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State Estimation Subject to Random Communication Delays
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Abstract
delays and the measurements without time stamps. With the random delay bounded by one step only, a new measurement

The state estimation problem is studied for the networked control systems subject to random communication

model is proposed for possibly out-of-sequence measurements. For unstable systems, to guarantee that the estimator is
linear unbiased and the estimation error covariance is uniformly bounded, we show that the estimator structure is given
based on the average of all received measurements at each time. The estimator gains can be derived by solving a set of
recursive discrete-time Riccati equations. The estimator is guaranteed to be optimal in the sense that it is unbiased with

uniformly bounded estimation error covariance. A simulation example shows the effectiveness of the proposed algorithm.
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Fig.1 The state transition for random time-delay

1) 5 k WZ m = 0, XEWKENRM y,,
Yoo, Ypoo ETRBEEARE] WK 1 RRTLIE AR
Pl B A AN r aT LLAAR b BUR PR o :

THR 1. 2 r =0 K, M AT HoE 3k,
B AR, B4, 76 k+ 1 K% m =1, #ikH
m =0 48mn m=1;

B2 %4 r=1H1, e y, HEREE],
Mo, £ kE+1WZ m=0, Fkit m =0 5
m = 0.

2) m=1Hm, BI7E k—1 0%y, , B
B, NIALE k& BZR AR, TR 1, ik
FIPEAL AN » T LA Ry LUR BRI

1HR 3. Y4 r=1HK, BTFHERGTEQURLE,
FTCAAE kb W2 —2 W3 gy, kAW gy, B
D k+ 1 IZES m=1. Nk m=1
&M m=1;

1R 4. 1 r=2 1, WRIKNEELEE y,
Moy, (HEAEHLEFT). A, £ k+1
Z m =0, ki m =141 m=0.

LA X PURRG G, ATLAARENY r =0 85 1, 7]
A VRE At A e 20 (i s AEL, P DA &0 1~ 15300 3 7]
DUR 25 5 A B TH 2% (X0 4, B TANEE
FP AN BE ERIUY, BT AR ARG B 188, FTHE
25 DL 4 RPIRAAS T 28 et

2 MEELFRTRYME TR

00 4 (K1 EURARRR I e 72 & —1 210, 9
Ay, WA BIEE, (HAEfE k2T A
M e — A 2ER {y,_y, v, b T ED I AR,
ANFE y,_, Ay, BHERSEIEINUY, KIGAE ki
ZEX PN DI Bt A A PR AT RE R HE A 0, BRI

1) Hodfa 0 LAIEA R Y 2158 22

- Y.
o[
Y

2) Bt 2K BT IR I A AR

- Y
Y = g
Yr_1

IR, A 25 S BT WO PR I (i m T AR O



3 47 Wl He 55 5 BE AL S I IR S A% 11 239

iR
(1)
by = [ v ] (3)
Y
/\I:':[

v = (1= )Yy + W
?JI(CZ) = Y1 + (1 — W)y, (4)
vi e BUE R 0 B 1 Whs &, HAEER ) 2
p=Pr{n =1} 1-p=Pr{y =0}
Eyi = Eqyf =p (5)
H, 0<p<1.
P TER A I PPIRSA T B R

Zp1 = B2y + [He Hioly,, (6)

I Al TR ZERNR ZE V) 7 22T A0 R
€it1 = Thp1 — Thit (7)
Peyn =E.E, [ek+1eg+1] (8)

Hi E, 2% v, w M zo WIPHEE; E,, &%)
v DU,

WRS M &0 MG THR 22 7 22 (8)
/NS B ARAG TEAS, [ ZE R AL T8 42 TC w1,
R L E B, e = 0, IR THRZE N IT 222 —
A, T =B A E R

EX 1. WRAE DT Py 105 5L
M >0, {if5:

P, <M 9)

WETHER k= 0,1,2,--- #8L, WFRRZEW T2
B S
B (1) (3) K (6) FRANwI=L (7) Frse b

THRZE e 1, 15
€it1 = Tpy1 — Thy1 =
2 A
Ay + Avyy v — By —

(1 =%)C+7CA

H,. H
[Hy1 Hyo) C 4 (1 — 40)CA

k—1—

[Hm sz]x

(1 — y)wi—1 + 1 Cvs_1 + My,
Vewp—1 + (1 =) Cop_y + (1 — vi)wp
(10)
EB{E%FE@%'(FHT%E ExE’ykek+1 = 0, ])—l(it (5) I’"l Yk
(R e R 5 44140 Ky 0, AT 5
(1-p)C+pCA

F,.=A—[H., H
F (Hir Hie pC+ (1 —p)CA

(11)

K AN (10), MERZEHALN

€ktr1 =

A? — [Hyy Hys) (1 =p)C+pCA €r_1—

pC+ (1 —p)CA
Ho Hel | P~ )C + (e —p)CA .

