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Abstract: This paper studies optimal control designs for networked linear discrete-time systems with quantization

effects and/or fading channel. The quantization errors and/or fading channels are modeled as multiplicative noises. The

H2 optimal control in mean-square sense is formulated. The necessary and sufficient condition to the existence of the

mean-square stabilizing solution to a modified algebraic Riccati equation (MARE) is presented. The optimal H2 control

via state feedback for the systems is designed by using the solution to the MARE. It is a nature extension for the result

in standard optimal discrete-time H2 state feedback design. It is shown that this optimal state feedback design problem

is eigenvalue problem (EVP) and the optimal design algorithm is developed.
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1 INTRODUCTION

During last two decades, networked control system has at-

tracted many research interests. In these works, the main

issues include modeling communication channel uncertain-

ties such as data rate limits, quantization errors, channel

fading, data package drop, channel delays etc., analyzing

design constraints on feedback systems caused by these un-

certainties and developing feedback control design meth-

ods for networked systems. It is shown that the multi-

plicative noise model may be an efficient way in model-

ing uncertainties which appear in communication channels

in feedback systems, such as, packet loss ([23], [24] and

[32]), quantization errors ([20], [26]), fading channels [7]

and etc. These motive further research in networked con-

trol and stochastic control areas. Since linear time invariant

systems with multiplicative noises involve nonlinearities,

several issues in stabilization and optimal control problem-

s for the systems are still opened meanwhile LQG control

theory has been well established for LTI systems with ad-

ditive noises.

The studies for LTI systems with multiplicative noises can

be traced back to the later of 1960’s. In 1971, Willems

and Blankenship [28] formulated the mean-square stabili-

ty problem for linear time-invariant (LTI) SISO feedback

systems with multiplicative noises, respectively, and pre-

sented the sufficient and necessary condition of the stability

for the systems. These results are extended to MIMO sys-

tems in [16]. In [13], [14] and [17], the criterion of mean-

This research was supported in part by the Natural Science Foun-

dation of China under the grants 60834003, 60774057, in part by the NS-

F/USA under the grant number ECCS-0801874, in part by the Hong Kong

RGC under Project CityU 9041557, CityU 9041659, and in part by the C-

ity University of Hong Kong under Project 9380054 and 7002712.

square stability is studied for LTI systems with multiplica-

tive noises. And then, the mean-square stabilization via

state feedback is studied for the systems (for example see

[1] and [29]). The optimal control is another issue which

has been studied widely. The earlier works were reported

in [30] and [31] where optimal regulation problem is for-

mulated based on a quadratic cost function. It is shown in

these works that the optimal state feedback is determined

by a positive semi-definite solution to a modified algebra-

ic Riccati equation (MARE). After then, the necessary and

sufficient condition for this optimal control design problem

is presented in terms of the solvability of a linear matrix

inequality (LMI) in [19]. In [6] and [34], the relation be-

tween the existence of the solution to the optimal regulation

problem and the mean-square stabilizability, observability

is studied. The sufficient conditions are presented for the

optimal design in several cases.

In [7], Elia revisited the mean-square stabilization prob-

lem for a MIMO system with multiplicative noises which

are used to model communication channel uncertainties in

networked systems. Sinopoli et. al. [23], [24] studied

Kalman filtering with packet loss in communication chan-

nels, where the channel uncertainty caused by packet loss

is modeled as a multiplicative noise. Sufficient conditions

are presented for the convergence of the Kalman filter with

intermittent observations. Xiao et. al. [32] studied the sta-

bilization problem for networked systems with packet loss

and presented an explicit connection between mean-square

stabilization and signal-to-noise ratios of control commu-

nication channels. In networked setting, we [20], [22], [26]

formulated the optimal tracking problem with quantization

error by applying multiplicative noise models and solved

optimal tracking problem via output feedback for a mini-
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mum phase LTI system.

In this paper, networked feedback systems with quantiza-

tion effects and communication channels are considered.

The quantization errors and/or uncertainties in communi-

cation channels are modeled by multiplicative noises. By

this model, we formulates optimal H2 control problem in

mean-square sense for the networked systems. Then the

formulations for optimal regulation and optimal tracking

problems are considered. Following the stochastic small

gain theorem [16], the existence of the optimal controller

is studied for the optimal H2 control in mean-square sense.

