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Abstract: This paper focus on the consensusability of high-order multi-agent systems (MASs) with uniform constant communi-
cation delay in an undirected network. We show that NV agents achieve consensus if and only if N — 1 time-delay subsystems
associated with the eigenvalues of the Laplacian matrix are simultaneously asymptotically stable. By employing a linear ma-
trix inequality (LMI) method, we present a sufficient condition for MASs to reach consensus. Also we consider the consensus
condition of first-order integrator system by using frequency domain analysis.
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1 Introduction

Distributed coordination control of multi-agent networks
is a basic problem, and one of the most fundamental prob-
lems is consensus control. Consensus control problem has
been widely studied due to its relevance in distributed com-
putation, biological group behaviors such as swarms and
flocks ([3]), etc. The key of consensus control is to design
an appropriate consensus protocol using locally exchanged
information such that all the agents in a network agree upon
certain quantities of common interest.

The seminal work [1] solved the consensus problem
and average-consensus problem of first-order integrator net-
works with and without time delay by using algebraic graph
theory and frequency domain analysis. In [2], consensus
protocols were designed for both the first-order integral lin-
ear multi-agent systems (MASs) and discrete-time MASs.
In [6] Ma et.al. considered the consensusability of linear
MASs without delay and showed that the consensusability
of MASs depends on the dynamic structure of each agen-
t and the communication network topology among agents.
Reference [7] studied the consensus conditions of first-order
integrator systems under both directed and undirected com-
munication network topologies. Consensus using quantized
information has also been considered in [10].

All of the existing works on the consensus problem focus
on first-order integrator networks or networks without de-
lay [8]-[9]. However, in practical engineering applications,
time delay is always inevitable in the process of informa-
tion exchange between agents. As we all know that the fre-
quency domain analysis is effective for stability analysis of
linear time-invariant systems. But this method is only ap-
plicable to some special systems with time delay due to the
fact that the corresponding characteristic equation becomes a
transcendental function. The linear matrix inequality method
has been used for stability analysis of general linear systems
with time delay [4]-[5].

In this paper, we consider the consensus condition for a
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class of general continuous-time MASs in an undirected net-
work with N nodes. Since the presence of communication
delay, our consensus protocol contains a delay in the relative
state information. By introducing some linear transforma-
tion, we will prove that the consensuability of MASs with
N agents is equivalent to that N — 1 time-delay subsystems
associated with the eigenvalues of Laplacian matrix are si-
multaneously asymptotically stable. And there is a common
gain matrix K in all of the N — 1 time-delay subsystems, so
the key of consensusability is the existence of the common
K.

We consider state feedback for a linear time-invariant sys-
tem with input time-delay. By constructing a common Lya-
punov function, we obtain a sufficient condition in the form
of linear matrix inequality (LMI) for the stability of one such
system with the same state and input matrix as the N — 1
time-delay subsystems. If the LMI holds with the corre-
sponding parameter equal to the eigenvalues of Laplacian
matrix, then we can obtain a gain matrix for the consensus
protocol to guarantee the consensusability of the MASs.

Apparently, this result can be directly applied to first-order
integrator systems, but for this case we employ a more direct
frequency-domain analysis method to analyze the consensus
condition. We prove that by choosing a appropriate gain,
systems achieve consensus whether the time delay is big or
small.

Notations: R denotes the real number field; R™*™ de-
notes the family of m x n dimensional real matrices; I,,
denotes the m x m dimensional identity matrix; 1,,, denotes
the m dimensional column vector with all components 1;
0,,, denotes the m dimensional column vector with all com-
ponents 0; ® denotes the Kronecker product; X < 0(> 0)
means that the matrix X is negative (positive) definite and
XT = X with X7 denotes its transpose; \; (X ) denotes the
ith eigenvalue of a matrix X; x; ,~; denotes a column vec-
tor composed of the kth component to the /th component of
column vector ;.

