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Abstract—In this paper, we consider the quantized quadratic
performance control problem for a class of stochastic systems
which are subject to multiplicative noises in the measurement,
we look for a dynamic output feedback controller to guarantee
certain level of performance. By using the sector bound approach
to characterize the quantized error, we show that the existence
of the solution of quantized quadratic guaranteed cost problem
can be found by solving the so-called guaranteed cost control
problem of the associated system with sector bound uncertainty.
The main result of this paper show that this problem can be
effectively solved using linear matrix inequalities (LMIs).

I. INTRODUCTION

Research of the problem of quantized feedback control can
be traced back to 1956 [1], where Kalman investigated the
effects of quantization in a sampled data control system and
pointed out that the quantized feedback system would exhibit
limited cycles and chaotic behavior if finite-alphabet quantizer
is used. For the early works of quantized feedback control
problem [2] [3] [4] [5], the quantization are always considered
as undesirable, either as noise or state uncertainty, so most of
the works try to eliminate its influence.

The widespread use of network based control where the
information between the controller and the the plants is ex-
changed through a network medium with limited capacities
has further strengthened the importance of the study of the
quantized feedback control problem. Different from the early
views towards quantization, quantization is now considered
to be useful instead of undesirable. As for the fundamental
problem in network control system how much is the least
data rate that has to be sent to stabilize the system, [6]
shows that the coarsest quantizer is logarithmic for single
input deterministic system, where the quantization density
can be characterized by the unstable poles of the system
matrix. Quantization density with respect to the feedback
subject to the Bernoulli packets dropouts is considered in [7],
which is related to both the unstable states and the statistical
properties of Bernoulli noises. For the more general case with
the input channel subject to an independent and identically
distributed packet dropout process in [8], the minimum data
rate for the mean square stabilization is explicitly given in
terms of the unstable eigenvalues of the open loop matrix
and the packet dropout probability. For the stochastic systems,
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not only system matrix but also the statistical properties of
the noises are related [9]. Results on feedback control with
dynamic quantizer can be found in [10] [11]. In works about
quantized feedback control, most of them are only confined
to the problem of quantized stabilization, control performance
is usually not addressed. Quantized feedback control problem
with a quadratic performance index for deterministic systems
is studied in [12], where a sector bound approach is used to
characterize the quantized error. Both quantized state feedback
and dynamic output feedback control are considered in [12].
As for quantized stabilization and performance with finite
levels quantizer, [13] shows that asymptotic stabilization for
the system can be achieved with a moderate number of
quantization levels by introducing a dynamic scaling method
for logarithmic quantizer. The quantized feedback stabilization
problem for system with bounded noises is also given in [13].

In this paper we consider a quantized quadratic performance
problem for stochastic systems with multiplicative noise in
the measurements. By using the sector bound approach to
characterize the quantized error, we show that the existence of
the solutions to the quadratic quantized performance control
problem is guaranteed by the existence of the solution to the
so-called guaranteed cost control problem. Using the Schur
complement technique and using the elimination lemma to
deal with the stochastic noises, we get the solutions to the
problem in terms of linear matrices inequalities. The paper
is organized as follows. In section II, the system is intro-
duced, some fundamental knowledge about quantization is
introduced, and the problem formulation is given. In section
III, the relation of the existence of the quadratic quantized
performance control problem and the guaranteed cost control
problem is established, and the existence of the solution to
the problem of guaranteed cost control problem is given in
terms of linear matrices inequalities. Section IV draws some
conclusions about this paper.

