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Studying the stability of the Kalman filter whose measurements are randomly lost has been an active
research topic for over a decade. In this paper we extend the existing results to a far more general setting
in which the measurement equation, i.e., the measurement matrix and the measurement error covariance,
are random. Our result also generalizes existing ones in the sense that it does not require the system
matrix to be diagonalizable. For this general setting, we state a necessary and a sufficient condition for
stability, and address their numerical computation. An important application of our generalization is a
networking setting with multiple sensors which transmit their measurements to the estimator using a
sensor scheduling protocol over a lossy network. We demonstrate how our result is used for assessing
the stability of a Kalman filter in this multi-sensor setting.
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1. Introduction

With the fast development of communications technologies,
distributed control and monitoring are becoming increasingly pop-
ular. Packet losses resulting from communication links cause that
the estimation accuracy of a Kalman filter deteriorates. Motivated
by this, the stability condition of a Kalman filter when measure-
ments are intermittently available has attracted a great attention
in the recent years. In Sinopoli et al. (2004), the authors established
the mathematical foundations for the estimation stability with
measurement losses and pointed out that the covariance of the
estimation error may not reach a steady state. Inspired by this,
several authors have studied different aspects of the problem,
using different assumptions on network models and protocols.
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When a Kalman filter is subject to randomly intermittent ob-
servations (KFIO), its error covariance (EC) matrix becomes also
random. Its asymptotic expected value, denoted by AEEC (for
asymptotic expected error covariance), is typically used as a per-
formance measure for designing the components of the system, the
communication channel, and the estimator. There exists rich litera-
ture dedicated to finding the stability conditions of the KFIO (Dana,
Gupta, Hespanha, Hassibi, & Murray, 2007; Huang & Dey, 2007;
Liu & Goldsmith, 2004; Mo & Sinopoli, 2008, 2012; Park & Sahai,
2011; Plarre & Bullo, 2009; Quevedo, Ahlen, & Johansson, 2013;
Rohr, Marelli, & Fu, 2010a, 2010b, 2011; Schenato, 2008; Schenato,
Sinopoli, Franceschetti, Poolla, & Sastry, 2007; Sinopoli et al., 2004;
Xie, 2008, 2012; Xie & Xie, 2007; You, Fu, & Xie, 2011). Some
authors adopt the stability criterion used in Sinopoli et al. (2004),
namely, a KFIO is said to be stable if its AEEC is finite (Sinopoli et al.,
2004), and unstable otherwise. Other authors adopt the concept of
peak error covariance introduced in Huang and Dey (2007). More
recently, the equivalence between the two notions of stability has
been studied in Xie (2012) and You et al. (2011).

In spite of the fact that there are many papers studying stability
conditions of the KFIO, a necessary and sufficient condition for a
general system is still not available. Most answers are only partial,
in the sense that they depend on a particular structure of the
system, or offer only a sufficient condition which is not necessary.
In these papers, there are mainly two kinds of packet loss models:
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The first one considers the dropouts as a sequence of independent
and identically distributed (i.i.d.) binary random variables. The
second one is known as the Gilbert-Elliott model (Elliott, 1963;
Gilbert, 1960), and models the dropouts using a first-order Markov
process. A generalization of these two models is the stationary high
order Markov model, also known as finite state Markov channel
(FSMC) (Sadeghi, Kennedy, Rapajic, & Shams, 2008). It permits
modeling more complex channels with memory and fading. In the
context of KFIO, this network model has been considered in Censi
(2011), although not for the purposes of assessing stability.

For the i.i.d. packet loss model, the authors of Sinopoli et al.
(2004) showed that there exists a critical value, such that the
AEEC is bounded if the packet arrival probability is strictly greater
than this value, and unbounded if the packet arrival probability
falls below the critical value. They also provided lower and upper
bounds on the critical measurement packet arrival probability.
These bounds are only tight for systems whose observation matrix
C is invertible, leading to a necessary a sufficient condition for
stability of this kind of systems. This assumption was relaxed
in Plarre and Bullo (2009), so that only the part of the matrix C
corresponding to the observable subspace is required to be invert-
ible. The assumption was further relaxed by Mo et al. in Mo and
Sinopoli (2008), where they studied the case where the unstable
eigenvalues of A have different magnitudes.

For the Gilbert-Elliott network model, the first work studying
the stability of a KFIO is Huang & Dey (2007). In that work, a
sufficient condition for stability was derived, considering the peak
covariance criterion. For a scalar system, the authors showed that
this sufficient condition is also necessary. In Xie (2008), a new
sufficient condition for the stability of the peak covariance was es-
tablished. In the particular case where the observation matrix C has
full column rank (FCR), the sufficient condition is also necessary. In
the case of second order systems, You et al. (2011) gave a necessary
and sufficient condition for stability. In Mo and Sinopoli (2012),
the authors derived a necessary and sufficient stability condition
for a kind of systems which they call non-degenerate. This result
generalizes most necessary and sufficient stability conditions of
systems using the Gilbert-Elliott network model.

For the general FSMC model, to the best of the authors knowl-
edge, the only available work is Rohr, Marelli, & Fu (2014). The
authors provided a necessary and a sufficient condition for the
stability of the KFIO, which is valid under the assumption that
the state transition matrix A is diagonalizable. This is the most
general result known so far, since, as the authors show, every other
available result follows as a particular case.

The goal of this paper is to generalize the result in Rohr et al.
(2014), so that the resulting necessary and sufficient condition for
stability can be applied to distributed Kalman filtering problems
under a much more general setting. An important example is the
state estimation on discrete-time systems, whose measurements
are acquired by multiple sensors, and transmitted to the estimator
using sensor scheduling over a lossy network. More precisely, in
some wireless networked applications, only limited energy and
bandwidth is available for data collection and transmission. Con-
sequently, it is not feasible that all sensors transmit their measure-
ments at every sampling time. Then, a method is required to decide
which sensor sends its measurement to the estimator at each time.
This decision-making process is referred to as sensor scheduling.