2 Algebraic Graph Theory

Let the directed graph G = {V, £, A} denotes the commu-
nication topology between multi-agents with the set of ver-
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ticesV = {1,2,..., N} and the setof edges £ C Vx V. The
ith vertex represents the ith agent and the edge (i, j) denotes
denotes that the agent j obtains information from the agent
i. € C {(i,4) : i, € V} is the edge set. The set of neigh-
bors of the ith agent is denoted by N; = {j € V|(i,j) € £}.
A = [a;;] € RN*N is called the weighted adjacency ma-
trix of G with nonnegative elements and a;; > 0 if and on-
ly if i € N;. The in-degree of the ith vertex is denoted
by d; = > Jen, @ij = Z;\le a;; and the in-degree matrix
D = diag{d,,ds,...,dn}. The Laplacian matrix £ of G is
defined by £ = D — A. Note that a;; = aj;, Vi, j € Vif and
only if G is an undirected graph. Obviously, for an undirect-
ed graph, £ is a symmetric, positive semi-definite matrix and
all its eigenvalue are non-negative. Note that L1y = Op. In
this paper, z; denotes the state of the ith node. For an undi-
rected connected graph, the eigenvalues of £ can be arranged
as follows

3 Consensus and Consensusability

In this paper, we will consider the consensus control for a
network of continuous-time high-order linear time-invariant
agents with the following dynamics
where z;(t) € R™ and u;(t) € RP are the state and control
input of the ith agent. A € R"*", B € R™*P are constant
matrices and the initial state is denoted by z;(0).

Definition 1 (consensus) The agents in the network
achieve consensus if

lim [l (t) = =:(t)[| = 0,

t—o0

Vi,je{l,...,N}

for any initial value x;(0).
Due to the presence of communication delay, the consen-
sus protocol of the ¢th agent is given by

N

ui(t) = K> aij(a;(t — ) — it — 7))

Jj=1

2

where K € RP*™ is a gain matrix. The time delay 7 €
[0,7*], 7* € R is known.
Letu(t) = [uT,...,u%]T

,uy]" , we consider the following ad-
missible control set:

U= {u(t)  [0,00) — RPN|

ui(t) = KZaij(xj(t —7) —a;(t —71)),

j=1

Vt >0, K € RP*™, izl,...,N}.

Definition 2 (consensusable) For the system (1), if there
is a u(t) € U such that system (1) reaches consensus, then
we say that the system (1) is consensusable with respect to
(wrt) U.

It is obviously that if A is stable, then system (1) can
reaches consensus by taking u; = 0, so for the sake of mak-
ing this problem interesting, without loss of generality, we
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assume that A is unstable (including the case where A has
eigenvalues with zero real part).

In this paper, we focus on the consensusability of system
(1) under the consensus protocol (2). Note from [6] that,
when 7 = 0, the corresponding delay-free system can reach
consensus under the following assumptions, which we will
adopt for the delay case as well.

Assumption 1 The network topology G is an undirected
connected graph.

Assumption 2 (A, B) is stabilizable.

We introduce a lemma which will be used in the proof the
our main results.

Lemma For any constant matrix M € R™*™ M =
M7T > 0, scalar v > 0, vector function w : [0,7] — R™,
such that the integrations in the following are well defined,
then

[ W (5)Muw(s)ds

(1 ) aa ([ wios)

4 Consensusability of High-order Multi-agent
Systems with Constant Communication Delay

>

w(s)ds)

Let 6;(t) = x1(t) — x;(t), i = 2,..., N, then we can
obtain the dynamic of ¢,(t) as follows

Adi(t) + BK[Z(CHJ‘ —ay;)0;(t —7)

=2

—diéi(t—r)}, i=2,...,N.

3;(t)

Define §(t) = [63 (t),..., 0% (1)] " then we have

o(t) = (In—1 ® A)S(t) — [(Lo2 + 1n—1a") ® BK]

ot —) (3)
where
do —asg3 —AagN a12
—as2 ds3 —asnN a3
Loy = ) ;=
—ay2 —an3 dn aiN

It is obvious that systems (1)-(2) achieving consensus is
also equivalent to lim;_, [|0(%)] = 0. So next we will focus
on the stability condition for system (3).

AT
Note that £ = { h ] is a symmetric ma-
—a Lo
trix, so Lgo is also a symmetric matrix. Taking S =
1 ok,
—1 |, then we have
[ In-1 In—
0 —aT
Slrs = . 4
[ On-—1 Lop+1y_1a” ] @)

From (4) we can see that the eigenvalues of Los + 1 ool

are the nonzero eigenvalues of L, i.e., A2(L), -, An(L).
Claim Let v; denote the right eigenvector corresponding to
the eigenvalue \;(£), i = 2,..., N, then Uij:2~N is the left



eigenvector of Loy + 1y_1a”

eigenvalue \;(£),i=2,...,N.
Proof of claim In fact, we have

corresponding to the same

T
d1Uz‘,1 — Q" Vj2~N

L T = = ’ )
Y —aw;1 + Logvi o N } [ Ai(L)vi 2N }

SO
—QU; 1 = )\i(»c)viQNN — LaoviaN- Q)
It is obviously that 1%1% =0,7=2,..., N, thus we have
—av;1 = al}_ 1V 2uN. (6)
From (5) and (6), we have
v gy (Lo2 + In_1a”) = M(L)v) o n-

That is to say, the component of the right eigenvector of L is
the left eigenvector of Los + 1 ool corresponding to the
same eigenvalue \;(£),i=2,...,N.