II. PROBLEM FORMULATION

Consider the following linear discrete-time system with
multiplicative noise in the measurement:

x(t +1) = Ax(t) + Bu(t), x(0) = z¢
y(t) = (L +~(1)Cu(t) (1)



where x(t) € R™ is the system state vector with initial state
xo assumed to be white noise with Ez?(0)z(0) = u2I for
some p > 0; u(t) € R is the control input, y(t) € R is the
measurement, (t) is a white scalar noise with Ey2(t) = o2 >
0 for some o > 0, and uncorrelated with the initial state 2:(0).
The measurement is sent through a band-limited channel that
has to be quantized by a logarithmic quantizer in the following
form:

Qy)= 0 if y=0 2
—Q(-y) if y<0

with quantization levels as

U:{:I:ui:ui:piuo,izl,?,u
0<p<lyug>0,

FUtuo} o},
3)

where p is the quantized density of the logarithmic quantizer.
As illustrated in [12], using the sector bound approach we have

ly — Q)| = [A)y| < 6yl 4)
where
_1-=p ~y(t) = Qy())
5_m, A(t)—T. 5)

Consider the following quadratic performance cost control
function:

J(x(0)) = (@ (t)Sx(t) + u” (t) Ru(t)),
t=0
S >0, R>0. (6)

Suppose quantized output feedback control is used for the sys-
tem to be quadratically mean-square stabilized, i.e., a controller
in the following form is to be designed:

xc(t + 1) = Acxc(t) + BCQ(y(t))’ xc(o) =0,
u(t) = Cewe(t) + DcQ(y(t)), (7

such that the closed loop system is quadratically and that the
performance index is minimized in the sense of

min EJ(z(0)). )

III. SOLUTIONS

From the system (1) and the controller (7), we can write
the closed-loop system as

E(t+1) = [A+ B(A(1) +7(1) BA®))E®), ©
with the system state as
() = [ gt } 7 (10)
and parameters are defined as
- A B.C = 0 A(t)B.C
A= [ BC, A—i—BDCC} BlAW) = { 0 A(t)BDCC} :
A | 0 B.LC(I+A(1))
B(A®) = { 0 BD.C(1+A(1)) } : (1)
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Using the system state £(t) of the closed-loop system (9), the
performance cost (6) can be rewritten as

J(£(0) = > (€7 (1)SE(t) + u” (t)Ruft)) (12)
t=0
with
5(0”:[95?0)}752[8 g} (13)

For the closed-loop system (9) to be quadratical mean-square
stable, there exists an associated Lyapunov function V() =
¢TP¢ with P = PT such that

EVV(£(t))

= E{V(£(t+1)) = V(£(t)} <0,

for all ¢ > 0. The performance index (12) can be given as

(14)

EJ(E0) = EZVV N+ T )SE) + uT (t)Ru(t)
+ EET( )P&(0)
=E¢’( +EZ£T )E(t), (15)
where
Q(A(t) = [Ao+BoK L1 +BoK 13, +(1 +A(t)) (1 +v(t)) E]

x P[Ag+Bo K I1+Bo K I1,+(1 +A(1)) (1 +y(t)) E]
+ 20K I + IoKI3y(1+ () E]" R

X [IoKIT + LoKIL(1+~(t)E] — P+ S
Qo+ QUEQL+~(1) + [E(L+~(1)]"Qf (16)

|\

a7

for some constant matrices €)g and 2;. In the above,

A. B. 10 0 _
(& 8 a8 )|

Lo=[T 0].Io=[0 I],

o)

EQ(A(t) = [A+B(A®)]" P[A S
+ %[0 D.C(1+ A(t)]TR[0 D.C(1 + A(t))]
+ [C. D.C(1+ A( NIR[C, D.C(1+ A(t))]
+ o*BT(A(1)) PB(A(1)). (18)
In the presence of quantizer, the performance control problem

can be formulated as follows: Given a performance bound T >
0 and quantization density p > 0, find P, K, if exist, such that

I 0
0 B

=[0 C],I=

It follows that

+ B(A(t))]-P +
]T

tr(P) < T

19)
subject to

ESTQ(A(L)E <0, VE#0, t >0, (20)



we call the problem quantized quadratic performance control
(QOGC) problem. Define the following auxiliary system:
x(t+1) = Ax(t) + Bu(t), =(0) =xo
y(t) = (1+(6)Cx(t)
o(t) = (1+ A))y(t)
where v(t) is the output available for feedback. The solution
to QQGC is related to the so-called guaranteed-cost control

(GCC) problem for the auxiliary system (21), i.e. we want to
find P, K such that (19) holds subject to

EQ(A) <0, ¥ |A] <6,

2

(22)

Theorem 1: Consider the system (1) with performance cost
in (6), controller (7), performance bound 7 > 0 and quantiza-
tion density as p. Suppose the GCC problem has a solution,
then there exists a solution to the QQPC problem. Conversely,
if the QQPC problem has a solution, then for any arbitrarily
small n > 0, the GCC problem for (22) has a solution with ¢
replaced with 6 — 7.