Sensor scheduling has been an active research problem for
several years. For example, Walsh and Ye (2002) have studied the
stability for the close-loop control problem with sensor schedul-
ing. Also, Gupta, Chung, Hassibi, and Murray (2006) proposed a
stochastic scheduling strategy for the networked state estimation
problem, and derived the optimal probability distribution for se-
lecting sensors at each sample time. Shi, Cheng, and Chen (2011b)
considered a system with a single sensor, and studied the problem

of whether or not to send its data to a remote estimator, with
the aim of saving communications. They studied two scheduling
schemes, according to the computational power of the sensor. If
the sensor has sufficient power, and under a given communication
constraint, they provide an optimal scheduling scheme to min-
imize the mean squared error (MSE). On the other hand, if the
sensor has limited computation power, they gave a scheduling
scheme that guarantees that the MSE remains within certain pre-
scribed level. Also, an optimal periodic schedule, satisfying given
communication and power constrains, is derived in Shi, Cheng, and
Chen (2011a). Sui, You, and Fu (2015) studied the optimization of
certain sensor scheduling frameworks for the CMSA/CA protocol.
Other relevant works on sensor scheduling include Hovareshti,
Gupta, & Baras (2007), Savage & Scala (2009), Shi, Epstein, Sinopoli,
& Murray (2007), You & Xie (2013) and You, Xie, & Song (2013), to
name a few.

When a sensor scheduling scheme is used together with a
randomly lossy data transmission, both scheduling and packet
loss directly affect the stability of estimation process. Our stability
results are general enough so as to be applicable to assess stability
in this setup. We show how this is done using two scheduling
schemes, namely, time-based scheduling and random scheduling.

In order to achieve the above, we generalize the result in Rohr
et al. (2014) in the following senses:

Model: we drop the diagonalizable assumption on the state tran-
sition matrix A, making the result valid for any arbitrary matrix.

Measurements: we generalized the way in which measurements
are produced in the following three directions:

(1) Instead of considering a random channel model in which
a measurement can be either perfectly transmitted or
totally lost, we consider a far more general random mea-
surement equation, in which, at each sample time t, both
the measurement matrix C; and the measurement noise
covariance R;, are randomly drawn from some known
distribution.

(2) While in current works the most general statistical depen-
dence condition for the packet loss process is given by the
FSMC model, we assume a more general condition for the
pair (C;, R;). This condition is stated in Eq. (15).

(3) Also, while current works assume that the model for the
packet loss process has stationary statistics, we generalize
this assumption to the case where (C;, R;) has cyclo-
stationary statistics. This generalization is essential to
the application of our results to a time-based scheduling
setting (Section 7.1).

The paper is organized as follows. Section 2 introduces some
mathematical background. Section 3 states the research problem.
The main result (Theorem 14) is presented in Section 4, together
with the general random model of the measurement equation, for
which this result is valid. In Section 5, we provide some insight
into this general random model. The stability condition stated in
our main result is expressed in terms of certain quantity, whose
computation is non trivial. In Section 6 we describe how to com-
pute this quantity. In Section 7, we show how to apply our sta-
bility results for sensor scheduling. We draw our conclusions in
Section 9. For the ease of reading, the formal proof of our main
result is presented in Section 8.

2. Preliminaries
Throughout the paper we use the following notation.
Notation 1. We use N to denote the set of natural numbers, Z to

denote set of integers, R for the real numbers and C for the complex
numbers. For a real or complex scalar, vector or matrix, we use * to
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denote its transpose conjugate. For an arbitrary set S, we use SN to
denote the set of N-tuples with values in S, and ST for the set of
sequences with the same values indexed by T. For s € SN or s € &7,
we use s(i) to denote the ith element in s.

We use (i, X) to denote a normal distribution with mean u and
covariance matrix X and CN(u, X') to denote a circularly-symmetric
complex normal distribution with the same mean and covariance.
For an event A, we use P (A) to denote its probability. For a random
variable x, E (x) denotes its expectation and P (x = a) denotes the
probability of the event {x = a}. Following a standard convention, in
order to simplify the notation, we use x to denote both, the random
variable and the value defining the event. We therefore write P (x) as
a shorthand notation for P (x = x).

We now introduce some required mathematical background on
measure theory.

Let (£, B) be a measurable space. We use M(&) to denote the
Banach space of signed measures on &, which are bounded in the
total variation norm (which we denote by ||-||). We also use £ (&)
to denote the set of bounded linear operators k : M (£) — M (&).
We use o (k) to denote the spectrum of x € £ (€) and p (k) to
denote its spectral radius. We also define l_ll:zll{n = Kky---k1and
i = l_lff:w :

An important subset of M (€) is that of probability measures,
which we denote by P (£). We use K (§) C £ (€) to denote the
set of stochastic transition maps « : P(£) — P(€). A stochastic
kernel is a map k : £ — 7P(&) such that, for every B € B, the
map e — k(e)(B) is measurable. We use x € K (£) to denote the
stochastic transition map induced by & as follows

(B = / (B (de).
£

We finish this section by defining certain elements from the
above spaces, which we will use in the rest of the paper. We define
8. € P(£) by 8.(A) = 1ife € A and 0 otherwise. For D € B we
use xp € L (&) to denote the map assigning each measure to its
restriction to D, i.e.,

(xpm)(B)=u(DNB), forallBe B, u € M(E).

For u € M (&) and k € L (€), we define U/ (k, u) C M (&) to be
the set of accumulation points of the sequence «"u, i.e., the set of
allv € M (€) such that, for every € > 0, there exist infinitely many
n € Nsuch that ||[«"u — v|| < €. We define

u () =span( ) e, n), Q)
HEM(E)

where span (/) denotes the closed linear span of the set /. We also
use

K= Klygo U K) = U K) (2)

to denote the restriction of « to ¢/ (k). Finally, for a collection &/ C
M (&) of measures, we define the collection of sets F (/) C B, as
those which are not null with respect to some measure in /,i.e.,

FU)={AeB: u(A) > 0forsome u € U}. (3)

3. Problem formulation

Consider the discrete-time linear system
Xi41 = AX; + wg, (4)
Ve = CX¢ + Vi, (5)

where X, € C" is the vector of states, y; € CP is the vector of
measurements, w, ~ CAN/(0, Q), with Q > 0, is the process noise,
v ~ CN(0, R;) with R; > 0, is the measurement noise, A € C™"

is the state matrix and C; € CP*" is the measurement matrix at
time t. It is assumed, without loss of generality, that A is in Jordan
normal form. The initial state is Xo ~ CA(0, Py), with Py > 0. Also,
the set of random vectors {Xg, W;, v, : t > 0} is jointly statistically
independent. At time t, the pair y; = (C¢, R;) is randomly drawn
from the finite set A = ¢ x R, where ¢ = {€,..., c®)} and
R={RY, ... RO ForT eNletIir = (i, ..., V41-1) € AT
denote the random sequence of measurement matrices and noise
covariances from timet up totimet +T — 1.

