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Abstract— We study the infinite-horizon LQG control systems
with the constraint that the measurement signal is quantized
by a fixed-rate quantizer before going into the controller. It
has been shown recently that only weak separation principle
holds for the LQG control system with communication channels.
In this paper, we study the problem of quantized LQG for
a scalar system. An adaptive fixed-rate quantizer is designed
to achieve the mean-square stability and the good long term
average performance. The long term average cost is divided into
two parts. The first part depends on the classical LQG cost, and
the second part depends on the distortion of the quantizer. For
a quantizer with a fixed bit rate of R (per sample), we show
that the quantization distortion order is R272% for a large R.

Index Terms— Quantized feedback control, linear quadratic
Gaussian control, fixed-rate quantization, quantized estimation.

I. INTRODUCTION

Recently there has been extensive research on quantized
feedback control systems [1], [2], [3] see the survey paper
[4]. While lots of results deal with stability and stabilization
problems with logarithm quantization in a determinate setup
[1], some researchers studied the problem of linear quadratic
Gaussian control (LQG) with quantization data [2], [5], [6],
[7], [8]. More recently, the weak separation principle is
clearly established for finite-horizon LQG control, where
a linear predictive code (LPC) with memoryless fixed-rate
quantizer is given and separation principle is shown to hold
under a high resolution quantization assumption and a mild
rank condition[6].

In this paper, we extend the result in [6] to infinite-horizon
LQG. For the infinite horizon, the key difficulty is that
feedback LPC with memoryless fixed-rate quantizer can not
even guarantee stochastic stability, let alone the performance.
This is caused by the saturation effect of the finite-support
of the quantizer, as shown in [3]. In this paper, we propose
a simple LPC scheme with adaptive fixed-rate quantizer
for quantized LQG control. We show that the mean-square
stability of the quantized feedback system is achieved, and
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the average distortion is in the order of N~2In N, where
N =27 and R is the quantization bit rate.
II. PROBLEM STATEMENT AND SEPARATION PRINCIPLE

Consider a discrete-time system described by state-space
equation

Aﬁﬂt + But =+ wy
Cwy + vy,
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where z; is the state, u is the control input, and y is the
measured output. Assume that w; and v; are Gaussian with
zero mean and covariances W > 0 and V' > 0, respectively.
The cost function is defined as
T
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where S >0, Q >0,and Q — HS™'H > 0.
The problem is to design an observer based controller, and
an R-bit uniform quantizer to minimize the cost .J.
Let P be the solution of the following Ricatti equation
P=Q+APA—(B PA+H) (5+B PB)"'(B'PA+H).
3)
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Define

K =—-(S+ B PB)"(BPA+H). 4)

Let the optimal observer based controller is given by u; =
Kz}, where K is the feedback gain matrix, and &7 is the
quantized value of the estimated state from the following
Kalman filter

Ty Zype—1 + T(ye — Cypp—1)

Ty Az + Buy. (5)
where I' = ECT(CECT + V)~! and E is the solution of
the following Ricatti equation

E = AEAT — AECT(CECT + V) 'CEAT +W.

(6)

The weak separation principle stated below suggests that
optimal quantized LQG control can be achieved by first



constructing the optimal estimate z;, which is independent of
the cost function, then quantizing it and the optimal control
is given by K27 [6].

Lemma 1: Consider the system (1), the cost function (2),
the quantized feedback controller K}, with K given by (4)
and Z; given by (5), and the R-bit fixed-rate quantization.
Then, the quantized LQG controller is optimal if 27 is
obtained by quantizer that minimizes the following distortion
function

T
.1 . AV Ors A

D= lim T ;5[(%& — &) Q@ — 27)] (N

where @ = K'(S + B'PB)K. The corresponding cost

function is given by

J =Jrge + min D = tr(PW) + tr(QF) + min D.
An LPC type quantization scheme is proposed in [6] as
below

¥ = (A+BK)#], +¢f
g = T(ye — c@yp—r) + AT — 27_1) 3
where 2%, = 0, g = T'vg, and ] is the quantized value

of ;. Under high resolution quantization and a mild rank
condition, it is shown that the complete separation principle
holds for finite-horizon LQG control system, which means 5?
can be quantized by memoryless quantizer, and the controller
and estimator are the same as in Lemma 1. However, the
quantization scheme (8) with memoryless quantizer can not
guarantee stability if A is unstable, let alone the LQG
performance. Hence we have to choose another type of
quantizer, such that the quantized feedback system is stable
and maintains a good LQG performance.

