y + {Wj 1IthR] = [F—ﬂ ] (Foy — Fiin) + {Mj 1 (=Foxla + Foyly + Mz — Fiinls)Ry (B.13)

The Ayl-compliances of Hinge 1 caused by Fo, Fyy and M, are obtained by taking the partial derivatives of Ay} with respect
to the forces/moments acting at Point o',

dAy} {Acxz}

= LR B.14
aFo/x 4 Mz 1 ( )
oAy;  [Ay Ao,
Col AR | (B15)
oAy} [Aaz}

=R B.16
My~ M), (B.16)

Due to the amplification of the link with distance I, the translational displacement along the y-axis, Ay}, at Point or is the
summation of Ay!-displacement at Point 1 and the amplified displacements caused by the rotational motions of the link
(see Fig. 9). Therefore, the Ay} -displacement is,

AyL = Ayj + Aol (B.17)

The Ay!,-compliances of Hinge 1 caused by F,y, Fsy and M, are obtained by taking the partial derivatives of Ay}, with respect
to all the forces/moments acting at Point o,

oAyl oAyl Aol Ao,
Sy~ OFgr " gy 1= Tl RO G (B.18)
dAyl, oAyl  dAdl, {Ay} [Aocz]
= + L=|=| +{LiRi+L(L +R B.19
Fyy  OFgy | OFoy 1 F, |, {liR + (L 1)} M, |, ( )
dAY),  dAyl  dAwl, {Aocz}
= L=0lL+R B.20
My, oMy, oy, RO . (8.20)
B.1.3. Derivation of dAxY, /oFyx, dAX), JOFyy and 0AXL /oMy,
The translational displacements along the x-axis, Ax} at Point 1 can be calculated as shown below,
Ax
4x; :{—} F
1 Fx . 1x
_[Ax Fox (B.21)
Fy |,

The Ax!-compliances of Hinge 1 caused by Foy, Fyy and M, are obtained by taking the partial derivatives of Ax] with respect
to the forces/moments acting at Point o',

dAx! {Ax}

=|= B.22
aFo’x Fx 1 ( )
0AX]

o, ~© (B.23)

OAX!
=0 (B.24)
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Due to the amplification of the link with distance L, the translational displacements along the x-axis, Ax., at Point o is the
summation of Ax}-displacement at Point 1 and the amplified displacements caused by the rotational motions of the link (see
Fig. 10). Therefore, the Ax},-displacement is,

Ax} = Ax! — Aol ly (B.25)

1=
The negative sign of Aall, is due to the fact that when Aa), is rotated towards the anti-clockwise direction (negative rota-
tions), Point o is moved towards the positive Ax!-direction.

The Ax!-compliances of Hinge 1 caused by F,, Fyy and My, are obtained by taking the partial derivatives of Ax!, with
respect to the forces/moments acting at Point o',

0AXl,  0AX] 0Awl,  [Ax 2 [Ao,
Fy g OFur 4 {F_X]l s {MZL (B.26)
0Ax!,  0Ax! A« {Aacz}

= - Iy =Ll +R B.27
aFOry 2 FO,y aFo’y 4 4( 1 1) MZ . ( )
0AXl, 0Ax!  dAd) [Aocz]

- _ L= —l, | =22 B.28
oMy, oMy, oM., ' *|M,], (B.28)

By substituting Eqgs. (B.10)-(B.12), (B.18)-(B.20) and (B.26)-(B.28) into Eq. (B.8), the compliance matrix of the RRR structure
due to Hinge 1, Cy; can be obtained.
Similar method is used to derive Cy; and Cygs.

B.2. Compliances of the RRR mechanism due to Hinge 2

The compliance matrix of the RRR structure due to Hinge 2 is expressed as,
OAX2 [OF gy  0AX% JOFyy 0AX2 /OMy,
Chz = | 0AY? /OFyx  0AY? /OFyy 0AY? /oMo, (B.29)
OA02 [OFyy A2 JOFy, OAGZ /OMy,

where the partial derivative terms in Eq. (B.29) are shown as follows:

%AFocj _ (B.31)
2

-]

%ﬁyz = 2?3’5 + %AF“Z (b+1+2Rs) = — ﬁ—ﬂz —{(l + 15+ 2R3)Ry + (b + 15 +2Rs) (L + 13 + 2Rs + Ry)} ﬁwoizL (B.33)

glayz - glelyg + 2AM°(2 (b + 15+ 2Rs) = (I + 5 + Ry + 2Rs) ﬁzz]z (B.35)

Zﬁxg 0 (B.36)
2

-

SAA/[xg o (B.38)

B.3. Compliances of the RRR mechanism due to Hinge 3

The compliance matrix of the RRR structure due to Hinge 3 is expressed as,
OAX3, [OFgx  0AX3 JOFyy  0AX3 /OMy,
Chs = | 0AY3 /OFyx  OAY3 JOFyy OAY3 /oMy, (B.39)
0AX3 JOFyx  0AX3 JOFyy A /OMy,

where the partial derivative terms in Eq. (B.39) are shown as follows:
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]

aaAFocj _ (B.41)
3

12

e e e =[], 2], o

0AY3  dAY:  dAxd,
oFyy ~ OFyy " Fyy 30 (B.44)