It is turned out that the optimal state feedback gain in this

problem is determined by a positive semi-definite solution

to a MARE. And the necessary and sufficient condition for

the existence of this solution is presented. It extends the

standard optimal H2 state feedback design for LTI systems

to LTI systems with multiplicative noises. Moreover, it is

found that the optimal H2 design problem is a generalized

eigenvalue problem, i.e., the global optimal solution exists

and can be solved by a set of linear matrix inequalities (L-

MI) and line search technique. The remainder of this paper

is organized as follows. In Section 2, we formulate the opti-

mal design problems for an LTI system with multiplicative

noises. In Section 3, optimal H2 design via state feedback

is discussed. Section 4 concludes the paper.

The notation used throughout this paper is fairly standard.

We denotes the set of real n-dimensional vector space by

Rn. Denote the transpose of a matrix by (·)T , and rank

of a matrix by Rank(·), respectively. Denote the mathe-

matical expectation operator by E(·) and the spectral radius

by ρ(·), respectively. We denote block-diagonal matrix

formed from the arguments by diag{· · · }. For conjugate

symmetric matrix X, Y, the notation X > Y (respectively,

X≥ Y ) is used to denote X−Y is positive definite (positive

semidefinite).

2 Problem Formulation

This paper study optimal control and optimal tracking

problems for networked LTI systems with quantization ef-

fects (or input multiplicative noises).

We first consider the networked feedback system shown in

Fig. 1. In the system, P is a plant, K is a feedback con-

troller and the channel is modeled as a quantization law and

noise free communication channel. The control signal uq

from Rm is quantized in the sending side and the quantized

control signal uq is received at the receiving side perfectly.

The signal y from Rl is the measurement. The model of

K �
�

Channel

�
P�

�
v z

uq y

u

Figure 1: The networked system with quantization effects

and a state noise

the plant with quantizers (or input multiplicative noises) is

given as below:

x(k + 1) = Ax(k) +B1v(k) +B2uq(k) (1)

z(k) = C1x(k)

y(k) = C2x(k)

where x(k) ∈ Rn is the state, uq(k) ∈ Rm is the quantized

control input (or control input corrupted by multiplicative

noises). The input v is independent and identically dis-

tributed (i.i.d) process with zero mean. The covariance of

v is an identity matrix. The quantization errors d(k) are

modeled with multiplicative noises ω1, · · · , ωm, i.e.,

d(k) = uq(k)− u(k) = ω(k)u(k) (2)

where ω = diag {ω1, · · · , ωm}, diag {∗, · · · , ∗} is a diag-

onal matrix and ∗ is an entry in the diagonal of the matrix.

ω is referred to as the relative quantization error.

Assumption 1 The noises ωi(k), i ∈ {1, · · · ,m} are mu-
tually independent white noise processes with

E{ωi(k)} = 0, E{ωi(k1)ωi(k2)} =
{
σ2
i , k1 = k2
0, k1 �= k2

,

for i �= j,
E{ωi(k1)ωj(k2)} = 0.

Now, we formulate optimal H2 control problem for the sys-

tem in Fig. 1. It is assumed that the i.i.d. process {v(k)} is

independent of ω. The averaged power of the output signal

z with regard to the noises v and ω is considered:

E‖z‖2p = E lim
k→∞

1

k + 1

k∑
i=0

z(i)T z(i). (3)

Compared with the standard H2 norm of linear time invari-

ant systems (for example see [33]), E‖z‖2p is a generalized

H2 norm in mean-square sense for the closed-loop system

with multiplicative noises. The optimal control design is to

find an optimal control law K1,opt to minimize this norm,

i.e.

K1,opt = arg inf
K

E‖z‖2p. (4)

This problem is referred as to optimal H2 control in mean-

square sense. The H2 norm in mean-square sense of the

system is denoted by JH2 .

In general, the closed-loop systems of the plants with

feedback controllers and quantized control inputs are dia-

grammed as the system shown in Fig. 2 where ω is the rela-

tive quantization error given by the model (2). The nominal

closed-loop system Ge is partitioned as below

Ge =

⎡
⎢⎢⎣
Gz0 Gz1 · · · Gzm

G10 G11 · · · G1m

· · · · · ·
Gm0 Gm1 · · · Gmm

⎤
⎥⎥⎦ (5)

which is compatible to the sizes of signals v(k), d(k), z(k)
and u(k) in the closed-loop system.
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Figure 2: The closed-loop system with multiplicative nois-

es

Now, define the mean-square stability and mean-square sta-

bilizibility for the closed-loop systems and the plants with

quantized control inputs of which the quantization errors

are modeled as multiplicative input noises by Assumption

1, respectively.