III. MAIN RESULT

In this paper, we only deal with a scalar system. That is,
the state x4, the control input u; and the output y; are all
scalar signals. Define 17, = Axz;— AZ;. Combining the system
(1), the controller u; = K. 33?, the state estimator (5) and the
quantizer (8) together, we obtain the following equations

N1 (A—ATC)nt + TCwi +Tws +we (9)
%141 = (A4 BK)#; — BK(gy — €})

+I'Cny + T'Cwy + Tvpyq (10)
erv1 = DCOn +TCw; + Tugyq + Aler — gf). (11)

Remark 1: 1) Since ng = (A — AT'C)xg — AT'vg, then 7,
is Gaussian for any ¢ if the initial state xg, w; and v, are all
Gaussian.

2) A — AT'C is stable, and

2
Ont+1

=(A—-AIC)?c;, + (IC +1)%0;, + 0.
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So
(I'C +1)%02 +I'%02

1— (A— ATC)?

3) Denote z; 41 = I'Crn + I'Cwy + T'wpgq, then zyyq is
Gaussian with zero mean and variance o7, ;, where

2 _
ne

lim o
t—o0

o7y =T°C%(o7, +02) + %00 (12)
Denote o2 as
2 T 2 _ 12 2(FC+1>20§;+F203
o= =l =T TG aroye
+T20%02 4 T202 (13)

The quantized LQG control problem becomes to design
a quantizer to €, given by (11) such that the distortion is
minimized. This is a classical problem called quantization
for autoregressive sources, about which there is extensive
literature [9], [10], [11], [12]. A systematic analysis of the
optimal fixed-rate uniform scalar quantization is given for a
class of memoryless distributions in [13]. Explicit asymp-
totic formulas are presented for the distortion and optimal
quantizer length approximation, about Gamma distribution,
of which Gaussian is a special case. However the results can
not be used directly to the quantized LQG control problem
since they are based on a key assumption that |A| < 1. The
system we considered is generally unstable, i.e. |A] > 1.
In this paper, we propose an adaptive fixed-rate quantization
scheme based on results in [13].

From now on, we consider the following scalar system

er41 = 241 + Aler — €]) := 241 + Asy, (14)

where |A| > 1, z;41 is Gaussian with variance oy41,
and s; denotes the quantization error with the probability
distribution function ps, (s). Let L; denotes the length of the
uniform fixed-rate quantizer at time ¢, that is, the support
of the quantizer is (—L;, L;]. Denote the PDF of e, as
ht+1(l’).

Theorem 1: For the scalar system (14), at each time ¢+ 1,
assume the quantization rate R large enough such that N >
a, where N = 2%, Let the uniform fixed-rate quantization
scheme is as follows

Lip1a = (402, In N + A2L?)2
if |e; —ef| > %

L == 1 15
il Liv1p = (4o nN + N72L7)2 (1
if e —ef| < %
where Ly ~ 209V/In N. Then the distortion satisfies
407 InN A2
Dy =~ T 3N + ﬁDr (16)

Combining Lemma (1), Theorem 1 and the equation (13),
we obtain the following main result on quantized LQG
control.



Theorem 2: Consider the system (1), the cost function (2),
the quantized feedback controller K}, with K given by (4)
and Z; given by (5), and the R-bit fixed-rate quantization
defined by (15). When 27 > A, the whole cost function is
given by

J=Jrgc + D,, (17

402In N
3N?

~
~

where D, , and o2 is defined by (13).

IV. PROOF OF THEOREM 1

In order to prove Theorem 1, we need a series of lemmas.
For notational simplicity, we denote the PDF of a Gaussian
random variable as

1

2ro

_ (=2

2 202

p(p, 0%, x) =

e (18)

Lemma 2: Let x and y be two independent random vari-
ables, and let z = x + y. Assume the PDF p,(z) of =
is continuously differentiable. Then p,(z) is continuously
differentiable and

p-'(2) Po(z = y)py(y)dy.

The proof is given in Aogpendix.

Lemma 3: For the scalar system (14), the PDF h:(z) of
€; satisfies the following properties.

Property 1. h;(x) is symmetric, with finite variance and
infinite support.

Property 2. xhy(z) — 0 as * — 0 and as x — oo.

Property 3. h:(x) is continuously differentiable.

Property 4. As x — 00, hi(z) is of the same order as some
negative monotonically nondecreasing function.

Property 5. limsup,_, |h}(z)| < oo.

The proof is omitted.

For a random variable X, let 7 be defined as

7= lim T(y)
Yy—00

where T'(y) = BXIX>9) 1t is shown in [13] that if 7 exists

and all moments of the density p(z) are finite, then 7 = 1.