- ]
%fé o (B.46)
)
fo o (B.48)

B.4. Compliance matrices of Links 1, 2 and 3

Since the three flexure hinges are arranged in series in the RRR structure, the overall compliances of the RRR structure at
Point o’ can be calculated by summing the compliance matrices, Cy;, Cyz and Cy3. However, the compliance matrices Cy, and
Cn3 are defined using the local coordinate of x?y?, and x3y?, respectively. These local coordinates are orientated 90° from the
coordinate of x°'y*". Therefore, Cy, and Cy3 need to be rotated by 90° before the summation. The rotated Cy, and Cy3 are re-
ferred to as Cp, and Cy;, respectively.

Ciz = T2 x Cn2 (B.49)
Cis = Try2 x Cns (B.50)
where
cos(m/2) —sin(m/2) 0O
T.» = | sin(m/2) cos(m/2) O (B.51)
0 0 1
The compliance matrix at Point or of Link 1, which is the first RRR link in the 3-RRR micro-motion structure is,
Criof, = Ch1 + Cpp + 3 (B.52)

where the subscript “L;” indicates Link 1 of the 3-RRR structure.
The output displacements at Point or of Link 1 is,

Axy

Ayy =CroF, x Fo (B.53)
o |y,
where Fo = [Fox Fyy My, "

When output forces are applied at Point o instead of Point os (see Fig. 6a) and the displacements at this point are desired,
matrix Ty can be used to transfer the output forces from Point o to Point or. Once Ci,o f,, is determined using Eq. (B.52), the
compliances at Point o can be calculated by transforming Ci,or, to Point o using a matrix, Tq. Intuitively, we know that
Ax, = Axy and Ao, = Ao,. However, Ay,#Ay, due to rotational motions (Ao, ) and the amplification of lever arm, ls. This
link amplification effect is taken into consideration by the matrix Tq. Displacement Ay, of the RRR stage is illustrated in Figs.
11 and 13.

The force transformation matrix is,

1.0 0
Tt=|0 1 0 (B.54)
0 -l 1
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where
Fo = T¢ x Fo (B.55)
and
T
FD = [Fox Foy Moz}

The displacement transformation matrix is,

1 0 O
Ta=1|0 1 - (B.56)
00 1
The output displacements at Point o of Link 1 is,
AX,
Ay, | =TaxCLop, x (Tr x Fo) (B.57)
A, L

Therefore, the compliance of Link 1 at Point o is,

Crior, =Ta x Crof, x Tt (B.58)

o

Since Link 2 and Link 3 are arranged to be —120° and 120° apart from Link 1, the compliance of Link 2 and Link 3 at Point o
can be obtained as shown below.
The displacements, Dy,o5, and Dy,oF, at Point o due to compliances of Links 2 and 3, respectively are,

Dok, =T 203 X CLiok, x T'y, 3 x Fo (B.59)
DL30-F0 = TZn/3 X ClqO,Fo X T;n/S X Fo (B60)
where

cos(2m/3) —sin(2m/3) O

Tan3 = | sin(2m/3) cos(2m/3) O (B.61)
0 0 1
cos(—2m/3) —sin(-27m/3) O
T_ 2.3 = | sin(-2m/3) cos(-2m/3) O (B.62)
0 0 1

and T;,, /3 and Tfh /3 are the transpose of Tz,/3 and T_,/3, respectively.
Therefore from Egs. (B.59) and (B.60), compliance matrices of Links 2 and 3 can be expressed as,

Cl—zO,Fo = T,z,,/3 X CL10,F0 X TEZn/3 (863)
Cryof, = T2n/3 X CrjoF, X T;n/3 (B.64)

B.5. Compliance matrix Cop,
Since Links 1, 2 and 3 are arranged parallel to each other (see Fig. 7), the compliance matrix of the 3-RRR compliant micro-

motion stage, Cor, can be found using the rule of calculating the equivalent compliances for parallel connections of springs.
-1

Cor, = (cl;]n.Fu + cl;lo,Fo + Cljof.,) (B.65)
The output displacements of the 3-RRR compliant stage due to applied forces/moments can be expressed as,
AX,
Ay, =GCox, x Fo (B.66)
AOCO 3RRR

B.6. Derivation of compliance matrix, Cor,, and Cigp,

The compliance matrix which relates the output displacements at Point o to input forces Fy;,, Fain and Fsj, is,
Cok, = [CoFyn Coryn  Coksy | (B.67)

where Cop,,., Cor,, and Cof,,, are 3 x 1 matrices relating the output displacements to the input forces.
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In order to find C,F,,, in Eq. (B.67), the 3-RRR compliant stage is divided into three RRR links, similar to the calculation of
Cor,. The compliance matrix (Ci,o f,,) Of Link 1 at Point o/ due to Fyj, is firstly calculated. Then, the compliance matrix at
Point 0, Cy,oF,, are calculated by multiplying the transformation matrix, Ty to Cp,o -

