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Maximum Principle For Mckean-Vlasov Type
Semi-Linear Stochastic Evolution Equations

Zhipeng Li, Bingchang Wang and Huanshui Zhang
School of Control Science and Engineering,
Shandong University, Jinan 250061, China

Abstract—We investigate the optimal control problem with
a final state constraint for the controlled Mckean-Vlasov type
semi-linear stochastic evolution equations. By mean of Ekeland’s
variation principle, we give the maximum principle. It turns out
that the form of the maximum principle is quite different from
the one corresponding to the case of linear diffusion.

I. INTRODUCTION
A. Background

Consider the following Mckean-Vlasov type stochastic pro-
cess described by a semi-linear stochastic evolution equation
in a real separable Hilbert space H:

{dmt = Axidt + b(xs, pe)dt + o (zt, pe)dwy,

1
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where 11, is the probability distribution induced by z¢, w is a
given H-valued cylindrical Wiener process, A : D(A) C H —
H is the infinitesimal generator of a Cy-semigroup {e4*}. b, o
are appropriate functionals defined on H X Pyz(H), where
Prz(H) denotes a proper subset of probability measure on
H, and ¢ is a given H-valued random variable.

Recently, this system attracted a lot of research attention
(see [1], [2], [6]), because there are situations where the
nonlinear drift term b amd diffusion term o depend not only
on the state of the process but also on the probability dis-
tribution of the process. For example, a (biological, chemical
or physical) interacting particle system in which each particle
moves in the space H according to the dynamics described
by (1) with p, being replaced by the empirical distribution
p = L3N d,; of the N particles x;,..,z;". In other
words, we have a system of /N coupled semi-linear stochastic
evolution equations:

N N
. , 1 o 1 o
dxy = Axidt + i E b(xy, ] )dt + N g o(x}, x])dwy;
i=1 i=1
xo=€& i=1,.,N.

According to McKean-Vlasov theory (see, for example [3],
[7]), under proper conditions, the empirical measure-valued
process 1Y converges in probability as N goes to infinity to
a deterministic measure-valued function p, which corresponds
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to the probability distribution of the state process determined
by (1).

B. Contribution

This paper investigates the optimal control problem of the
general Mckean-Vlasov type semi-linear stochastic evolution
equations. There are two main differences from the existed
result given by [1]: on the one hand, via Riesz’s representation
we give a l-order expansion of the state variable, and then
get a different variation equation; on the other hand, via
the conception of the copy probability space, the martingale
representation theorem holds, we then obtain a different ad-
joint equation compared with the one appeared in [1]. In
addition, this paper can be looked as an extension of the
result of [4] to the case of Mckean-Vlasov type semi-linear
stochastic evolution equations. It is well known that stochastic
differential equations of Ito type generate linear diffusion.
We remake here because of the appearance of the probability
distribution of the state process itself in both the drift and
diffusion term, this makes corresponding diffusion nonlinear.
The form of the maximum principle turns out to be quite
different from the one corresponding to the case of linear
diffusion.

II. PRELIMINARIES AND STATEMENT OF THE PROBLEM
A. Framework

We introduce some notations, definitions and spaces which
will be used throughout this paper. Let (2, F, P) be a prob-
ability space, equipped with a filtration {F;}. A cylindrical
Wiener process on E, a real separable Hilbert space, is a
collection indexed by ¢ of Gaussian linear random functionals
wy(+), such that, for any e € E, w,(e) is a real {F,} Wiener
process, with the correlation function

Ewi(er)ws(ez) = (e1,e2) pmin(t, s), er,ea € E, ¥V t,5 >0,
where (-, ) is the inner product on E, we assume
Fi =o(ws, s <t).

Let (O, F,P) = (2 x ﬁ,}'@f,@@ﬁ) be the product
of (9, ) with itself, where (2, F, P) = (0, F, P). We

I
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endow this product space with the filtration F =1{F =
Fi @ F,t €I}, where I £ [0,T)]. Let H be a real separable
Hilbert space, for any Borel measurable space (F, ) and any
random variable £ : (Q, F, P; H) — (E,&), we put {(w)
{(w),w € Q = Q and {(w,w) 2 ¢(w), {(w,w) % §(w),
(w,w) € Q x Q. It is easy to observe that { on (2, F, P) a
copy of £ on (Q,F, P), and &, ¢ are i.i.d under P.