Definition 1 It is referred to as that the closed-loop system
shown in Fig. 2 is mean-square stable if, for any bounded
initial state of the system with zero inputs, the covariance
of the state is convergent to zero.

Definition 2 It is referred to as that a plant above is
mean-square stabilizable, if there exists a state control law
u(k) = Fx(k) such that the resultant closed-loop system is
mean-square sable, i.e., for any bounded initial state x(0)
with zero input, limk→∞ E{x(k)Tx(k)} = 0.

To study the mean-square stability of the closed-loop sys-

tem, let

G =

⎡
⎣G11 · · · G1m

· · ·
Gm1 · · · Gmm

⎤
⎦ . (6)

Then, let

Ĝ �

⎡
⎢⎣
‖G11‖22 · · · ‖G1m‖22

. . .

‖Gm1‖22 · · · ‖Gmm‖22

⎤
⎥⎦ (7)

and

Σ � diag
{
σ2
1 , · · · , σ2

m

}
. (8)

Lemma 1 (see [16]) Suppose that the nominal closed-loop
system Ge of the system shown in Fig. 2 is stable. The sys-
tem is mean-square stable if and only if the spectral radius
of the matrix ĜΣ is less than one, i.e.,

ρ(ĜΣ) < 1. (9)

3 Optimal H2 Control in Mean-Square Sense

In this section, the optimal H2 control in mean-square

sense is studied for the plant (1). From the quantization

error model (2), the plant is decomposed to the nominal

plant

x(k + 1) = Ax(k) +B1v(k) +B2d(k) +B2u(k) (10)

z(k) = C1x(k)

y(k) = C2x(k)

and the multiplicative noise part

d(k) = ω(k)u(k). (11)

Following the diagram in Fig. 2, we can see that the nomi-

nal part Ge in the closed-loop system of the plant (1) and a

feedback controller K is determined by the nominal plant

(10) and the feedback controller K. Now, the H2 norm in

mean-square sense of the closed-loop system is studied in

terms of Ge.

Lemma 2 The H2 norm in mean-square sense of the
closed-loop system is given by

JH2 = ‖Gz0‖22 +
[‖Gz1‖22 · · · ‖Gzm‖22

]
Σ(I − ĜΣ)−1

×

⎡
⎢⎣
‖G10‖22

...
‖Gm0‖22

⎤
⎥⎦ . (12)

Proof is presented in Appendix .

Let

Ĝe =

⎡
⎢⎢⎣
‖Gz0‖22 ‖Gz1‖22 · · · ‖Gzm‖22
‖G10‖22 ‖G11‖22 · · · ‖G1m‖22

· · · · · ·
‖Gm0‖22 ‖Gm1‖22 · · · ‖Gmm‖22

⎤
⎥⎥⎦ . (13)

Lemma 3 Consider the closed-loop system shown in Fig. 2
with given σ1, · · · , σm. For any given σ0 > 0, it holds that

J1 <
1

σ2
0

and ρ(ĜΣ) < 1 (14)

if and only if there exists a σ0 > 0 so that

ρ(ĜeΣe) < 1

where Σe � diag
{
σ2
0 , σ

2
1 , · · · , σ2

m

}
.

Remark 1 Lemma 3 is a general version of Theorem 4.1
in [16] which is available in the case when v and z are
scalars.

Consider the plant (10-11) with a state feedback control

law u(k) = Fx(k). The nominal transfer function Ge in

the closed-loop system is given by

Ge =

⎡
⎢⎢⎣
C1(zI −AF )

−1B1 C1(zI −AF )
−1B21 · · ·

F1(zI −AF )
−1B1 F1(zI −AF )

−1B21 · · ·
· · · · · ·

Fm(zI −AF )
−1B1 Fm(zI −AF )

−1B21 · · ·
· · · C1(zI −AF )

−1B2m

· · · F1(zI −AF )
−1B2m

· · ·
· · · Fm(zI −AF )

−1B2m

⎤
⎥⎥⎦ (15)

where AF = A+ B2F , B2i and Fi are i-th column of B2

and i-th row of F , respectively.

From Lemma 3, we can see that the spectral radius

ρ(ĜeΣe) of the matrix ĜeΣe plays key role in the opti-

mal state feedback design. Hence, the feature of positive

matrix is needed.
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Lemma 4 (see [12]) For any square matrix T , if all entries
of the matrix are greater than zero, then its spectral radius
ρ(T ) (or largest eigenvalue) is given as follows

ρ(T ) = inf
Γ
‖ΓTΓ−1‖∞ � inf

Γ
max

j

∑
i

γ2
i tij

1

γ2
j

(16)

where Γ = diag
{
γ2
1 , · · · , γ2

m

}
> 0.