Next lemma and theorem give necessary and sufficient condi-
tions for the existence of the solution of the GCC problem.

Lemma 1: For system (1) and controller (7), (22) holds if
and only if there exists a ¢ > 0, such that the following matrix
inequality holds:

—p-1 A 0 0 0
AT —P+S5+e¢E"E  CT oDT  oBT
0 c . AR 0
0 oD 0 -R' 0
0 oB 0 0 —pt
+ e 'HHT <o, (23)
H
0 ) _
where H = D |, D = [0 D.C ], E =
oD
ocH
_ - [0 B.C
[0 C], C=]C DCCLB—[OBDCC],
D=op, H—| P

0BD, |
Remark 1: To simplify (23
to the following inequality:

), we note that (23) is equivalent

—-p7t A 0 0 0 H
AT e cT oDT  oBT 0
0 C -—-R! 0 0 D
0 oD 0 -R' 0 op | "
0 oB 0 0 —P ' oH
ar 0 DT oDT  oHT —¢I
with = —P+ S5+ ETE.
Define K; = Cc LKy = DC } , then the inequality (24)

can be written in fhe following form:
Qo+ FE KWy + WEKE Py + FY KoWo + W4 K Fy
< 0, (25)
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with

Qo

oooo%gf
coooo

By
0
I
ol
O'B(]

0
Theorem 2: (25) holds if and only if

FE(Qo + FI KWy + W KT Fy)Fip <0

Wo=[0 E 0 0 0 6&I].26)

(27
and

WE(Qo + Ff KoWy + Wy KT Fy)Wig, < 0 (28)
where Fio and Wiy denote the kernels of F}; and Wi,

respectively.
By computation, we get
Iy 00 00
0 I 00 O
-BT 0 0 0 0
Fl(] - 0 071 0 0 9 (29)
0 0 0 I O
0 0 0 0 I
I 0 0 0 0 0
0 1Z, 0 0 0 0
0 0 I 0 0 O
Wo=10 0 07100 (30)
0 0 0 0 I O
0 0 0 0 0 I

Denote Qo1 = FiyQoFio, Qo2 = WikQoWho, F = FLFT,
Wi = WaF, Fg = WlTOFQT, Wis = WoWig, so we get
that

_1'20}571[2’1“0 — BR!BT I20A0 0
ATIT 0
Qg = 0 0 —R!
0 0 0
0 0 0
0 0
0 0
o o |, 31)
-P71 0
0 —el



—P71 Ayl 0 0 0 0
I AT LRIl 0 0 0 0
0 0 —R7! 0 0 0
QOQ_ 0 0 0 _R—l 9 0 ) (32)
0 0 0 0 —-P~1 0
0 0 0 0 0 —el
with
T T T T
Fi=[0 0 oI}y oBj 0], (33)
Wi=[0 E 0 0 oI, (34)

FL=[BT 0 IL oIf oBY 0], (3%
Wm:[o E[” 00 0 oI]. (36)

Then the inequalities of (25) are equivalent to
QOl + FﬂKQWll + WﬂKQFll <0
Qoa + FloKoWio + WiH Ky Fip <0 (37)

Define Fgl = k@’I“FH, W21 = kerWH, W21 = kerWn,
Foy = kerFyo, Way = kerWi,. By computation, we get that