(v —p)C+ (p—w)CA

[Hm sz]x
(1 — y)wi—1 + 1 Cos_1 + Vwy, "
Yewr—1 + (1 — ) Cog_y + (1 — . )wy

A’Uk_1 + vy (12)

SI38 1. HEMhiHR R AT (12), B A
AR I, TR 522 R TR A EL i 22 Wiy 2 4
AT RIS SRR IAT I ke #4T Hyy = Hio.
M SR A8 RO 2 R

~ . 1
Ty = FrpZp_q + Hk§(yk—1 + ;) (13)

Bk 2 A 1 2 T R g, My, FFI1E.

WERR. N T ARIEA VRS e, A7 2] 5K
(11) A1 (12). T BBERGHE A BEARREN, B
B4 &k — oo i, Elzwal] — oo. HIMEE H AN
K3l (5), PR E X1, ARz oy Z R E R —
A ALY

E,, [A(%)AT(%)] =0 (14)
Hrp

(p—7)C + (e —p)CA
(e —p)C + (p—m)CA
(15)

A7) = [Hyy Hys)

B SERWT Be i A 517
A(ve) = (p — ) (Hp — Hio)(C = CA)  (16)
LNIIESER

E, [A(y) AT ()] =
E.,. [(p — ) (Hp — Hi2)(C — CA)x
(C = CA) (Hyy — Hyo)" (17)

HT By, [(p— )% # 0, 2E:
H (C — CA) = Hy(C — CA) (18)

fERIESE (Hyy, Hio) 5K (18) 0L, HE (12)
14 Hiy = Hyy 5EHTN, BIE, Hy = Hio 2R
R T T i AP 5 25— S50 T b B A



240 H ) e 2 i 39 %
E854 Hy = 2H;, = 2H,» IR HARN K (6) lH C AT 1 T 7T
’ ’ = AT+ Qr+ - HL.CQp CTH +
AN (6) DU (23). 0 2 Qe 1Q’f I CQCTH,
- ¥ Hy = 2Hy, = 2Hp AN (11) T, AL EHkkalHkT + ZHkRkHI;F -
(Hy, + H)M,(Hy, + H)" — H M H; " —
F, = A*—[H, Hk]1 (1=p)C+pCA = Hy My H,, — H{MH;" + AP A +
2| pC+(1-p)CA

A2 H,%(u —p)C + pCA)+
1
Hy5(pC + (1 - p)CA) =
A% — %Hk(C + CA) (19)
M EAAL VIO HE 35 H, BAE T 110 58 2R 4521,
EIE 1. 6FRGE (1) M1 (2) KBk (13) Kl
vhas, B QA THRZE N T 22 By, WGk SR iR
r%ikn Py (20)
FRME VA I3 55 H
Hy = %(A%,l(c +CA)T 4 AQu . CTYM (21)
Hor
M, :i[(c +CA)B_(C +CA)+
CQ_1C" 4+ Ri_1 + Ry] (22)
M BRRZE Y )5 25 Py HIIEAC T R AL

Py = AP A" — H My H, + AQr 1 A" + Qi

(23)

Py = Exyz] (24)
IERR. oI B 1, fhTh R ZE AT LLE A

enp1 =(A% — éHk(C + CA)ep 1 + Avy_ 1 +vp—

S Hiwi + Copr + i) (25)

AR 10 2, LT RGOS Avy_y + vy Al
W Wy + Cvgy + wi AR, HiEA3 30
W %

Pk+1 — EzE'y[ek’-‘rlegﬁ-l] =
) _ 1
(A? = SHL(C + CA) Py (A° = SHy(C+

1
CA)" + AQu1 AT = SAQ . CTH] -

1
Qr + AQy 1 AT — §HkCQk_1AT—

%AQk_lCTH,;f - %ka +CA)P AT

LB (C+ 0V H] (26)

Wb, M, = 1[(C + CA)P_(C + CAT +
CQr1C" + Ryy + Ryl
H T MY Py, HY NAZIH 2

1 _
Hi = =S (A2Py (C + CA)T + AQu CT) M

W, Hy = —Hy, hcmEsIf8 (21).