Because £ is a symmetric matrix, it can be diagonalized
by using its eigenvector matrix, i.e., there exists a matrix
U = [uy,us, ..., uy] composed of the mutually orthogonal
eigenvectors of £ such that

U™'LU = diag{0, \o(L),---, An(L)}.

We take V = [U2,2~N, ..
vertible matrix, and we have

yun2~n]T, then V is an in-

V(Laz +1nx 1)V = diag{A2(L), ..., An(£)}.

Let 6(t) = (V ® I,,)8(t), and we can obtain its dynamics
as follws:

5(t) = (In—1 ® A)3(t) — [diag{ra(L), -, An (L)}
®BK|o(t — ).

Take 0(t) = [03(t), -, Sﬁ(t)]T, then we can obtain the
following theorem:

Theorem I Systems (1)-(2) achieve consensus if and on-
ly if the following N — 1 time-delay subsystems associated
with the eigenvalues of Laplacian matrix are simultaneous
asymptotically stable:
0i(t) = Ab;(t) — M(L)BKo;(t — 1), i=2,...,N, (1)
where the definitions of 0 (t) can be found in the analysis
above.

Remark 1 That is to say, if we find a matrix K such that
every time-delay subsystem of (7) is stable, then we can say
that system (1) is consensusable w.r.t. /.

Theorem 2 For a given constant 7, if there exist symmetric
positive definite matrices W, X and Y of appropriate dimen-
sions such that the following LMI holds:

XAT + AX —aYTBT —aBY
—aYTBT
FW(AX — aBY)

—aBY  #(XAT — aYTBT)W
—XWX —arYTBTW <0, (8)
—a7WBY —W
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then the following system
n=An(t) —aBu(t—7), a€R )
with the state feedback control law given by

u(t) = Fn(t) (10)

is asymptotically stable for any 7 € [0, 7] and the gain matrix
canbetakenas F = Y X!,
Proof: Systems (9)-(10) can be rewritten as

n = An(t) —aBFn(t — 7). (11)

We introduce in a Lyapunov functional for (11) as follows:

0 t
V() = T (H)Sn(t) + 7 / / i EWi(s)ds.

where S and W are both symmetric positive definite matri-
ces. Thus we can obtain the derivative of V' (1(t)) about ¢ as
follows

V() = " (0)Sn(t) + 0" ()Sn(t) + 7" (H)Wi(t)

t
7 [ W),
t—T1
Then from lemma we have

V(1)) < T (6)Sn(t) + 0" (£)Si(t) + 7t ()W)

([ o ([ o).

Since W > 0, then we have

V() < i ()Sn(t) + 0" (6)S0(t) + Ty () Wi(t)
1 (s)

t t
- / 0t ds) %% (/ ﬁT(s)ds>
t—T1 t—r1
= M) Z¢(),
where £(t) = [T (t),nT(t — 7)]* and
7 _ ATS + SA+72ATWA - W
T | —aFTBTS —am2FTBTWA+W
—aSBF — a2 ATWBF + W
a’7?FTBTWBF — W

If the LMI (8) holds, take S = X! and F = Y'S, then we
have

STIAT 4 AS—1 — ¢S~ 1FTRBT — 4BFS~!
—aS~1FTBT
FW(A — aBF)S~!

—aBFS™t  7S71(AT —aFTBTYW
—-S-twst —arSTFTBTW < 0.
—aTWBFS™! -W

By linearization technique, we obtain the following equiva-
lent LMI

ATS+SA-W —aSBF+W AT
—aFTBTS +W -W —aFTBT | <.
A —aBF —SW!



By using Schur’s complement, we see that Z < 0, so
V(n(t)) < 0, thus from Lyapunov stability theorem we
know that (9)-(10) are stable with FF = Y X 1.

Remark 2 If the LMI (8) holds, then we have X AT +
AX —aYTBT — aBY < 0, so the matrix A — aBF is a
stable matrix. That is to say, when 7 = 0, the corresponding
delay-free system is asymptotically stable.