0 I 0 0
0O 0 I 0
Fpy=1| =BT 0 0 0 (38)
I, 0 0 0
0 0 0 I
0 I 0 0 0
§1d, 0 Iy 0 0
ng = k;erWll = 0 0 0 I 0 5 (39)
0O 0 0 0 I
-C 0 0 0 0
—olly 1 —oli, 0 0 0
0 0 0 0 I 0
0 —BT 0 —ol 0 0
Py = 0 0 0 I oo | ©O
I 0 N 0 0 0
0 0 0 0 0 I
0 I 0 0 0
—6I 0 0 0 O
0 0 I 00
Waz = 0 0 0 I 0 1)
0 0 0 0 I
C 000 0
Denote
S X Xi] 50 Y W
P_ |: XlT X2:|’P - |: YlT Y2:|7 (42)

then the following theorem holds:
Theorem 3: The guaranteed cost control problem has a
solution if and only if (19) holds subject to

~Y,— BR™'BT 0 A
0 —X — X,
AT ~XT —Xp+8+eCTC

<0, (43)

—(1+02)Y oYy —(1+0%)Y1;
oy’ ~Ys — BR'BT oYs
—(1+o?)Y/" oYy —(1+0%)Ys
0 —ocR™'BT 0
0 AT —c AT
0 0
—oBR™! A
0 —cA <0, (44)
—(140?)R™! 0
0 X2+ S +eCTC
2(=Xo+S+eCTC)—ecCTC 0 —04A
0 Y  —v, | <0. 45
—5A ¥ -y,

For S + ¢CTC is semi-positive, we can assume it can be

decomposed in the form of S + cCTC = M7TM for some

M, under this assumption we get the following theorem.
Theorem 4: The LMIs of (43) to (45) are equivalent to

I+ MY,M” MY, A"
{ A,MT Yy~ BR-\BT 4 Ay,A7| <0 (@0
— 17 Y2+BR 'BY] Tz A
A —Xo+ S +eCTC+ 17 2 AT X, A
<0, 47)

2 (~Xo+ S5 4eCTC) —eCTCO +5°ATX,A < 0. (48)

Remark 2: For M depends on € which is a scalar that has

to be found, so strictly speaking (46) is not a linear matrix
inequality, and the solution to the GCC problem requires
sweeping <. But since it is a scalar parameter, it is not a major
problem.
Theorem 4 gives the equivalent conditions for (22), next we
want to give a characterization of the existence of the solution
of the guaranteed cost control problem. For P and P~ are
defined as in (42), then the constraint that PP~! = I can be
characterized by the following lemma.

Lemma 2: The constraint PP~ = I implies that

[Xg 1

I Y } > 0. (49)

It is also known that, given X, and Y5, P can be fully
constrained. We thus have the following main results.

Theorem 5: The QQGC problem for (19) (20) has a so-
lution if there exists Xy Yo and e satisfying the inequalities
(46)-(48) and (49), and such that the resulting P satisfying
traceP < 7.

IV. CONCLUSION

This paper studies the quadratic quantized guaranteed cost
control problem for stochastic systems with multiplicative
noise in the measurements. Using the sector bound approach to
characterize the quantized error, the existence of the solution
to the problem can be solved by the existence of the solution to



the guaranteed cost control problem. Using Schur complement
and the elimination lemma, we get the sufficient conditions to
the problem solutions in terms of linear matrices inequalities.

V. APPENDIX

Proof of Theorem 1 It is easy to know that (22) implies
(20), so if the GCC problem has a solution, then, there
exists a solution to the QQPC problem. Next we prove that
if the QQPC problem has a solution, then, for any given
arbitrarily small, the GCC problem for ¢ > 0 for (22) has
a solution for |A| < § — 7. To see this we assume that (20)
holds but (22) fails. Then there exist some &, and A, with
E[0 C(+~(t) | & #0 and [Ag| < § such that

E&Q(A)Eo > 0. (50)

If Ay is a boundary point, that is Ag = 4, then the GCC
problem has a solution for |A| < § — n for all n > 0. In the
sequel, we assume that A is an interior point.