To study the optimal H2 state feedback design in mean-

square sense for the system, the standard optimal H2 state

feedback design is reviewed for the plant (17)

x(k + 1) =Ax(k) +B1v(k) +B2u(k) (17)

z(k) =

[
C1

0

]
x(k) +

[
0

Γ
1
2

]
u(k).

Lemma 5 The discrete algebraic Riccati equation (18) has
the unique stabilizing solution X ≥ 0 (i.e., all eigenvalues
of A + B2F with F = −(Γ + BT

2 XB2)
−1B2XA are in

the open unit disc) if and only if (A,B2) is stabilizable and
(A,C1) has no unobservable pole in the unit circle,

X = ATXA−ATXB2(Γ +BT
2 XB2)

−1B2XA+ C1C
T
1 .

(18)

The proof follows [18] and [27].

Lemma 6 The minimum H2 norm of the closed-loop system
(17) via state feedback and optimal state feedback gain are
given by

min
F

∥∥∥∥
[
C1

Γ
1
2F

]
(zI −A−B2F )−1B1

∥∥∥∥
2

2

= tr
{
BT

1 XB1

}

and
F = −(Γ +BT

2 XB2)
−1B2XA,

respectively, where X is a positive semi-definite solution to
(18).

The proof follows that of Theorem 6.4.1 in [3].

Theorem 1 For given σ1, · · · , σm, the modified algebraic
Riccati equation (19)

X =ATXA+ CT
1 C1

−ATXB2

(
Φ+BT

2 XB2

)−1
BT

2 XA (19)

where Φ = diag
{
σ2
1B

T
21XB21, · · · , σ2

mBT
2mXB2m

}
has

a mean-square stabilization solution if and only if the plant
(10-11) is mean-square stabilizable, (A,C1) has no unob-
servable in the unit circle.
The minimum H2 norm in mean-square sense of the plant
(10-11) via state feedback is

J1 = tr
{
BT

1 XB1

}
and the optimal state feedback gain is given by

F = − (
Φ+BT

2 XB2

)−1
BT

2 XA

where X is a positive semi-definite solution to (19).

Sketch of proof: Following Lemmas 2 and 6, the optimal

H2 design problem in mean-square sense is a standard H2

optimal design problem with m linear inequalities. Ac-

cording to Lemma 5, the standard H2 optimal design prob-

lem is solved by the discrete algebraic Riccati equation

(18). Combining (18) with the m linear inequalities, we

can obtain a sequence of discrete algebraic Riccati equa-

tion. This sequence converges to the modified algebraic

Riccati equation (19) if and only only the plant (10-11) is

mean-square stabilizible. Applying Lemmas 5 and 6 to the

sequence of discrete algebraic Riccati equation leads to this

theorem.

Moreover, this theorem can be extended to the case where

the plant (1) has state dependent multiplicative noises ωsi,

i = 1, · · · ,ms as below:

x(k + 1) = Ax(k) +

ms∑
i=1

Aiωsi(k) +B1v(k) +B2uq(k)

(20)

z(k) = C1x(k)

where the matrixes Ai, i = 1, · · · ,ms have rank one. The

noises ωsi, i = 1, · · · ,ms are i.i.d. processes with ze-

ro mean and variances σsi, respectively. Moreover, ωsi,

i = 1, · · · ,ms, ωi, i = 1, · · · ,m and v are mutually inde-

pendent.

Corollary 1 The optimal H2 state feedback design is solv-
able if and only if the plant is mean-square stabilizable vi-

a state feedback and

⎛
⎜⎜⎜⎝A,

⎡
⎢⎢⎢⎣

C1

A1

...
Ams

⎤
⎥⎥⎥⎦

⎞
⎟⎟⎟⎠ has no unobservable

pole in the unit circle.

Furthermore, the MARE (21) has a positive semi-definite
solution

X =ATXA+

ms∑
i=1

σ2
siA

T
i XAi + CT

1 C1

−ATXB2

(
Φ+BT

2 XB2

)−1
BT

2 XA. (21)

The minimum H2 norm in mean-square sense is given by
JH2 = tr

{
BT

1 XB1

}
.