¥ Hy, Hy A3 (26), 153150 (23). O

SE L. RGN L IR, i
23 1) Kalman S5 1 41, 1525 My 77 7 77 FE ot
(26) X Py FEHUHIG, F6 ELAG TSR %)
AR B, MR SRS, DR R K — 1
AL AME Py, SRJF R AMEI Py 1 Py
S ME, T LGB Py SR,

A 5 5405 4 A 2

1t (26) £33
Pepy =
(A2 %H,c(cw C APy 1 (A %Hk(m CA) +
AQuA” — JAQuACTH] — LH.CQuA AT

1 1
ZIjr,fCQ,g_l(JTH,;F + Qr + ZHkRk_lHkT—i-

%HkRkaT (27)
¥ (27) M Py B Py B F() 0 ST —
St B

pk+1 - j:(pk—l) (28>
532 2. i P, > PP, >0, ol
F(BY) > F(P?) (29)

WA F(-) Wit — D HId kL.

IERR. K5k (27) N Py F1 Hy 3 Py FOBCST
WHG(,-): ST xR — ST, i1 (21) Mg
Hy, & ms/ Mt (27) 52010, el

H), = argmin G(Py_4, ﬁk) (30)
Hy,



3% WABE 2 A LA RO £ i 241

A Y A HD SRx R (21) OH, BRI
i, hfEse P, > B, 15:

P2 =GP, HY) <
G(PY,, HY) <
G, ") = P, (31)

Mk, IR, AE Bl il#E 0 (30) M4~
oL, AN MR (30) AHEIT, 2 AA
A H I (27) A8, a2 v, X Hk 75 2
G(pkfla Hy) =& Py (2R s 3L Il
2. B2, AAER 1 S
3 —wmaEsRMAITESRIT
(22 T A N 1 e e Y == =R R (]
r, = 2 B, X(13) BT S TN E 2 gy, F
Y, BPPIE. T2, X TRl se kA s o, BiG
B 1 AR 2, 43 204k T BT S0 ) &R R A 2R
Y/ I

1

N Yiemeti1s Tk=1 or 2

R e e (32)
(Z), TkZO

EIE 2. HKIERS (1) M (2), my Moy, 53500
K B 220 A B s £ 000 1 PR A HEORITIAT 281 1) B4 B 1y
M A, BT A

1) B BT AT Bt A, B vy = 0 115 B,
W) &, VIPRAE OB FPRASAL TR, A5THE A

ikJrl - AkarlﬁAL'k,mk (33)
[FI myq = my, + 1, RN I 22 IEROT A
mpy1—1
Py =A™ Py AT 4 Z A' Qi A™
=0
(34)
2) 1 > 0, fHii1 58
£k+1—mk+1 = Fka’\:k*mk + Hk??k (35)
H
£k+1 - Amk+lﬁk+1—mk+1 (36)
N q:l
Mey1 = Mg — Tk + 1 (37)
kal

_ 1 = )
F,=A" — —H, A’
k ™ k ; C (38)

rp—1

H, = AP AHT
Tk( k—my ZZ(:) C
re,—1 1—1
YD A Qe i ATCT)M (39)
i=1 j=0
Tk— 1 Tk— 1
Z CANP,_ . ( Z CA)T
re—1 re—1 1—1
Z Rk my 1 +Z ZCAJQI@ my+i—j— 1A]TCT)
=1 j=0
(40)
W TT ZE OB TN
Prsiomps, = A Py AT — E M+
rk—l
Y AQuomri AT (41)
=0
WIBIREW % By — Ezoal.
HERR. Hia (1), (2) 0 (32), ATARIRA A THiR
7
Chti—mpi1 — Lhtl—mpiq _ﬁk+1*mk+1 =
re—1
Arkmk—mk + Z Aivk—mk—i-rk—i—l - Fkﬁ;k—mk_
1=0
rE—1 rp—1
?Hk Z CAlmk myg Hk Z Wi mg+i
re—1 i—1
EHk Z ZCA Vi—my+i— j—1 (42)
i=1 j=0

RS TERI S M PE, Bl 215K (38).
EEJ%EQ (42) fRAR (8) th, il 2 b iy 207 1
lj

_ T
Pryimy = Ex[ek+lfmk+1ek+17mk+1] =

T —1 rE—1
(A’“k—ikﬁk Z CAYByom, (Ark—im Z cA) £
rEe—1 T —1
Z A" Qk—mptrp—ie 1AZT+ = Hi, Z Ry, +i Hpy +
1=0 k?
| Temlimt _ , )

—He Y Y CAQumyri—g1 ATTCTHY —
i=1 j=0
rr—14i—1
- Z ZAQIC mpg+rE—i— IAJTC H -
i=1 j=0
re—14i—1
—Hk S>> CAQrmytr i1 AT
i=1 j=0 (43)