Our next step is to introduce the model describing the statistics
of y:. We assume that y; is generated by a hidden Markov model
whose state is an element of £. More specifically, leth : £ — Abe
a measurable function, g € P () and k; : € — P (€),t € Z, be
a sequence of stochastic kernels. The sequence y; is generated as
follows: go ~ o, and, foreach t > 0,

ot ~ k¢ (0t-1) (6)
ve =h(or), (7)

where ¢ ~ u denotes that o is independently drawn from the
probability distribution . We assume that, for each s > 0, the
{Xo, W¢, V¢, o5 : t > 0} is jointly statistically independent.

Remark 2. We assume the above model for y; without loss of
generality, as it is equivalent to the general model characterized
by specifying P (y¢|ys, s < t), for all t € Z and all possible values
of y5, s < t. To see this, notice that the latter can be written in the
form (6)-(7) by taking £ = AY, o; = (s : s < t), and defining the
o-algebra B to be the one generated by the sets Gy 4,t € N,A C A,
where

Ca={reA":I(t)eA}.

AKalman filter is used to obtain an estimate X1 of the state x;
given the knowledge of yo, . .., y:—1 and Iy . The update equation
of the expected covariance (EC)P; = E (XX} ), withX; = X; —Xi—1,
is

Pt+1 = Wy[ (Pt) s (8)
with

Uy (Pr) =
APA* + Q — AP.C; (C,P.C; + R, 'CPA".

In this work we derive a necessary condition and a sufficient
condition, with a trivial gap between them (Remark 15 explains
what this means), for the stability of the Kalman filter with a ran-
dom measurement equation. This is done by studying the asymp-
totic norm of the expected error covariance (ANEEC). In order to
define the ANEEC, we introduce the following notation

v (Pt9 I-'t,T) = 1//}/[_'_'[_1 e I//VH_] Wyr (P[) )

ie, ¥ (Pt, FLT) denotes the covariance matrix resulting at time
t + T, after starting with covariance P; at time ¢, and then applying
the sequence of random measurement equations defined by I7 7.
This matrix depends on the random sequence I  and the initial
covariance P;. In order to work with a quantity independent of
these values, in defining the ANEEC, we take expectation with
respect to It r and the supremum with respect to P;. This leads
to the following definition.

Definition 3. The ANEEC is defined as

G = sup limsup |E (% (P, It.1))| -
I’[[EZZO T—o0
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Remark 4. In (5) we assume that the measurements y; € RP have
time-invariant dimension p. This assumption is done to simplify
the presentation, and without loss of generality. This is because the
casey; € RPt with time-varying dimension p; can be handled by
defining p as the maximum number of rows among the matrices
C9 d =1,...,D, and zero padding the matrices C) and R¥ so
that all of them have p rows.

4. Main result

Our main result is stated in terms of certain partition of the
system (4)—(5) into subsystems which we call finite multiplicative
order (FMO) blocks. This partition is introduced next.

Definition 5. A set of complex numbers x; € C,i = 1,...,1,is
said to have a common finite multiplicative order N € N up to a
constante € C,ifx)} = oM, foralli = 1,..., . If there do not exist
N and « satisfying the above, the set is said not to have common
finite multiplicative order.

Example 6. The set of numbers {2, 2i, —2, —2i} has common finite
multiplicative order 4 up to 2. The set {1, eﬁi} does not have
common finite multiplicative order.

Notation 7. Consider the following partition of A,

., Ag), (9)

where the sub-matrices Ay are chosen such that, for any k, the diagonal
entries of Ay have a common finite multiplicative order Ny up to o,
and for any k and | with k # 1|, the diagonal entries of the matrix
diag(Ay, A;) do not have common finite multiplicative order.

Lgtj_ € N be the largest size among the Jordan blocks of A,
and J, € N be the largest size among the Jordan blocks of Ay. For
convenience, we assume that the sub-matrices Ay are ordered such

A = diag(Aq, ..

that |a1| > |oa| = -+ > okl Also, when |oy| = |agy1l, then
Jk = Jer1-
Foreachd = 1, ..., D, consider the partition
(d) __ | (D) (d)
c _[q ,...,CK],

such that, for each k, Cgcd) has the same number of columns as Ay. Let
G = {cﬁj’):d: 1,...,D}.

Definition 8. In the above partition, each pair (A, C) is called an
FMO block of the system (4)-(5).

Remark 9. Notice that if (A, Cx) is an FMO block, then each sub-
matrix A, can be written as

A; = Ay, (10)
A = diag {exp(i276;.1), . . ., exp(i27 Oy, )} + Uk, (11)

where Uy is strictly upper triangular, i.e., its non-zero entries lie
above its main diagonal. Also, oy € C and 6; € Q, forj =
1, ..., Ki. Notice that for any k and [ with k # [, o/ is not a root
of unity, i.e., (o /oy)™ # 1forallm € N,

In stating our main result, we use certain observability matrix
0 associated to each FMO block k of the system. Our next step is to
introduce this matrix. The measurements z{ , = [y;‘, LY +T71]

available from time t up to T — 1 can be written as

2,7 =0(Lr)x +fir (Ihr). (12)

where the observability matrix O (17 1) is given by

0(rr) =[01(Iir) Ox(Itr) Ox (I'.r)]. (13)
Vi
Ce1Wr + Vg
f(Iir) = i : ,
Cric—1 Z AT+t727jo + Vetr—1
j=t
with
Ct,k

Ce1.6Ak

O (Itr) = . . € =[Cerr-. Gk

T-1
CT+[—1,I<A]<

such that, for each k, C; ; have the same number of columns as Ay.

Our main result is stated in terms of the probability that each
matrix Oy (1},7) does not have full-column rank (FCR). The follow-
ing definition identifies the event associated to sequences leading
to this property.