We summarized some results in [13] by Lemma 4-6, which
will be used.

Lemma 4: For a Gaussian distribution with zero mean and

variance o, we have (i) 7 = 1. (ii) the optimal quantization

length is L =~ 20+InN. (iii) For the uniform fixed-rate
quantizer with support (—L, L], the distortion satisfies
DO’UE’I"
lim —— = 1
N Doran 0 (19)
A2 L?
D =~ D" = 20
12 3N2 (20)

Lemma 5: For p(0,02, x), define W,2(y) as

1 o0 2 ,i
T — e 202dx.
o /y (z —y)

W2 (y)
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Then
. DZ’UGT
g = o
Weely) = 22y te 2 (140,(1)), (22)
o2 = € 20 o) 5
) 27‘ry y

where o, (1) tends to zero as y tends to infinity.

Lemma 6: For any source density whatsoever

Dgran
lim ———=1
N —o00 A?\[ / 12

We are now ready to state the main technical lemmas for
the proof of Theorem 1.

Lemma 7: For the scalar system (14), let the quantizer be

defined as (15), the PDF ps, (s) of sy = e, — ef is given by

ht(_5+Lt+%) S<—%
Ps,(s) = Psy.(5) |s| < A—g (23)
h(—s—Li— %) s>5t,

where h¢(s) is the PDF of ;. Furthermore, when |s| > %,
ps, (8) satisfies

1

L2
ps,(s) < mﬂ(o ‘

AN’ 3) 24)

2

for both Ly = Ly and Ly = Ly o, where p(0, 1y, 5) is
defined as (18).

Lemma 8: For the scalar system (14), let the quantizer be
defined as (15), the saturation probability satisfies

A
Pr(le, —¢f] > 5) < N2 (25)

for any ¢ > 0.
Lemma 9: For the scalar system (14), let the quantizer be
defined as (15), we have

40 InN  A?

ng’:z;n ~ 3N2 + thgran7 Vi > 0. (26)

and over
lim —t =0, Vt >0 (27)

N—oo Df+1

Theorem 1 follows from Lemma 9 directly by using the
fact that Dyyy = D{YS" + DT

V. NUMERICAL EXAMPLE

Consider the system (14) with A=8. We use the quantiza-
tion scheme (15) with R =3, R=4, R=5, R =6, and
R = 8. For each cases, D; = %(s; — ¢})? is plotted from
t =1tot = 5000 in Fig. 1. When R = 2, the system is
unstable. When R = 8, N = 256 and ) = 8.4 x 1075,
When R = 6, N = 64 and ) = 0.001. Those data are
consistent with Fig. 1. Table 1 shows the total times that
e} achieves the bound (i.e. it saturates) for different R. We
see that the larger R is, the smaller the number of saturation
times.




Table 1: Saturation times of different R.

R=3|R=4|R=5|R=6| R=8
€4 saturate 2142 1298 514 259 97
€? not saturate | 2857 3702 4486 4741 4903

10 1 1 1 1 1 1 1 1 1
2000 200 3000 3500 4000 4500
time T

5000

Fig. 1 Distorionfor difeent R

VI. CONCLUSION

In this paper, we have studied the infinite-horizon quan-
tized LQG control problem. Under high resolution quantiza-
tion framework, an adaptive fixed-rate quantization scheme
is proposed to achieve the stochastic stability and the LQG
performance. We have shown that the average quantization
distortion has the order of R272% under high resolution
quantization, which is the same with that of LPC scheme
with memoryless quantizer.

APPENDIX

Al. Proof of Lemma 2
Proof: Since x and y are independent,

f(x,y) = pa(2)py(y).
Note that
Fiz) = Prle+y<s)= /OO Fx(= = y)p, ()dy
- / / (y)dady.
Then
h(z) = dsz = / / (y)dady

e >dx} py(y)dy

Y)py(y)dy.
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For arbitrary small § > 0, we have

5—0 5
_ }5%5/ e(z 46— y) — pa(z — )] py (y)dy
= lim - / p. (2 + 0(9)]py (y)dy

[ oz — y)py (y)dy.

The second equality follows from the continuously differen-
tiable property of p,(z). Similarly, the following holds

SO

lim p=(2

s .y p.(z — y)py(y)dy.

Therefore, p,(z) is differentiable, and

pa(2) = /jO Py (2 — )Py (y)dy.