242 H | 1k

£ 39 %

HE

L 1 0L Wl e (43), BlAT 45 3150

(39) ~ (41). HBAEIIEAL, SOl T 24T
SR s (33) o, AR5 25 R (34). KA

THIHL 2, ATLMRE] Py, AR, kA5,
fhTH4% (33), (35), (36) AL O

4 {REXH
LSRG (1) M (2) HA WM RS S HEE:

L O =11 2]

|11 01
105 09

¥ R=0.1, Q =025, P, =025, Hi I,
T LA R

MR 1 PR AL B, v LIAHERT vy, BRBCIR
BHEBMEWT:

poo = P(m(k+1) =0|m(k) =0) =0.85
por = P(m(k+1) = 1|m(k) =0) =0.15
pio = P(m(k+1) =0lm(k) =1) =0.75
pin=P(m(k+1)=1m(k) =1)=0.25

FH UG, PR3 =Bl 7 vk 45 20 113 22 B 5 22 I a2 SR 3t
WA SO LA R, Wil 2 o, = 5iksr
2

FiE 1. ARSI RS,

Fik 2. R, R FRER) Kalman 3E
W

7L 3. R I AN A R, R B
(I S AR A TR R4 T SR

MK 2 AT LUE t, ASCIR I EE T B4 R
W BT 28 =ik, TR 2 HOIR 2 #h 28 54 11
Mk, Wi 3 FE 4 Frow, o] RLEH, RS2k
AEUE IR ar s PR ER JFOR S, ATt — 20 Ul i T 7k
A Rk

tr (P)

----- Method 1
Method 2
------- Method 3

O 4 1 1 1 1
0 10 20 30 40 50

Time k&

B2 BRI 22 3 A LA

Fig.2 Comparison of the trace of error covariance

40

20

=
iy
<

B ARES
L
<

-40

----- Estimated value

—True value

0 20 40 60 80 100
Time &
3 @k WA MIRES = R T i 2R
Fig.3 True and estimated values of the first state

component of x

100
60
il
5 20k
by 20
<_
|
oot
=
- Estimated value
—True value
~100 1 1 1 1
0 20 40 60 80 100

Time k&

B4 ap B8 ARG B AL T i 2
Fig.4 True and estimated values of the second state
component of xj

5 BE

AR SRR HAT A FRBEAL— 25 I i A 19 26 45 1
g T AN I TR S AUAL VTS AR M A P AR
UG T i) LAY R e v, AN SO BB 2 AR R I
Z\, T BT A SR (00 R R~ 34 (B A st S A o
DR AR I HLAE TG i PR A R 22 B U7 2 — 30y
TR SR, PRAEBCTE PR A T 88 2 S A Y.

References

1 Hespanha J P, Naghshtabrizi P, Xu Y G. A survey of re-
cent results in networked control systems. Proceedings of
the IEEE, 2007, 95(1): 138—162

2 Nilsson J, Bernhardsson B, Wittenmark B. Stochastic anal-
ysis and control of real-time systems with random time de-
lays. Automatica, 1998, 34(1): 57—64

3 Sinopoli B, Schenato L, Franceschetti M, Poolla K, Jordan
M I, Sastry S S. Kalman filtering with intermittent obser-
vations. IEEE Transactions on Automatic Control, 2004,
49(9): 1453—1464



31 A AeSE: A RENLIEAE N IR Al vt 243
4 Han C Y, Zhang H S. Linear optimal filtering for discrete- 21 Sun S L. Optimal linear estimation for networked systems

10

11

12

13

14

15

16

17

18

19

20

time systems with random jump delays. Signal Processing,
2009, 89(6): 1121-1128

Cloosterman M B G, Hetel L, van de Wouw N, Heemels
W P M H, Daafouz J, Nijmeijer H. Controller synthesis
for networked control systems. Automatica, 2010, 46(10):
1584—1594

Nahi N. Optimal recursive estimation with uncertain ob-
servation. IEEE Transactions on Information Theory, 1969,
15(4): 457—462

Wang Z D, Ho D W C, Liu X H. Robust filtering under
randomly varying sensor delay with variance constraints.
IEEE Transactions on Circuits and Systems, 2004, 51(6):
320—-326

Zhang H S, Feng G, Han C Y. Linear estimation for random
delay systems. Systems and Control Letters, 2011, 60(7):
450—459

Chen B, Yu L, Zhang W A. Robust Kalman filtering for
uncertain state delay systems with random observation de-
lays and missing measurements. IET Control Theory and
Applications, 2011, 5(17): 1945—1954