Definition 10. Fork =1, ... K, let

NeT 2 (Ir 2 0y (Ihr) does not have FCR). (14)

We now state our main result. This requires Assumptions 12
and 13. These conditions are rather general. For this reason, their
statement is somewhat technical. In Section 5 we give interpre-
tations of these assumptions, as well as more practical conditions
guaranteeing them. However, these assumptions also hold under
conditions more general than those given in Section 5. An example
of this appears in the proof of Corollary 26. This shows the value of
the generality of Assumptions 12 and 13.

Definition 11. We say that the sequence y;, t € Z, is cyclostation-
ary with period 7 € N, if, in (6)-(7), we have

Kt = Kt4r, forallt € N,

T
Mo = 1_[ Kt, Mo-
t=1

We say that it is stationary if it is cyclostationary with T = 1.

Assumption 12. The sequence y;,t € Z, in (6)-(7), is cyclostation-
ary with period 7 € N and

P(Iirloi-1) -

15
]P)(EYT) ( )

% sup sup
TeN 9(9[71)#0

0<t<rt

P(Iy,1)#0
Assumption 13. Forany 0 < t < 7, any multiple M of r and any
finite collectionD = (D, e B:m=1,...,M),let
M
Ne = 1_[ XD Kt4m-
m=1
Then,

p () =p@). (16)

Also, for any non-zero non-negative i € U (n) and A € F (U (ny)),
there exists N such that

N (A) > 0, foralln > N. (17)

We now state our main result. Its proof is deferred to Section 8.
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Theorem 14. Consider the system (4)—(5) satisfying Assumptions 12
and 13. For k € {1,...,K}, let

) I\ T
@, = max lim supIP’(Nk’ ) ,

0<t<t Towxo

with " defined by (14). If

loe|>®y < 1, forallk € {1,...,K}, (18)

then G < oo, and if

log|>®y > 1, forsomek € {1, ...,K}, (19)

then G = oc.

Remark 15. Notice that Theorem 14 is inconclusive in the case
when |ay|>®; = 1. Trivial gaps of this kind are common in the
literature (Mo & Sinopoli, 2012; Sinopoli et al., 2004).

5. About Assumptions 12 and 13

In this section we give an interpretation of the technical con-
dition stated in Assumptions 12 and 13. We also show that these
assumptions hold under certain conditions which are easier to
interpret. This result is given in Proposition 18 stated below.

Definition 16. A random process y; is Markov of order L € N if, for
allm > 1,

Pelve—t—ms - Vee1) = PWelve—t, oo Ve-1) -

Furthermore, it is called proper if all the above probabilities are
strictly bigger than zero. Finally, the process is independent if
L=0.

Definition 17. A random process y; is called Gaussian hidden
Markov if it is generated by a hidden Markov model like (6)-(7),
but with (6) replaced by

or =Kor—1 + &,

where K is a stable matrix (i.e., p (K) < 1)and &, ~ N (0, X), with
{Xo, W¢, V¢, & : t > 0} being a jointly independent set of random
vectors.

Proposition 18. Suppose that y; is cyclostationary with period T and
is either finite-order proper Markov, or Gaussian hidden Markov. Then
Assumptions 12 and 13 hold.

The reminder of this section is devoted to show Proposition 18.

If y; is an independent sequence, we could simply take & =
A, 0 = ¥ and h to be the identity map. Then, (15) would
hold trivially. Hence, (15) can be interpreted as a generalization
of the independence property. More generally, the following two
lemmas provide conditions under which (15) holds without the
independence property.

Lemma 19. If y; is cyclostationary with period T € N and finite-order
Markov, then (15) holds.

Proof. Since y; is finite order Markov, we can take oy = It_11.
We then have
P (Iirloe-1)

P(Iir)

¢

sup  sup
osier Ploe-1)#0

P(Iy,1)#0
P (01l Tr)
P (0r-1)

sup  sup
osine Pe—1)70

P(Iy.1)#0

1
< sup  sup
0=t<7 P(g;_1)#0 P(0r-1)

< 00,

where the last inequality follows since the supremum operations
are taken over finite sets.

Lemma 20. If y; is cyclostationary with period T and Gaussian hidden
Markov, then (15) holds.

Proof. Let £ = RY and o¢ € &.Then there exists a partition S =
[s@):d=1,....,D,e=1,...,E} of R (ie, S@) N 5@) = g,

whenever (d, e) # (d, €'), and UEZ’iL(l‘l)S(d*e) = RY), such that
h(o) = (C, E¥)), forall o € 5.

LetS; = h~! (y,), i.e, the unique element from the partition S such
thath (¢) = y, forallp € S;,and let Sy = S¢ X - -+ X Spyr—1. We
have that

P (0i-1llt1) =P (0c-1lonT € Str)- (20)

The right-hand side of (20) can be considered as the probability
of o;_1 conditioned on the future output of a stationary quantizer.
Since the process g is Gaussian, it is easy but tedious to show that
there exists a constant ¢ > 0 such that

P (Q[—lth,T € St,T)

<c, forallt, T, o;—1, and S 1.

P (0c-1)
We then have
P(I; _
t=sup sup ( rrloe 1)
2 e P(T)
- P(Iy,1)#0
P (oc-11T%.1)
= sup Sup ———=
oL Py P l0-1)
- P(Iy,1)#0
P (Qt—1|Qt,T € St,T)
= sup sup
TeN  St1.0-1 P (0¢-1)

0<t<rt

<c < o0.

We now turn our attention to condition (17). In this condition,
the output of the probability transition mapping «; is restricted to
a set Dy, (via the restriction operator xp,, ), which is taken from a
finite family D of sets. The resulting operators are then composed
by sequentially taking all sets within D. This yields the map »;.
The set U (1) of measures is invariant under n;. Condition (16)
requires that the spectrum of »; equals that of its restriction to its
invariant subspace ¢/ (). Also, F (U (1)) contains all sets which
are non-null for some measure in ¢/ (n;). Condition (17) requires
that the measure of all sets in F (4 (;)) becomes eventually and
persistently strictly positive, when, starting from any measure in
U (n¢), we sequentially apply the map ;.

The above condition seems in principle difficult to verify. How-
ever, the two lemmas below show that it holds under conditions
similar to those in Lemmas 19 and 20.

Lemma 21. If y, is finite-order proper Markov, then Assumption 13
holds.