A2. Proof of Lemma 7
Proof:
We proceed by induction. At ¢ = 0, recall that Ly =

200V In N. Hence

(S*LO*%)2
1 - 202 _Ag
777er 0 S <A 5
Pso(8) = s, (s) |s| < 52
<s+Lo+%l>2
1 - 202 A
mgoe 0 s > 5
Note that
_ (Lot 50)? g 1
202 202 _ _ T
e 0 <e 0 = N2
Therefore
1 9 1 L(Q)
pSo(s) S FP((LJO"S) = ﬁp(ov 41HN7S)

Now we assume py, (s) satisfies (23) and (24). It follows from
(14) that the PDF ht+1($) of Et4+1 is

hi1(x) = p(0, 0711, %) * Pas,(5)-

It is easy to see that the PDF py,  (s) of 541 = €141 —€f,;
satisfies (23), whenever Ly41 = Ly11,1, or Lyy1 = Liqq9.



Next we show that (24) also holds for both cases. At the case
of Lit1 = Lyy1,1, it follows from (24) that

1 A2L?
< —p(0 L s).
pASt(S) > ng( ,41IIN’S)
Hence, when |€t+1 - €f+1| > Lgl’l, we have
pst+1 (S)
5 IAVERTT _
= p(0,071 1,5+ Leg11 + ) % Pas, (5)

1 Avy1a A2L2
< mp(oao—?Jrlvs"_LtJrl,l—’_ B) ) *p( ,41n]<],s)
< 1 0.0 + 2L? L +At+1,1)

e AR I TrY e

1 LY,
< — . .
< N0

At the case of Ly1 = Lty 2, it follows from |e; — 7| < %

that s; is bounded. When ‘5t+1 — a§+1] > A‘;”, we have
p5t+1 (8)
2 AVEEI _
= p(07 Ut+17 s+ Lt+172 + 2 ) *PAs, (S)
1 _ (S+Lp+112+At451’2 7011,)2 %
- - 2af+1 )
V271041 ¢ /_% Pas.(s)ds
2
g2
S %;6_ 2°'t2+1
N A% 27T0't+1
1 LYo
< — 2=
s 30N
where o € [—%7 W%]. The second equality follows

from the integral mean value theorem. The proof is then
completed by induction. |

A3. Proof of Lemma 8
Proof:
Using (25), we have

_oap o Bty
Pr(le; — gf| > 5 ) = Q/A; ps, (8)ds
1 [ L2 1
< ﬁ/,mp(o’ilenN’S) S—W

holds for both Ay = A, and Ay = A, . This completes
the proof.

Ad4. Proof of Lemma 9
Proof:

898

Assume that Pr(L;4q1 = Ly111) = a. It follows from
Lemma 6 that the granular distortion at time ¢ + 1 is

gran L§+1 L%+1,1
D" = E(gne) = Prlen = Levin) 53
p _ L%+1,2
+Pr(Lig1 = Leg1,2) 3N2
_ a5(40t2+1 InN + A%L?
3N?2
402 InN + N72L2
1— t+1 t
+(1 - a)g (S
4InN , 1 N2A?2 —1 L?
= 3N2 Jt+1+(m+a N2 )5(31\;2)
Using Lemma 8, we know that
A
o = PI’(’&‘t_A,_l — €§+1‘ > %171) < N2
Therefore
4In N 1 1 N2A%2 -1 L?
gran 2 t
Pidt = gpointimt e fiGy)
4In N (A2 4+1) ran
41HN 2 (A2 + 1) ran
TR iy R
. . (A%+1)
Under the high rate assumption, we have ~“—z— < 1, hence
DJ™™ is finite for all ¢, and
. ran 4InN 4In N
Jim D" = - lim oy = <ot

This completes the proof of (26).
Using Lemma 5, the overload distortion can be computed
as

DT = Pr(Liyr = Liy1)
> A
/ (x — Lt+1,1 + t;Ll )zhH_l(l‘)de
Liy11
+Pr(Lit1 = Lit1,2)
i A
/ (.’E — Lt+1’2 + %1’1)2ht+1(1')d$
Lit1,2

IN

N“2N"(o?,, + A%?)

+(1 = N")N"2(0},1 + N 202
N_20,52+1 + (A% + 1)N_40§t(1 +o(N))
N720’t2+1 4 (AQ T 1)N74(Di]7"an + Dtover).

Therefore, we have

DY _ ofy+ (A + DN2(DP™ 4 DPen)
Dfﬁ” o 4at2+1 In N + (A2 + 1)DJ™*"
It follows from Lemma 4 that limy_ o % = 0. By
0

induction of (28), we have

over

. t+1
N o =0
t+1



for any ¢. This completes the proof.
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