4 Conclusions

In this paper, the optimal H2 control via state feedback for

discrete-time systems with quantization effects has been s-

tudied. Under the multiplicative noise model, the neces-

sary and sufficient condition is presented for the solvability

of this optimal control problem. Furthermore, this optimal

control result is generalized to a more version for plants

with state-dependent noises.

5 Appendix: Proof of Lemma 2

Let {Ge(0), Ge(1), Ge(2), · · · } be impulse response asso-

ciated with the transfer function Ge in (5). Following the
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partition of Ge in (5), we write Ge(k), k = 0, 1, 2, · · · as

below:

Ge(k) =

⎡
⎢⎢⎢⎣
gz0(k) gz1(k) · · · gzm(k)
g10(k) g11(k) · · · g1m(k)

...
...

. . .
...

gm0(k) gm1(k) · · · gmm(k)

⎤
⎥⎥⎥⎦ .

Note the fact that the nominal plant (10) has a strict proper

function from input (v, d, u) to output (z, y). The transfer

function Ge of the plant with a proper feedback control

law is also strict proper. Hence, it holds that gij(0) = 0,

i = 1, · · · ,m, j = 0, · · · ,m.

When the initial state of the system in Fig. 2 is at rest, the

output of the system is given by

[
z(k)
u(k)

]
=

k∑
i=0

Ge(i)

[
v(k − i)
d(k − i)

]
(22)

with d(k − i) = ω(k − i)u(k − i).
Subsequently, the output z(k) is written a summation as

below:

z(k) = zv(k) +
m∑
j=1

zdj (k) (23)

where

zv(k) =
k∑

i=0

Gzd(i)v(k − i) (24)

zdj (k) =
k∑

i=0

Gzj(i)dj(k − i), j = 1, · · · ,m.

Following Assumption 1 and assumption on v, we obtain

that

EzT (k)z(k) = EzTv (k)zv(k) +
m∑
j=1

EzTdj
(k)zdj (k).

(25)

Denote the autocorrelation matrixes and power spectral

density of zv by Rzv(τ) and Szv , i.e.

Rzv(τ) = lim
k→∞

1

k + 1

k∑
i=0

Ezv(i+ τ)zTv (i).

From the definition of the averaged power, it holds that

E‖zv‖2p = tr {Rzv(0)} = 1

2π

∫ 2π

0

tr
{
Szv(e

jω)
}
dω.

(26)

Noting (24), we rewrite (26) as below:

E‖zv‖2p =
1

2π

∫ 2π

0

tr
{
Gz0(e

jω)Sv(e
jω)G∗

z0(e
jω)

}
dω.

Since the power spectral density Sv of the signal v is the

identity matrix, it holds that

E‖zv‖2p = ‖Gz0‖22. (27)

Denote the power spectral densities of zdj and uj by Sdj

and Suj , respectively. Following the process on the discus-

sion above, we obtain that

E‖zdj‖2p =
1

2π

∫ 2π

0

tr
{
Gzj(e

jω)Sdj (e
jω)G∗

zj(e
jω)

}
dω.

(28)

Note the fact that

Sdj (e
jω) =

∞∑
τ=−∞

Rdj (τ)e
−jτω and dj(k) = ωj(k)uj(k).

(29)

It follows from Assumption 1 that

Rdj
(0) = lim

k→∞
1

k + 1
σ2
jE

k∑
i=0

u2
j (i) = σ2

jE‖uj‖2p (30)

and

Rdj (τ) = 0, τ = 1, 2, · · · . (31)

Substituting (30) and (31) into (29) yields that

Sdj (e
jω) = σ2

jE‖uj‖2p. (32)

Subsequently, (28) is rewritten as

E‖zdj‖2p = σ2
j ‖Gzj‖22E‖uj‖2p. (33)

With (25), (27) and (33), we have that

E‖z‖2p = ‖Gz0‖22 +
m∑
i=1

σ2
i ‖Gzi‖22E‖ui‖2p. (34)

In the light of the discussion above, we can obtain straight-

forwardly that

E‖zuj‖2p = ‖Gj0‖22 +
m∑
i=1

σ2
i ‖Gji‖22E‖ui‖2p, j = 1, · · · ,m

(35)

or⎡
⎢⎣
E‖zu1‖2p

...

E‖zum‖2p

⎤
⎥⎦ =

⎡
⎢⎣
E‖G10‖2p

...

E‖Gm0‖2p

⎤
⎥⎦+ ĜΣ

⎡
⎢⎣
E‖zu1‖2p

...

E‖zum‖2p

⎤
⎥⎦ . (36)

From (34) and (36), we obtain (12).
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