Proof. Recall the definition of 7, given in Assumption 13. Let L be
the Markov order of y;. Let € = Al and ¢; = Ii_14+1.Itis easy to
see that 7 (U (n;)) € G where

G 2 {o €€ :0(l) C Dy—moda—im), MA) > 0} .
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Now, for any v and n > L/M, the measure n} u is strictly positive
onany A € G. Hence, (17) holds. Also, n}u(o) = 0, forall o & G.
Hence, (16) also holds and the result follows.

Lemma 22. If y, is Gaussian hidden Markov, then Assumption 13
holds.

Proof. Recall the definition of 7 given in Assumption 13. It is easy
to see that

FUMm))={AeB:AC Dy, A(A) > 0}.

Also, for any u, nf'i has density g, with respect to the Lebesgue’s
measure A, and this density is A-almost everywhere strictly posi-
tive on Dy. Hence, for allA € F (U (t)),

nEu(A) = /gndk >0, foralln> 1,
A

and (17) holds. Also, n;u(A) = 0 for all A € B satisfying
A (BN Dy) = 0.So (16) holds and the result follows.

Proof of Proposition 18. It follows by combining Lemmas 19-22.

6. Computing &y,

Our result in Theorem 14 is stated in terms of the quantities
@,k =1,..., K. We introduce below results on how to compute
this quantity. Due to space limitations, their proofs appear in the
full version (Marelli, Sui, Rohr, & Fu, 2018, Appendix A). Since in
our study the choice of k = 1,...,K is fixed, to remove k from
the notation, we consider a generic FMO block (A, C). We start by
introducing some necessary notation.

Notation 23. Let N € N be the smallest positive integer such that
AY = oML Let K = {ker (0 (I")) : I € AN} U {C", 4} be the set of
all possible kernels of O (I'), for sequences I" of length N, including,
the whole space C" and the empty set (. Notice that K includes all
possible kernels of O (I") for sequences I" of length nN, foranyn € N.
For any n € N, define the map v : A™ — K by

¥ (M) = ker (O(I)) .

Let T = {0,...,I} and K;, i € T denote all the elements in K. The
elements K; are numerated such that, if K; C Kj, theni > j (notice
that, in particular, o = C" and K; = ). Let M € N be any common
multiple of N and . Foreacht € Ny, i,j € Z,e € £ A € B, and
weLlL(€)letT,: T xTIxE&xB— [0,1]bedefined by

Tt (i7j7 e, A) = IP)(Q[+M € A» W (Ft‘l\/l) N K] = Ki'Qt = e) s

and¢; : T X I — L (E) by
i (A = [ T, Ay r(de),
The next result provides a method for evaluating @.

Proposition 24. Let (A, C) be an FMO block. If Assumptions 12 and
13 hold, then

@ = max max p(&(i, i) ™. (21)
0<t<t 0<i<I

The above result requires computing the spectral radius of the
map &(i,i). If £ is a discrete finite space, then (i, i) becomes
a matrix and p (& (i, i)) can be easily computed. Otherwise, the
following result can be used.

Proposition 25. For every non-zero non-negative u € U (c(i, i),

p (Gli, i) = lim [ &G, "

The following corollary states how the expression (21) simpli-
fies in the particular case when there exists a single measurement
matrix C®) producing measurements which would never make the
observability matrix have FCR (e.g., when measurements are lost),
but any single measurement produced by any other matrix C?,
d # o, would.

Corollary 26. If Assumption 12 holds, there exists 1 < a < D such
that pair (A, C)) is non-observable, for each d # o, C'“) has FCR, and
there exists 1 < B < E such that P (R¢|C; = C¥)) = &gy (iie., there
is only one possible value of R, compatible with C; = C*)), then

-1

o =]]P(C =Cc?|c,=c,s <)"". (22)
t=0
7. Application: Sensor scheduling with packet loss
We have a linear system whose dynamics is given by

Pe+1 = Fpe + 1, (23)
with n(f) ~ N (0, N). There are S sensors. For eachs = 1,...,S,
Sensor s measures

u) =Hp, + e, (24)

with e ~ A7 (0, E¥)). We assume that measurements from only
R < S sensors can be transmitted at each time instant t. Then, at
each time we transmit

rr=MQDu,
T m\" ©\" : -
where u; = (ut ) e, (ut ) and M; is the row-selection

matrix determining the schedule at time ¢. Since there are packet
losses, the actual transmission is given by

yi=L®Dr, (25)

(1)

where L; = diag {lt Yy IER)] and l(tr) is a binary random variable

determining whether the packet associated with the rth scheduled
measurement was lost (I’ = 0) or not (I’ = 1). Let A = VFV~! be
the Jordan normal form of F. Then, the system equations are given
by (4)-(5), with

C, = BHV !,
X; = Vpy,

Q = VNV,
w; = Vi,

R, = BEB/,
v; = Bey,

and

1 T S T
ef:[(et)),...,(ei)) ,
H = [(HO)"... (9)"],
E =diag {E", ..., E®},
Bi=LQDM: QD).
We consider below two scheduling strategies, namely, time-
based schedule and random schedule.

7.1. Time-based schedule

In this case, the packet loss model L; is stationary, independent
of w¢, v¢ and X, and either, finite-order proper Markov or Gaussian
hidden Markov. The sequence of matrices M;, t € N, follows a
periodic deterministic pattern, i.e.,

Mt = Mt+'[a
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for all t € N and some period t € N. Clearly, this leads to y;
being cyclostationary with period 7, and satisfying the conditions
of Proposition 18. Theorem 14 then holds.

7.2. Random schedule

In this case, both sequence of matrices L; and M; are randomly
drawn at each t € N. This is done such that the sequences (M;),
(L), (wy), (v¢) and Xxq are mutually independent. The models de-
scribing the statistics of L, and M; are stationary and either finite-
order proper Markov or Gaussian hidden Markov. This clearly
leads to y; = (C;, E;) satisfying the conditions of Proposition 18.
Theorem 14 thus holds.

7.3. Example

In this section we use Theorem 14 and Corollary 26 to assess the
stability of an example system. We consider a system whose state-
transition matrix A is non-diagonalizable and whose measurement
equation has statistics which are not finite-order Markov. Notice
that, as mentioned in points 1 and 3 in the introduction, none of
the results available in the literature could be used to assess the
stability of a system with any of these two properties.