B.6.1. Derivation of Cy,¢ F,,, and Cr,0f,;,

When input force Fy;, is applied, compliances of the RRR Link 1 at Point or and Point o are only affected by the compliances
of Hinge 1 due to its open-chain configuration. The compliance matrix at Point o/, C,o 5, due to Hinge 1 is expressed as,
OAX), /oF 1in
0AYy /OFiin (B.68)
dAatl, JoF 1in

‘Fiin

CL1 o

Fiin =

where the partial derivative terms in Eq. (B.68) are derived as follows:
The Aoj-, Ayl- and Ax!-compliances of Hinge 1 caused by Fji, are obtained by taking the partial derivatives of Aal, Ay!
and Ax! from Egs. (B.9), (B.13) and (B.21) with respect to the input force Fy;, acting at Point 1;, (see Fig. 8),

dAal {Aocz}

= (s +R B.69
oFum TR, (5:69)
oAy} {Ay} |:AOCZ}

— | (R |2% B.70
aFlin Fy 1 ( > ]) Mz 1 ( )
0AX]

o, =0 (B.71)

The Aal-displacement is the same as Aal-displacement. Therefore, the partial derivative of Ao, with respect to Fiiy
(0Aa], /OFyiy) are the same as Eq. (B.69).

The Ay}, - and Ax!,-compliances of Hinge 1 caused by Fy;, are obtained by taking the partial derivatives of Ay}, (Eq. (B.17))
and Ax}, (Eq. (B.25)) with respect to Fy, at Point 1j,

tpa ~ihn i [p] {00 s m [ ) o
o o3
By substituting Eqs. (B.69), (B.72) and (B.73) into Eq. (B.68), Cr,0 F,;,, can be found.
The compliance matrix at Point 0, Cy,of,, IS,
Cl.,o,Flin =Tq x CL10/.F“,, (B~74)
B.6.2. Derivation of CoF,,,, CoFy, and CoF,,
The output displacement of Link 1, Dy,oF,,, at Point o due to input force Fyj, is,
Di,oFin = CLioFyn X Fiin (B.75)
By using Eq. (B.58), the output displacement of Link 1, Dy, o, at Point o due to output force F, is,
Dior, = Cryor, % Fo (B.76)

By equating Eqgs. (B.75) and (B.76), the equivalent output force Fy, ¢ eqv at Point o when Fy;, = 1N (unit force) can be calculated
as below, where Fi o eqv = F, in Eq. (B.76).

FLlo,eqv = [Cle.Fn}71 X cLlo‘F“n (B77)

By multiplying the equivalent output force Fi, ¢ eqv to Cof,, the output displacement of the 3-RRR compliant stage caused by
Fiin from Link 1 can be found. Since a unit force of Fy;, is used to calculate the equivalent output force, the output displace-
ment obtained can also represents the output compliance of the stage caused by Fij,

CoFyn = Dofyn = Coko X FLioequ (B.78)
Since Link 2 and Link 3 are orientated by —120° and 120° from Link 1, Cof,,, and CoF,,, can be found as shown below.

Coryn = T-24/3 X Cofyin (B.79)

Coryn = Tors3 X Copyy, (B.80)

By substituting Eqs. (B.78)-(B.80) into Eq. (B.67), the compliance matrix Cop,, of the 3-RRR stage can be obtained.
And Gy, is the transpose of Cof,, and can be obtained as below,

Cinr, = [Cor, ] (B.81)
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B.7. Derivation of compliance matrix, Cinp,,

The compliance matrix which relates the input displacements at Point 1;,, Point 2;, and Point 3;, to input forces Fj,, Fin
and Fs;, is,

Ci“:Fin = [ci“=Flin ciﬂfzin Cin-F.’iin} (B.82)

where Cipp,, is a 3 x 3 matrix, Cing,,,, Cinfy, and Cing,, are 3 x 1 matrices.

The input displacements, Di, f,,, due to input force Fy;, can be calculated as below, where Ciyf, is obtained from Eq. (B.81)
and Fy ¢ eqv is obtained from Eq. (B.77). Note that Fy,oeqv is the equivalent force calculated at Point o when input force Fyj, is
applied at Link 1. Since a unit force of Fy;, is used to obtain the equivalent output force, the input displacements Dj,f,,, 0b-
tained can also represents the input compliances of the stage caused by Fyi,

Wtin Fyy,
Cin.F“,| :Din,F“n = | WinFy, | = Cink X FLioequ (B.83)
u3in-,Flin

where Ujinf,,,, UzinF,, and usiyf,, are displacements at Point 1;,, Point 2;, and Point 3;,(see Fig. 6) of the 3-RRR stage due to
F1in-
Similarly for Links 2 and 3,

cil‘l‘inn = Din,FZin = Cin,Fn X Flzo,eqv (884)

where
FLzo,eqv = T—Zn/3 X FLlo,eqv
and
Cinfy, = Dinky, = Cingo X Faoeqv (B.85)

where
FL;o,eqv = TZn/3 X Fllo.eqv

By substituting Egs. (B.83)-(B.85) into Eq. (B.82), compliance matrix Ci,f, can be obtained.
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