We shall denote the norm and the inner product in real
separable Hilbert spaces H by |- |y and (-, )y respectively,
and denote by £(X,Y") the Banach space of continuous linear
operators T : X — Y and £(X) when X =Y. We shall con-
sider also the functional space L%(I x Q; £?(X,Y)), which is
the space of stochastic processes .y with values in L2(X,Y)
(the space of Hilbert-Schmidt operators with Hilbert-Schmidt
norm || - [|z2(x,y)), adapted to the filtration 7, such that
E [} [I€lI72x yydt < oo. Note that L%(I x ©; £*(X,Y))
is Hilbert space with the norm

) 1/2
[ [ Bepera]

For k € N, we denote by C*(H) the space of all functions
which are continuous on H togheter with all their Fréchet
derivatives up to order k. Let A(z) = 1 + |z|g,x € H, the
following notation we shall use frequently

L

lo(z)]
A2(x)

Croaip() = {ip € COUED) el 2 sup
4 sup 12— 2W)l

<oo},
z#y |z — y

For each k = 1,2, ..., we define the following notation

O (H) = {w e o) s el 2 sup Li(f;)' < oo}.
Chult) = {1 € CH D) glaeg 2 sup L

[ Do ()|
Toeh NMe@) T OO}’
where D is the 1-order Fréchet derivative.

Let H be a separable real Hilbert space, B(H ) be the Borel
o-algebra generated by all open subsets of H. For 1 < p < oo,
let M» (H) denote the Banach space of signed Borel measures
on B(H) such that the norm

(/. AP(xm(dx))l/p <o,

where |p| is the total variation of .

Let P(H) be the set of all probability measure on H, set
Py2(H) £ My2(H)( P(H), and furnish it the following
metric topology

A

[l xe

sup
H‘P”A?;Liz,gl

p(p,v) & {(u—v,@, @€ CAZ;Lip(H)}y

where we use the notation (i, ) = u(p) = [y (@) p(da)

whenever this integral makes sense. So (P 2(H),p) con-
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structs a complete metric space. In addition, we denote also
C(I,Py2(H)) the complete metric space of continuous func-
tions from I to Py=(H) with the metric:

dis(p,v) = sup p(pe, vi),
tel

))-
Remark 1. Let C;‘\Q:Lip(H) be the topological dual space of

Che.pip(H), with the norm

where p, v € C(I, Pyz(H

()|
Mles, o2 sup —UDl=
e T 0 Telhes
So, (Cz, 1, (H), || - HC;Q . (i) is a Banach space. Note that
) iLip

there is an injection

i : ]\/[)\Q(H) —> 0;2;Lip(H)
TR S

s

for any ¢ € Chz,p,,(H), there is a 1" such that (i, p)
Jy e(@)u(dx) = 1"(p). It is easy to see that the left-hand
aside above is well-defined from the definition of Cz2,p,(H)
and My>(H). We denote (My2(H),p) = (My2(H),| -
| Cry i), the metric subspace with the constraint topology
on’ the subset My:(H) of metric space (C3..p,,(H),| -
| cr, )(H)). Obviously, (Px2(H), p) defined above is a closed
bounded subset of the closed unit ball of (Myz(H), p).

In addition, we remark that although | - ||p, , zr) makes no
sense because (Px2(H), p) is only a metric space, we prefer
to use this notation and it implies the norm on C} (H),

e, ||| oy, (H)s 50 is the case of || - HMﬂ (H)-

2:Lip

B. The optimal Control Problem

1) Controlled Semi-linear Mckean-Viasov Stochastic Evo-
lution Equations: Let us assume that O is a real separable
Hilbert space with norm | - |, induced by the inner product
(,)o on it. Let U be a non-empty subset (maybe non-convex)
of Hilbert space O. We choose the set of all F;-adapted U-
valued random process which satisfies the following condition

sup Elu|* < oo,
tel
as the admissible control set and denote it by Uq.

We discuss the following controlled semi-linear MV
stochastic evolution equation

dxy = Axydt + b(t, xy, P(xy), ue)dt + o(t, xy, P(xy))dwy,
@)

where where A : D(A) € H — H is the infinitesimal
generator of a Cp-semigroup {e“*}, w. is a cylindrical Wiener
process on real separable Hilbert space E, and P(z;) denotes
the probability law induced by x; itself. u € U4 is the control
variable.