Consider a system whose dynamics is given by (4), with

o1 1

A = diag {A1, Az}, A1=|:0 o

j|,A2=[0lz],

for some a; > «y > 0. There are two sensors. Fori € {1, 2}, the
measurement equation of sensor i is given by (24), with

210 0 0 1
(1) _ (2) _
H —[0 1 0} andH —[0 0 2]’

Due to communication constraints, the measurements from both
sensors are alternatively transmitted, i.e.,

o
[0 1]

We assume that the communication channel has a packet loss
model given by Ly = I; € {0, 1}, where I; is Gaussian hidden
Markov. Hence, we have a time-based schedule, as described in
Section 7.1. Thus, we can use the result of Theorem 14 to determine
the stability of the Kalman filter.

We have

t even,
o |l o)
[0 ltl] t odd.

Hence, the measurement equation of the aggregated system is
given by (5), with C; given by

t even,

t odd.

I 2 10 t even,
C = 0 1 0 (26)
2% T todd
0 0 2

From Definition 8 the FMO blocks of the above system are
(A1, C1) and (A, Cp) where

¢ = {cﬁj’, cf)} k=12,

Clearly, both FMO blocks satisfy the conditions of Corollary 26.
Hence, we can apply this result to each block. Let

A=P( =0|bs=0,s <t).

We have

A t even,
P(ea=clca =cPs <) = {1 £ odd,

1 t even,
P (Ct,z = C(20)|Cs,2 = C(ZO)’S < t) = {)\ t odd,
Then, from (22), since the cyclostationary period is Tt = 2, we
obtain
@1 = @2 = )\,1/2.

It then follows from Theorem 14 that

ocf)\<1:>G<oo,

ozf)\>1:>G:oo.

8. Proof of the main result

This section presents a formal proof of the necessary and the
sufficient conditions stated in Theorem 14. In Section 8.1 we derive
certain preliminary results. More precisely, in Section 8.1.1 we pro-
vide lower and upper bounds on the growth rate of || ¥ (Pt, 1},7) Il,
and in Section 8.1.2 we state a technical condition to guarantee that
the kernel of O (I},T) has certain desired orientation. In Section 8.2
we show the necessary condition. In Section 8.3.1 we derive a first
sufficient condition, which differs from the desired one. This result
is used in Section 8.3.2 to provide a second sufficient condition,
seemingly stronger than the one in Theorem 14. We then show in
Section 8.3.3 that the latter condition is indeed equivalent to the
desired one.

8.1. Preliminary results

8.1.1. Bounds on the growth rate of | % (P, I'.1) ||
It turns out that the growth rate of || @ (P, I.7) || is determined
by the location of the kernel of O (F[,T). Recall from (12) that

zr =0 (Iir)x + £ (Ihr) (27)
xr =AT"X + qe 7 (28)
+T—1
Qr= Z At+T—1—]wj. (29)
i=t

From Anderson and Moore (1979, Ch. 5, Theorem 2.1), we have

O (P, Ii7) = B¢ — Ex 2 5) 55 (30)

X,Z°

where T is the Moore-Penrose pseudo-inverse (Ben-Israel & Gre-
ville, 2003) and

3x = ATPtA*T +E (anq;}) s
2, =0(Iir)PO(Ir)" +E (£ (Ir) £(Ir)”)
3xz = ATPto(Ft,T)* +E (Qt,Tft(Ft,T)*) .
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Lemma 27. Let A be aJordan block of order ] with eigenvalue . Then,
there exist ¢y, ¢c; € R such that

A < la|'ct/ ! (31)
A7 = Jalet™ (32)
forallt e N.

Proof. The proofis divided in two steps.
Proof of (31): Notice that

A" = o'M(t)
where
1 pa(t) py-(t)
o= 1 pO)
o o0 ... 1

and p;(t) is a polynomial in t of order j given by

We then have
[AY]| = lee| M)

J-1

(a)

<ol [ 1+ ) Ipi(t)
j=1

< el

for some c¢; € R, where (a) follows from Young’s inequality
(Katznelson, 2004, p. 115).
Proof of (32): Consider the matrix

1 pa(t) Pr-a(t)
mn=|° ' PO
0 o 1
where p;(t) are polynomials in t of order j such that l\7l(t) =M(¢).
This is always possible, since
1 pa(t) py-a(t)
momo = |1 0]
0 o0 1
with
j-1
Bi(t) = pi(t) + Bi(t) + > P t)pi(t).
i=1
From the above, by making
pi(t) = —pj(t ZP]: pi(t
we have M(t)M(t) = L. Then,
A~ = lle~ M)l (33)
= Ja| " (IM(E)]| (34)
-1
<lel™ [ 14 ) 1B (35)
< le| et (36)

for some c3 € R. Hence,

|A| " 2 e

> al'cs
The result follows by making ¢; = ¢; .

The following two lemmas state bounds on the growth rate of
|l (P, I7.r) |- Firstly, some notation is introduced. Let ey ; be the
column vector with a 1in one entry and zeros otherwise, such that
eLAek‘j equals the jth diagonal entry of the kth block Ay of A. Let
also & = {ey1, ..., ey, ). The following lemma states an upper
bound on the growth rate of | ® (P, I'.1) .

Lemma 28. Consider the system (4)-(5). If ker{0(Ir)} <

span{&y, ..., &} for some 1 < k < K, then, there exist It > 0 and
¢y > 0, such that, for any Py,

1w (P, Tex) Il < lowl e T2V | + I (37)
Also, if ker {0 (1)} = {0}, then

I (P, Iir) || <l (38)

Proof. Following the steps of the proof of Rohr et al. (2014, Lemma
20), we obtain (38) and

R4 (P[a F[.T) <Mr+ 1, (39)
TIATP,A*T1I and
s ok—l ) X)a

with 0; being a square matrix of zeros with the same dimension of
A; and X is a non-zero matrix with appropriate dimensions. Also,

where M; 1 =

I1 = diag(04, ...

lr = sup max_o (I.r).
teZ Iy reAT

with
O (Ir) = B (Ue () U (Ter) | Ter )
U (Itr) =qur — (0(Ihr) A_T)Tfr (Ir)-

Notice that the map ¥; : AT — R is independent of t € Z.
Hence, I; is the result of a maximization over the finite set .A”. This
guarantees that Iy is finite. Hence, (38) clearly holds.

LetM, r = N*;Ne.r,withN. r = P/’A*"ITand A = diag{0, .