Sun S L, Xie L H, Xiao W D, Soh Y C. Optimal linear
estimation for systems with multiple packet dropouts. Au-
tomatica, 2008, 44(5): 1333—1342

Yaz E, Ray A. Linear unbiased state estimation under ran-
domly varying bounded sensor delay. Applied Mathematics
Letters, 1998, 11(4): 27—32

Matveev A S, Savkin A V. The problem of state estima-
tion via asynchronous communication channels with irreg-
ular transmission times. IEEE Transactions on Automatic
Control, 2003, 48(4): 670—676

BaiJ J, Fu MY, SuHY. Delay modeling and estimation of
a wireless based network control system. In: Proceedings of
the 8th Asian Control Conference. Kaohsiung, China: IEEE,
2011. 187—192

Wang Z D, Yang F W, Ho D W, Liu X H. Robust H,, fil-
tering for stochastic time-delay systems with missing mea-
surements. IEEE Transactions on Signal Processing, 2006,
54(7): 2579—2587

Costa O L V, Guerra S. Stationary filter for linear mini-
mum mean square error estimator of discrete-time Marko-

vian jump systems. IEEE Transactions on Automatic Con-
trol, 2002, 47(8): 1351—1356

Smith S C, Seiler P. Estimation with lossy measurements:
jump estimators for jump systems. IEEE Transactions on
Automatic Control, 2003, 48(12): 2163—2171

Schenato L. Optimal estimation in networked control sys-
tems subject to random delay and packet drop. IEEE Trans-
actions on Automatic Control, 2008, 53(5): 1311—-1317

Zhang H S, Xie L H. Optimal estimation for systems with
time-varying delay. In: Proceedings of the 46th Conference
on Decision and Control. New Orleans, LA, USA: IEEE,
2007. 4311—-4316

Moayedi M, Foo Y K, Soh Y C. Adaptive Kalman filtering
in networked systems with random sensor delays, multiple
packet dropouts and missing measurements. IEEE Transac-
tions on Signal Processing, 2010, 58(3): 1577—1588

Sun S L. Linear minimum variance estimators for sys-

tems with bounded random measurement delays and packet
dropouts. Signal Processing, 2009, 89(7): 1457—1466

with one-step random delays and multiple packet dropouts.
Acta Automatica Sinica, 2012, 38(3): 349—356

22 Zhou S S, Feng G. H., filtering for discrete-time systems
with randomly varying sensor delays. Automatica, 2008,
44(7): 1918—1922

23 Anderson B D O, Moore J B. Optimal Filtering. New Jersey:
Prentice-Hall, 1979

BEE LRI S TR B
LATSTE. 23T 2005 4R 2008 4F
R R S FAF LRt B3
WETC 7 0] AR A Ak T, I 2R 400 ) 4%
oz Pt R 2.
1 N | E-mail: theonlyyang@163.com

ﬁ (YANG Yuan-Hua Ph.D. candi-
! - date at the School of Control Science
and Engineering, Shandong University. She received her
B.S. degree from Ludong University in 2008. Her research
interest covers linear estimation, time delay systems and
networked control system.)

TEUR AR LR S T
HURk 22 B . 70 T 1982 G OHES
BHER 2 R TR k22 224, 1983
T\ 1987 A 53  3R 5 [ b B A M 22 itk
IR 2 AL 2 Ay 0 S 1R g A0 B P 2 3kt
b2 N R R VA o 3 | S D okl
R, A5 T AL BAGEAS . A SCHAE R
E-mail: minyue.fu@newcastle.edu.au
(FU Min-Yue Received the B.S. degree in electrical en-
gineering from University of Science and Technology of
China in 1982, and the M. S. and Ph.D. degrees in electri-
cal engineering from the University of Wisconsin-Madison,
USA in 1983 and 1987, respectively. His research interest
covers control systems, signal processing and communica-
tions. Corresponding author of this paper.)

BRI AR AR IR S TR A B
HHZ. 4y )T 1986 AF3R I BN B
AR, 1991 SERBBITKE T2
it =22, 1997 EFRARAE K2 DAk E3)
b T4 2. FE TR T ) A 2kt
v, EHEFER], T s MIBENL R 5.
E-mail: hszhang@sdu.edu.cn
(ZHANG Huan-Shui Received his
Ph.D. degree in control theory and signal processing from
Northeastern University in 1997. He has been with Shan-
dong University since 2006. His research interest covers
linear estimation, robust control, wireless communication,
and stochastic systems.)