Let b(-,x, p,+),0(-, x, u) be stochastic processes depending
on (x,u) € H x Py2(H), and satisfies the following assump-
tions:



Assumption 1. 1) There exist C, L > 0, such that for any
x,x1,x2 € H,p, pi1, o € Pr2(H),u € U,

bt 2, 1, w)[* + |o (8, 2, 1) |72y < O+ |2 + |/~L‘7D>\2(H)
[b(t, @1, s ) = b(t, @, piz, w)|* + o (8, 1, pn) — o (t, @2, p2)]
< L(lzy — w2ffy + 92 (i, p2)),

hold uniformly with respect to (t,u) € I x U.

2) The infinitesimal generator A of a Cy-semigroup {e?t,t >
0}, on the Hilbert space H satisfying

sup |\€At||£(H) < M.
tel

We have the following existence and uniqueness theorem
for above controlled MV stochastic evolution equation (see
[1] for the proof).

Theorem 1. Suppose Assumption 1 holds. Then for every
Fo measurable H-valued random variable xo € L% (4 H),
there exists a unique mild solution . € Sg(I; H), the Banach
space of all {F;}-adapted H-valued processes n:(w) having
the norm (sup,c; E|n|?)Y/? < oo, along with P(z.) €
C(I,(Px2(H),p)), satisfying the following Mckean-Viasov
semi-linear stochastic evolution equation

t
x = ey +/ eA(tfs)b(s,xs, P(xs),us)ds
0

t
+/ eA(t_s)a(s,xs,P(xs))dws. O
0
2) Cost Functional: The cost functional is given by
J(u.) = E/l(t>xtvp($t)vut)dt+E9($T7P($T))7 (3)
I

where [ is measurable in the first argument and continuous w.r.t
the rest of arguments, g is continuous in their all arguments.

Problem: The optimal control problem is to minimize
J(u.), over u € Uyq, subject to (2) and the following final
state constraint

EG(zr, P(x
where G : H x Py2(H

7)) =0, “

) — R™ is continuous in (x, y).

C. The continuous Dependence Theorem

Let (A, d) be a complete metric space. For a given a € A,
consider the mild solution equation

t
x?:/ eA(t*S)b(swg,P(x?),a)ds
Ot ©)
+/ A=) g (s, 29, P(22), a)dws,
0

where z is the state trajectory corresponding with the “control
variable” a
Assumption 2.
b(t,z,p,a) : I x HXxPy2(H)xA— H,
o(t,z,pya): I x HxPy(H) x A— L2E,H),
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are joint Borel measurable and satisfy the Assumption 2
(replace u with a and U with A there). Further,

E/|b (t,z7°, P(xg°),a) — b(t, z°, P(xy ),ao)\th—>O,
/\amt P(),a) — o(t, 2, P(a?), a0)|?dt — 0,
6)

as a — ag under the distance d.

Theorem 2. Under Assumption 1-2, we have

lim  sup E|z — z%°|? =0,
d(a,ap)—0 teI[) | t t |
lim  sup p?(P(x¢), P(2{°)) = 0.

d(a,ap)—0 ¢c1

Proof. We only prove the case of

x?:/ A=) g (s, 2%, P(2%), a)dws.
0

Let (x®,z%) be the state trajectory with respect to (a,aq)
respectively. Note that

Blag — o2
t
<9MLE / (20 — 2992 + P(P(a), P(220)]ds
0
t
+2ME/ lo(5,2%, P(2),a) — o(s, 2%, P(x), ag) *ds.
0

Fixed t € I, from the definition of the distance p, we have

p(P(xf), P(x())
:|¢I|ffz)<1{/li@($)ﬂg(d$)—/Hso(w)u?"(dm)}
= s

e {Blote) - ota}

< CE|xf fxt°|H,

(7

where p%, u® denotes the probability measure induced by
xf, xy® respectively. Thus, Assumption 2 and Gronwall’s
inequality give the desired result. O

IIT. NECESSARY CONDITIONS OF OPTIMALITY

Let (2°,u°) be an optimal solution of the problem (2-4).
For any given u € Uyq, to € [0,7),0 < 0 < T — tg, define
the spike variation

o_ )W
up =19
Ut,

Let 2% be the state trajectory with respect to u?,
derive the variational equation blow.

te [t07 to + 0]
otherwise.

we shall

A. Variational Equation
To start, we introduce the following assumption.
Assumption 3. The drift b = b(t,z, p,u) and the diffusion

operator ¢ = o(t,x,u) are Borel measurable in all the
arguments and once continuously Fréchet differentiable in



their second and third argument, and the Fréchet derivatives
are uniformly bounded on I x H x'P.»(H)xU and measurable
in the uniform operator topology.