0, Ay, ...,Aq}. Then,
IMe [l = INe.r[1* < IIP ]l |A*T L2
= [|P | [|A*TTI||*> < [|P||[|A*T ||| TT]1>.

Notice that [|A*"|| = max;-[|AT ||. Using Lemma 27, we obtain

IMe 7l < [P ee* e 7207,
for some ¢; € R and the result follows from (39).

The next lemma states a lower bound on the growth rate of
e (P, Iir) |-

Lemma 29. Consider the system (4)-(5). If ker {0 (I7.r) } Nspan{&;}
# {0}, then, there exists c; > 0 such thatfor all Py,

[ (Pr. 1ir) | 2 lew e o

Proof. Following the steps of the proof of Rohr et al. (2014, Lemma
21), we obtain
| -1

[ (P 1ir) | = o AT, (40)
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where IT = [I - O(I},T)TO (F[,T)]. Now, letx € ker {0 (I.r)} N

span{&}. Since IT is the projection onto the kernel of O (I},T), we
have

||| = [A"x] .

Since x € span(&), we have that

IA™X]| = ALV = (AT 1MV = 1A 1 X,

for some v € CN«. From Lemma 27, and the above, it follows that
IATTIX| > olonl" T |,

hence

JATTE] > o 'T' . (41)
The result then follows by substituting (41) into (40).

8.1.2. A condition to guarantee that ker{O(I} 1)} is orthogonal to
span{&x}

Definition 30. A matrix M is said to have full column rank with
strength g € Ny (Ng = N U {0}), denoted by FCR(q), if M has more
than g rows and the matrix obtained after removing any g rows
from M still has FCR.

The main goal of this section is to show the following lemma.

Lemma 31. There exists Q € Ny such that, forany 1 < k < K, if
Oy(1t,7) has FCR(Q), then ker{O(I: 1)} L span{&}.

Proof. See the full version (Marelli et al., 2018, Proof of Lemma 31).

8.2. Proof of the necessary condition in Theorem 14

Following the steps of the proofin Rohr et al. (2014, Section V-B)
we obtain

|E (% (P, er)) | =

> B(nu) e (P rir)|

T
It TeN)

1
max —
1<k<K n

From Lemma 29, we have that, forallk =1,...,Kandt € N,

| (2 (Pe. Iir)) |

1 - _
2L X r(r) o e
rereny”

a9 o | (a7

_11—1
:(WP(N;T)”’Tzu-myCz [as
n

For any t € N, put P, = Py. Then,

(P, Ir)) |

T
t,T VT gyt
> max limsup [ oy IP’(Nk ) 1200/

0<t<T Toxo

max limsup |[E (¥
0<t<t To0

1)1
IPs']
n
11
M max lim sup at T
n 0<t<T Tooo

where
1T .
iy = la?P(AT) T THD,

Choose k = 1, ..., K satisfying (19). Then

max limsupa r

0<t<t To0

t,T /T 201-])/T
= max lim sup | o] JP’(/\/k ) 1200/

SI<T T—oo

1T
[nax lim sup IP(/\/’kt T) 11m T201=])/1

<t<T Too0 T—o0

—|ak|
2(0-1)
=|a,<|2¢k<T1Ln;O T”T> = o[> Py > 1.

Hence, if we choose ”Pg1 ||_1 > 0, then

G = max limsup [E (¥ (P, I1.r)) | = oo
and the result follows.

8.3. Proof of the sufficient condition in Theorem 14

8.3.1. First step
Define the map & 1 : Rj — R{ by

Er)= sup Y P(lirloc)
or— 1€5F el
xTr {®(xl, It1)}. (42)

Lemma 32. Let T,S € Nandx,y > 0. Then

(1) ifx > y, then & r(x) > & r(¥);
(2) & r4s(X) < &Eqr5 0 & (%)

Proof. Proof of (1) From Sinopoli et al. (2004, Lemma 1c),

X = y = ‘I’(XL B,T) > ‘I’(YL B.T)' (43)
Then
Er(y)=sup Y P(Iurloc1) Tr{®(L, Iir)}
Qt—1 It
<sup Y P(lirlec) Tr{ @, Iir)}
Ot—1 Tt
= & 1(x).
Proof of (2) We have
& 145(X)
=sup Z P (Iir+sloi-1)

x Tr {‘I’ (Xl, F't,T+S)}
=sup Z Z P (Iarsllir, 0e-1) X

G-t Tt Tiyrs

P (Firloi—1) Tr{® (® (X, Iir) . Tiyrs) )

< s 33

0t+T—1
o—1 Tt1 Ttgrs

P (Iirlec) Tr{® (@ (XL, Iir), Tiyrs)} -

(Myr.sloesr—1) x
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Using (43) and the concavity of ¥(-, I't4rs) (Sinopoli et al., 2004,
Lemma 1e), we have

& res(x)

E(x)=sup ) P(lirloc)¥ (M, ).
Qr—1 It

Now, since ¥(xI, I; 1) > 0,

< sup ) P(lirloc) Tr{® (d, Iir)}1

Qr—1 It
= & (X)L
Then, using (43), it follows that
& 1+s(x) < sup Z P (It4rsloer-1)
Ot+T—1 FH—T,S
x Tr{® (& 1(X)L Tiyrs))
= &i1s (§.1(%) = Egrs 0 & r(X).

The reason why the map & r(x) is particularly important for our
analysis is because of the following result, which states a sufficient
condition for G to be finite.

3]
x
A

Lemma 33. [f there exist T € Nand X > 0 such that maXo<¢,
lim supy_, o .& kr(x) < X < oo, for all x > 0O, then

G < 0.

Proof. Following the steps in Rohr et al. (2014, Lemma 30), we can
show that

| (% (P, Iir)) | < &P, (44)
Now, from (44) Lemmas 28 and 32

|E (2 (P, Firss)) |
<&rr1s(IPel)
<&rvkr,s 0 Eckr(IP)

=sup Y P (Iislos1) Tr{w (&r(IPDL, Iis))

Os—1 Iis

<nsup Y P(lislos1) | @ (Ear(IPADL Iis) |
0s—1 Tys

<nsup ) P(Iislos1)

Qs—1 Iys
x (esr(IPc Dl Pers?07) + 1)
=n& ir(IPelDle[*e1s?~" 4 nls.
Hence

max limsup ||E (® (P, I.7)) ||

0<t<t Tooo
< sup nlayPc;s%
0<S<T
x max limsup & (I[P ||) + nls

0<t<t k>0

< sup nlaq|®cis2Y7 VR + nls.
0<S<T

Finally, since the above bound is independent of t and P,

G < sup njoq|Bcis? V% + nls < oo.
0<S<T

8.3.2. Second step

An alternative sufficient condition for the ANEEC G to be
bounded is now presented. It will be shown in Section 8.3.3 that
this condition is equivalent to the sufficient condition in Theo-
rem 14.