We claim that E[ 0 C(1+~(t)) | & # 0. Suppose that
E[0 C(1+~(t) |& = 0, then from (16) and (50) we
can get that

EGQA[0 C+9(t) ]&)éo = &t
= B& Q(A0)& > 0. (51)
which contradicts with (20), so E[ 0 C(1+~(t) |& #

0. For the strict convexity of EQ(A), there exists Al with
|AY] < § — ny, for some 7; > 0 such that

E&Q(AE > 0. (52)
For it is continuous in &y, we can perturb &
slightly such that (52) holds and with every
clement of E[0 C(1+~() |& # 0. Now for

Ala[ 0 CA+~(t) &) covers [—6,6] densely as
varies from —oo to co. Hence that v # 0 such that

EEUA][ 0 C1+7(t) ] ))& > 0. (53)
Define & = a&p, we get that
ETQA(a[ 0 CA+(t) [ &) >0 (54)

which contradicts (20), which means AY cannot be an interior
point. Hence, (20) implies (22) has a solution for [A| < §—n.
Proof of Theorem 3: Using the elimination lemma to the
inequalities (37), we can get that (37) hold if and only if

F271901F21 <0

W Q01 Way <0, (55)
and
FQEQOQFQQ <0
WL Q0o Was < 0. (56)

Plugging (31), (38) and (39) into the inequalities of (55), we
can get (43) and the following inequality:

52(—Xo 4+ S+eCTC) —eCTC AT —5X7
A ~Y, —BR™'BT 0
—5X, 0 -X
<0, (57)
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Multiply the first row and first column of (57) by §~!, then
permuting its rows and columns, (57) can be converted into

Y, — BR-1BT 0 A
0 -X —-X;
AT —XT —Xo+ S +eCTC —672eCTC
<0, (58)

it is clear that this inequality is implied by (43) and thus it is
not necessarily required. Plugging (32), (40) and (41) into the
inequalities of (56), we can get (44) and (45).H

Proof of Theorem 4: Using Schur complement, (43) is
equivalent to

-1 0 0 M
0 -Y,—BR'BT 0 A
0 0 X X <0, (99
MT AT X —X,
then use Schur complement again, (59) is equivalent to
o M[ -x -x;77'[ 0o o0
0 A XTI —X, MT AT
-1 0
=+ |: 0 _Y'z _ BR—IBT :| < Oa (60)
which is equivalent to (46).
I 0 0 0 0
0 I 0 —%=B 0
For (44), multiplying 0 0 I 0 0 and
0 0 0 1 0
0 0 0 0 I
i 0 0 0 0
0 I 0 0 0
0 0 I 0 O | to the left and right side of
0 —1% BT 0 I 0
| 0 0 0 0 I
it, we can get it is equivalent to
—(1+02%)Y oY1 —(1+0%)Y;
aov{f Y5 — H%BR“BT oY,
—(1+o?)YT oYy —(1+0?)Ys,
0 0 0
i 0 AT —cAT
0 0
0 A
0 —cA < 0. 61)
—(140?)R™! 0
0 —Xo+S+eCTC

For —(1 + 0?)R™! is unrelated with P or P, so the forth
row and forth column can be deleted, so we get

—(1+0’2)Y O'Y1 —(1+02)Y1
oY ~Y; — 7 BR™'B” oYs
—(1+a2)YT oYy —(140?)Y>
0 AT —o AT
0
A
oA <0, (62)

—Xo+S+eCTC



swap the second and third rows, swap the second and third
columns, it is equivalent to

—(1+0%)Y —-(1+5H)Y; oY,
—(1+0*)Y{" —(1+0%)Y> oYy
oYl oYy =Y, — H%BR*BT
0 —o AT AT
0
—dA
A <0, (63)

—Xo4+ S+eCTC

using Schur complement we can get

1 [ale aYg][Y er[m 0}

1+ 02 0 —c AT YI Y, oYy —oA
~Ys — 12> BR'BT A
- [ AT Xy +§tecTo) <0

which is equivalent to (47).
For (45) using Schur complement we can get it is equivalent
to

—1
B T -Y —-v 0
oo 1| e 0] ]
+ 0*(=Xe+S+eCT0)—eCTC <0, (65)

which is equivalent to (48). H

Proof of Lemma 2: Since that X Y] + XoYs = I, XY +
X,V = 0, solving X7 from the second equation and
plugging it into the first equation gives

Xo= (Yo -V Yy 'yt >yt (66)
from which we can get the linear matrix inequality (49). W
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