From Assumption 3, we see b,(t,x,pu,u),0,(t, x,n) €
Cy=(H), when we evaluate some value for . In order to derive
relevant approximation below, we have to add an additional
assumption.

Assumption 4. Both of  bu(t,x,p,u),0,(t,x,n) €
Cy2(H) also lie in C’;\z (H) which  implies
Db, (t,z, (i, x';-),u), Do, (t, x, (u z':))  are  bound

and continuous in the argument x € H where D denote the
7’ . . ’
Fréchet derivation w.r.t. x . (See the remark below)

Remark 2. We explain the notation appearing in the As-
sumption 4. In the Banach space (My2(H),| - |[x2), we
firstly calculate the Fréchet derivation of o(t,z, ) in u. Let

0 = P(2%), u® = P(a°). From the definition of Fréchet
derivation (for simplicity, we use the Landau notation), we
have

o(t,z, p’) = a(t,x, 1%) = o, (t,z, (1, O)) (1 = 1)
o(|lu? — p°|)),
where
ou(t,z, (1, 0)) (1 — p°)
_ / ot 2, (1, ) (dC) — / 0 (t, @, (1, ) (dC)
~H H
:E[O—p(tvxv (:uv )) - O'#(t xz, (#7 ))}
=E[Do,(t,, (1, 7% 5% — 7)) + o(|7° — 7°|11).
V h € H, letting §x° = 2 — 2°, we know
(h.EDo,(t,, (1,3%:65))

is bilinear in argument h and 6x°. Thus, by Riesz’ represen-
tation, there is an operator 3 € L(H) such that

<h, E[Do,(t, o, (1,7 5550))>H -

From here on, with a slight abuse of notation, we denote >; =
EDo,,(t,x, 1)(z°), similarly, we use the correspond notation
about the case of b.

(h, X402 1

In the following, we introduce a linear equation called
variational equation.

dzy = Azidt + {bm(t7 xy, puy,ug))z
+ (Db, (t, 27, 117, uf) (7))
+ 07 (b g, g ) = bt o, i) bt
+ {oult,at, 1)z + Bl(Do(t, o5, i) (@0)) 7] b,
®)

where pf = P(xf) and the equation starts from the initial
zero.

From the previous section, we have the existence and
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uniqueness of the solution of (8). Indeed, (8) is of the form
dZt = Atht + {l;lzt + E[B%gt] + gbt}df

)
+{otz + E[Utzt] + ¢ fdwy,

where b, 7!, ¢ and 1) are F;-progressively measurable pro-
cesses and b%, 2 are (F; @ F)-progressively measurable pro-
cesses. So, even though we are dealing with possible random
coefficients, the supremum norm defined on H can give it a
similar estimation with Theorem 1.

Lemma 1.

0_1.? 2
— 2z

lim sup F =0.

6—0 tel
Proof. This proof is redundant and for space limiting, we omit
here. 0

B. The Variational Inequality

In this section, we transform the optimal control problem
of the final state constraint (2-4) using Ekeland’s variational
principle to a free final state optimal control problem and then
obtain the variational inequality.

Lemma 2. (Ekeland’s variational principle) Let (V,dy ) be a
complete metric space, and let F' : V. — R be lower semi-
continuous and bounded from below. If for € > 0, there exists
u € V such that

<
F(u) < 1}2{/ F(v) +e.

Then there exists u® € 'V, satisfying
1) F(uf) < F(u),
2) dy (uf,u) < e/2,
3) F(v) + €/2dy (uf,v) > F(u), Yuc #v. O

Let (22, u°) be an optimal solution of (2) and (3) under the
final state constraint (4). We employ the following admissible
subset and distance appearing in [4].

Fix u € U, set

V= {u. € Uy

sup Bluf* < sup Bluf|” + Juf? .
tel
dy (ul,u?) = )\{t € I’E\ut —uZ? > O} vul,u? €V,

where \ denotes the Lebesgue measure on R.

Proposition 1. (V,dy) is a complete metric space. J is
continuous and bounded on (V,dy ), where

2 2 \1/?
o) = ((Jw) = T + * + |EG(ar, Plar)n)
Sor any w € V and (z, P(x)) is the mild solution of (2).

Proof. The first statement sees [4], we only prove the second
one. Let (2™, ) be the state trajectory w.r.t. (u™,u) € (V,dy).
Based on the fact

e |7 o (H) S C/ (1 + |z z)*p(dx) < CE(1 + |27 |g)2.