Notation 34. For k=1, ...,K, let
Ny = {Ir : O(It.1) does not have FCR(Q)},
Notice that th”g = /\/,f’T.

The following lemma presents a sufficient condition for the
ANEEC to be bounded.

Lemma 35. Under Assumption 12, there exists Q € Ny such that, if

YT
|otg|> max lim sup P(/\/’,f;g) < 1forallk=1,...K, (45)

0<t<t To0

then G < oc.

Proof. The proof is divided into 5 steps.

(1) In view of Lemma 31, there exists Q such that if Oy (I7.7)
has FCR(Q), for k = 1,...,K, then O (I ) has FCR. Recall from
Notation 34 that N,i’T is the set of sequences I, € AT such that
Oy(I7,1) does not have FCR with strength Q. Define the set

t, T
Mo

k—1

t, T t, T
(Mo N Negs
j=1

k=1,

(46)

Q
=
o~

>

k=2,...,K,

where X denotes the complement of the set X. Notice that gi:g is
the set of sequences I;r € AT such that 0;(I% 1) has FCR(Q) for
1 <j <k — 1and Oy(I},r)does not have FCR(Q ). Hence

gih SN (47)

Let A'“T be the set of sequences I+ € AT such that (17 1) does
not have FCR. From Lemma 31, we have

K
T _ T t,T
AT =N U gpg. Ve ez
k=1
From Lemma 28, there exists c; > 0 such that
Ly e NUT = || @, I p)ll <Ip
Nireg" = WK, Il < lou e T Vx + 1.

(2) Recall that w(xI, I 1) is a symmetric, positive-definite ma-
trix with dimension n. Hence

Tr (®(xl, I}r)) < n @, Ly -
From (42) and the above, we have
& 1(X)
<nsup | > P (Iirloc1) B, Iir)
Ot—1 Ft,T

> P(Lirlet) [®(, iy

IreNtTt

<nsup
Ot—1

K
+ny sup Y P(Lirlect) [w, Iir)] . (48)

_1 Qt—1
k=1 Ft,TEQ,t('T
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Let
Acr=sup > P(lirle-1).
Q-1
IyreNtT
Btk = sup Z P(Iirlo-1).
-1 rereat”
Gk = Sup Z (Merlec-).
0
= IF[YTGNk,Q

From (47), Bt x < Ct1.x- Then, from (48), Lemma 28 and the above,
we have

&.1(X)

K

<nltA;r +n Z <|0lk|2TC1 720~ Dy 4 IT) Btk
k=1
K

<nltA;r +n Z (laklﬂCszU*l)X + lr) Cek
k=1
K

T _
1/T —
=nY_ (l?CT,) et Vx

k=1

K
+nly (A[,T +y° c[,r,k>

k=1
=B 1x+ 11, (49)

with

K
- T
Ber =nc; TV <|0!k| Ct/Tk) ;
k=1

K
¢r,r = nlr (Ac,r + ZQ,T,k) .

k=1

(3) Recall the definition of ¢ from (15). We have

Ce.rk = sup Z Ft,T|Qt—1)
e 1l"tTe/\/'kQ
P (Iirloc-1)
= sup —— =P (I
-1 Z” P(Itr) (Ter)
fTENkTQ
P(Iy,1)#0
<c Y P(ha)=cP (M)
Ft,TENk.Q
P(Iy,1)#0
Hence,
2(-1) - 2 e\ VT !
fur < cneiT Z(w P(Nig) ) (50)
k=1
(4) From (45),
e\ VT
max lim sup o |*P Nea < 1. (51)
0<t<t T_00

In view of (51), there exists T € Nsuch 8 £ maxo<¢.f, 7 < 1. We
also have that, forall0 <t < r,

Per <@ =nlz (1+K). (52)

= Bxi + @. We have that, for any xg,

Let Xj+1

lim x, < —.
k—o00 ]—'B

Also, from (49), & ,7(x0) < xi, forall 0 < t < 7. Hence

0max limsup &, ;7(xo) < llm X < ] ¢ = < 00,

SI<T ko0 -

and the result follows from Lemma 33.

8.3.3. Third step
The main goal of this section is to show that, for any g € Ny and
ke{l,...,K},

e\ VT
= max llmsup]P’(Nk ) .

0<t<T Toe0

) L\ VT
max lim sup IP(Nk:q )

0<t<T T_oe0

Since in our analysis the value of k is fixed, we remove it from the
notation.

Lemma 36. ForanyQ € Ngandt € Z
1/T
lim sup P(/\/f T) < max p(&(i, i)™,
T—00 O<i<I
with equality holding when Q = 0.
Proof. See the full version (Marelli et al., 2018, Proof of Lemma 46).
Lemma 37. Foranyq € Ngandt € Z,

limsup P(N;") YT lim sup P(NLT)UT'
T—o0 T—o0

Proof. We have N©T C Ny ‘T, Hence, using Lemma 36 we obtain,

lim supIP’(/\/t’T)l/T < lim sup IP(th’T)l/T
T—o0
<™= 11;1’1 sup P(A™" T)]/T
—00

and the result follows.

We are now ready to prove the sufficient condition in Theo-
rem 14.

Proof of the sufficient condition in Theorem 14. The sufficient
condition in Theorem 14, i.e., (19), follows immediately from Lem-
mas 35 and 37.

9. Conclusion

We stated a necessary and sufficient condition for stability of a
Kalman filter under general assumptions on the linear system and
its random measurement equation. We also studied how to numer-
ically compute this condition for a given system. Furthermore, we
used our result to assess the stability in a networked setting involv-
ing sensor scheduling and packet dropouts. This shows how our
stability condition is a rather general one that could be applied in a
widely range of applications, including those found in networked
control settings.
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