From Theorems 1 and 2, we obtain the following result:

Corollary 1 Systems (1)-(2) reach consensus if the LMI
(8) holds for all @ = \;(£) with W = W,, i = 2,...,N.
In this case, the common gain matrix can be taken as K =
YX—

5 Consensusability of First-order Integrator Sys-
tem with Constant Communication Delay

Next we will consider the consensusability of a class of
first-order integrator system:

@i(t) =u(t), i=1,---,N (12)

with the consensus protocol of the :th agent is given by
N
wi(t) =k aij(a;(t —7) — it — 7)) (13)
j=1

where k£ € R, time delay 7 > 0.

From Theorem 1, we get the following result for systems
(12)-(13).

Corollary 2 Systems (12)-(13) achieve consensus if and
only if the following N — 1 time-delay subsystems are si-
multaneously asymptotically stable:

0i(t) = —N(L)kbi(t —7), i=2,...,N. (14)
where the definitions of 0, (¢) are same as Theorem 1.

Due to the simplicity of system (14), we can analyze its
stability by using the frequency domain method.

Theorem 3 Systems (12)-(13) can always reach consensus
if k > 0and 7 < Tax, Where Ty = m

Proof: For every time-delay subsystem of (14), its charac-

teristic equation is

s+ N(L)ke ™ =0, i=2--- N. (15)

We should note that k should stabilize the delay-free system
of (14), that is to say, when 7 = 0, the following N — 1
delay-free subsystems are simultaneously stable,

5i(t) = —M(L)kS;(t), i=2,...,N,

ie., =\ (L)k <0,i=2,...,N, thus we only need k& > 0.

By the continuous dependence of the roots for parameter
T, we only need to consider that there is no imaginary axis
root and zero root of (15) for 7 < Tyax, Where Tyax 1S a
parameter to be determined.

Note that the complex roots of (15) are distributed sym-
metrically on the complex plane with respect to the real ax-
is. Thus we only need to consider the case of s = ww;
(1> =—1),w; >0,i=2,...,N for (15). That is to say, we
only need to guarantee that the following equations

ww; + Ni(L)ke™™i T =0, i=2,---,N

do not have solutions w; > 0,7 =2,---, N.
If there is a i* € {2,---, N'} such that
twix + A+ (L)ke™ T =0, (16)

where w;+» > 0, then by separating the real part and imagi-
nary part of (16), we get that

Ai+ (L)k cos(w;«T) = 0, (17)
Wi — A= (L) E sin(w;=7) = 0. (18)

From (17) we have cos(w;«7) = 0, so w;» # 0 and there
must be w;=7 = Ir + 3,1 = 0,1,.... From (18) we have
elnzl:ﬁ = X\« (L)k > 0, so sin(w;=7) > 0, thus w7 =
20m + 5,1 = 0,1,.... Thatis to say, kX< (L) = wy =
Qlﬂj%, [ =0,1,.... Sowe have 7 = %, thus we can
obtain a bound of time delay, i.e., Tax :m
Remark 3 From Theorem 3 we know that by choosing a
relatively small (or big) gain k, we can guarantee that sys-
tems (12)-(13) achieve consensus when the time delay is big

(or small).

6 Simulation

We assume that there are three agents in a network. The

0 05 1
adjacency matrix 4 = 0.5 0 0 |, then for first-
1 0 O

order integrator system #;(t) = w;(t), i = 1,2,3, with
the consensus protocol of the ith agent is given by u;(t) =
kzgzl a;j(zj(t — 1) — z;(t — 7)). Through calculation
we know that A\pax(L) = %, then from Theorem 3

we know that this network can reaches consensus if only
T < Tmax = When £ = 2 and £k = 0.2, the
s

I _ _bm _
2G13) and Tyax 31./3° fespec

tively. Fig. 1 and Fig. 2 can display our results.

™
(3+V3)k"
corresponding Typax =

38
36
34 H |

a2 11|

238 ‘J“
26 L}

24

22

t

Fig. 1: k=2and 7 = 0.3

7 Conclusion

This paper studied the consensusability of high-order lin-
ear MASs with uniform constant communication delay in an
undirected network. The consensusability problem of N a-
gents can be turned into simultaneous stability of N —1 time-
delay subsystems associated with the eigenvalues of Lapla-
cian matrix. We presented a sufficient condition of MASs’
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Fig.2: k=0.2and 7 =3

reaching consensus in the form of an LMI. We also consid-
ered the consensus condition of a class of first-order integra-
tor system using frequency domain analysis and showed that
by choosing a relatively small (or big) gain k, we can guar-
antee that systems achieve consensus when the time delay is
big (or small).
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