Hence, Gronwall inequality yields sup,c; E|z}]* < C.
Then, the Lebesgue dominated convergence theorem ensure
(6) holds and the continuous dependence theorem yields

291/2
[supE xy —xy } — 0;
tel
sup p(P(z}), P(x:)) = 0, as n — oo.
tel

Thus, the definition of J¢(u) yields J¢(u) is Cauchy contin-
uous on V. Finally, the boundedness is obvious. O

Now, the optimal control problem of the final state con-
straint (2-4) is changed into the free final state optimal control
problem: inf,cy J¢(u.), subject to the constraint (2).

Note that

0 < inf J(uw.) < inf J(u
ueV ueV

7)=¢
Ekeland’s variational principle holds and we have

1) J(u) < J(u°) =,

2) dy (u,u’) < €2,

3) JE(v) 4 €/ 2dy (uf,v) > J¢(uS), Vv e V.
Via the spike variation, for any # > 0, we can construct
a control u¢’ € U,; such that u® € V as well, and
dy (uf,u) < 6. Let 2¢,2° be the state trajectory w.r.t.
u®, u? respectively. In this case, we look u¢ as the “optimal

control” and u’ as a spike perturbation of u°.
We rewrite the variational equation (8) as

(10)

= = A= dt 4 {0 (b, o ) 2
+ E[(Db,(t, 2, i, uf) (%)) %]
07 (b(t, i, ui) — bt i, ) bt

o+ {oult, @, 1)2” + Bl(Doy(t, w5, i) (5))57) fduy,

an

where uf = P(zf), and have the same result as Lemma 1,
that is

€0 2

—

lim sup F Te — % 2 =0.
6—0 tel 9

Assumption 5. We assume that 1, g, G are Gateaux differen-
tiable w.r.t. x, u, and their derivatives l;, 1, and g., 9., Gz, G,
are continuous w.rt. (x,p,u) and (x,u) respectively and

satisfy
|lI(taxa:u?u)|H < C(l + |x‘H + |/u’|73A2(H))a
10t 2, s w)lsz;pip < C(+ |2l + |1lp, ),
YV (t,z,p,u) € I x HX Py(H) x U,
92 (z, )| < C(L+ [2|m + |plp )
g (@, )llx2;pip < C(L+ |z[a + |pulp,, ),
V (x,u) € Hx Pyx2(H);
|Galr + |G ullrz,nip < OV (z, 1) € H X Pr2(H).

In addition, we assume additionally DI, (t,z, 1 ,u)(z"),
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Dy, (z, 1 )(x), DG, (x, 1" )(z") are bounded and continuous
in .

Lemma 3. (The variational inequality) Under the Assumption
1-5, we have

0B [ {{ttef, s, i)+ B 008,75 0) )
4 07 ) — 008 )]

+ B{{ga (25, 45), 24) 1 + B{(Dgu(a, 10 (@), 5w }
+ (5, B{c <a:T,mT>zT + (DG, (a5 i) (#))3] P

>0(0) —

where limg_,o O(6) = 0, and lim._,o o = o, lim._,o 8¢ = 5,
satisfy that |a|g + |SBlrm = 1.

Proof. The proof of this lemma depends on the Taylor’s
expansion and Lemma 2. For space limiting, we omit it. [

C. Adjoint Equation
Define
F:LE(I x QG H) x L%(I x Q; L*(E,H)) - R
(¢, ¥) = L(27)

where (¢, 1)) comes from (9) (just change the state variable z
into z¢¢ there), its concrete content is given by (11) and

£) 2 B [ {0 (tatitu) 5

E((DL,(t, =, fi§, u§ ) (%)), z:9>H}dt

{ (92 (7, 17 ), ZT9>H
E(

(Dgu(wse, 1) (@), 2 ) |
5€)TG (27, u7), 27 >
E((3)" (DG

It is not hard to see the mapping F'° is a continuous linear
functional on the Hilbert space L%(I x Q; H) x L%(I x
Q; L%(E, H)). Thus, by means of Riesz’s representation, we
know there is a unique

(P,Q°) € L%(I x O H) x L:(I x Q; L*(E, H)),

(12)

(@, 1) (#). 5 |-

such that

Fe(¢, ) = E/I<Pt€7¢t>Hdt + E/I<Q§7¢t>£2(E,H)dt-

Lemma 4. (The adjoint equation) Under the Assumption I-5,
the adjoint pair (P, Q°) defined above satisfies the following
Mean field backward stochastic evolution equation:
—dPf = A*Pfdt + ol (L, xf, py, ug)dt
+ at E[(Dl (o, iy, up) (7)) dt

+ (b;(t7 I;v Mtv ut)PtEdt

(13)



+E[(Dbu(tax§7ﬁ:7 ))*ﬁﬂ)dt
+ (o5 (t, 24, puy)Q;

+ E[(Day(t, 1

uy) (7

(@) Qi])dt — Qiduwy,

where B* denotes the adjoint of the operator B and
P = gu (. 1) + E(Dgu (@5, ) (7)) + (8"

x Gy, py) + (B) E(DGu(T%, ) (2%)).

Notice that in this lemma all operators l,, DI, b}, etc, are
evaluated values in the state-control triple (€, u€, u®).

(14)

Proof. We only provide an outline. Apply Itd formula (just
justify by using Yosida approximation) to (P, z:%) in [0, T,
and then take expectation. Finally, compare with the varia-
tional inequality in Lemma 4.

aEE/H_l(l(
B /

>0(0) — /2

tvx;/ﬁvu:g) - l(t,acg,u:,ui))dt
b(t7z§,u§,u§))7Pte>dt

5)
O

t mm#’hut)

Remark 3. On the existence and uniqueness of the solution
of the mean field backward stochastic evolution equation (13),
let us consider the following equation

~dP; = APdt + Eh(t, P,, Qy, Py, Q) dt — Qudwy,  (16)
where
Eh(t, P, Qs, Py, Q1)
= [ 0.5, P(w). Qo). PL@). Qu(@) PLdD).
We assume that there exists a constant C > 0 such that, P-

a.s., forallt € I, p1,pa2,D1,p2 € H, ¢1,¢2,G1,G2 € L(E, H),

1. |h’(tvp1a Q1,}717Z]v1) - h(t’p27q27§27(72)|H

< C(lp1 — p2la + |1 — @2llz2e,m) + 1P1 — Dl
+ a1 — @llc2m,m)),
2. h(-,0,0,0,0) € L%(I, H).
Under  the assumption above, we can  check
that h(t, PtaQtaPtaQt) S L%(I X Q,H), and

Eh(t,Pi,Qu, P,,Q)) € L%(I x Q,H). Thus, from the
Theorem 3.1 in [5], we know there exists a unique mild
solution pair (P,Q) € L%(I x Q, H) x L%(I xQ, L*(E, H))
satisfies (16).
D. The maximum Principle
In this section, we give the maximum principle. Let
—de = A*Ptdt 4+ Oélz(t, Tt, ut,ut)dt

+ QE[(Dly (¢, w1, fir, w) (31))dt

+ (05 (t, ¢, g, ug) Prdt

+ E[(Dby,(t, we, i, ue)(Te))" Pr] ) dt

a7
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(o3t w0, 1) Qe + E[(Doy(t, e, i) (34)) " Qul ) dt — Qrdwy,
where B* denotes the adjoint of the operator B, and
Pr = g (27, u7) + E(Dgu (27, p7)(27))
+ BTGy (%, u7) + BTE(DG (3%, 17) (%)),

Finally, we derive the maximum principle which concludes
this paper.

Theorem 3. (The maximum principle) Let (z°,u°,u°) be
an optimal solution of the problem (2)-(4). Suppose the As-
sumption 1-5 hold. Then there exist « € R, § € R™, with
|2 + |B2m =1, such that
(P,Q) € L3I x O H) x L3I x % £2(F, H))
is a unique solution of (17).
2. H(t,x), puf,u) > H(t,xf, puy,uf), a.e,a.s. ¥ uecU,

where p? = P(x9),t € I and
H(tvxtvutaut) = al(tyxtaﬂtvut) + <b(tal‘t7,ut7ut)7 Pt)H

Proof. We provide only an outline. Let (P, Q) be the solution
of the equation (17), we first show

gg%btleu;E\P Bl =0,

Elg%HQt

Then, let # — 0 in (15) (remember the definition of the spike
variation), we have

- Qt||2Lf(1xQ;L2(E,H)) =0.

af (l(tO’ 'Zz;[,v Nzgvuto) - l(tO»x;)’ :ug()? u;o))
€ 1/2
<b(t07xt07:u‘t07utg) b(to,xto,uto,uto) Pt0> Z —€ 2,

Finally, let ¢ — 0 and we obtain the terminal result. O
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